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Systolic inequality and scalar curvature

Shunichiro Orikasa

Abstract. We investigate the interaction between systolic geometry and positive

scalar curvature through spinorial methods. Our main theorem establishes an upper

bound for the two-dimensional stable systole on certain high-dimensional manifolds
with positive scalar curvature under a suitable stretch-scale condition. The proof

combines techniques from geometric measure theory, reminiscent of Gromov’s systolic

inequality, with curvature estimates derived from the Gromov–Lawson relative index
theorem. This approach provides a new framework for studying the relationship

between positive scalar curvature metrics and systolic geometry in higher-dimensional
manifolds.

1. Introduction

The study of systolic inequalities has evolved into a rich interplay between Riemannian
geometry, topology, and geometric analysis. Originally introduced by Loewner and Pu
for the torus and real projective plane, these inequalities relate the volume of a manifold
to the minimal size of non-trivial cycles in its homology. Gromov’s foundational work [1]
extended these ideas to higher dimensions and broader classes of manifolds, revealing deep
geometric and topological obstructions to metric degenerations. A comprehensive survey
can be found in Guth [2]. A particularly subtle phenomenon arises when one considers
systolic freedom—the failure of any universal inequality between volume and systoles.
For instance, in the integral setting, Gromov [1] have constructed manifolds of bounded
volume where certain homological systoles diverge. However, when coefficients are taken
in Z/2, the situation is significantly more delicate. Freedman [3], [4] first exhibited Z/2-
systolic freedom, but only at polylogarithmic scales. Alpert, Balitskiy, and Guth [5]
recently established that for any closed n-dimensional Riemannian manifold with bounded
local geometry and nontrivial Z/2-homology, the product sys1(M ;Z/2) · sysn−1(M ;Z/2)
is almost rigid : it cannot grow faster than Vol(M)1+ε for arbitrarily small ε > 0.

On the other hand, the geometric setting of positive scalar curvature (PSC) metrics
offers another constraint on systolic phenomena. Richard [6] recently showed that positive
scalar curvature metrics on S2×S2 with large left stretch cannot have large left 2-systole,
and Zhu treated the case of S2 × Tn for (n+ 2 ≤ 7) in [7].

Key words and phrases. positive scalar curvature, stable 2-systole, systolic inequality, Gromov–

Lawson relative index theorem.

1



ORIKASA

In the three-dimensional setting, Stern [8] introduced a new tool for relating scalar
curvature to the global structure of closed 3-manifolds, based on the study of harmonic
one-forms with integral periods. It leads to the extension of a theorem of Kronheimer
and Mrowka [9] characterizing the Thurston norm using the Seiberg–Witten equations,
and the Weitzenböck formula for the Dirac operator.

In this paper, we aim to bridge these perspectives by using spinor methods developed
by Gromov-Lawson [10]. The Gromov–Lawson relative index theorem says that if two
complete Riemannian manifolds are identical outside compact sets, then the difference
of their Dirac indices depends only on the geometry inside those compact sets. In other
words, the index is a relative invariant determined locally by how the metrics differ, not
by the infinite ends where they agree.

In order to state our main theorem, we briefly introduce some terminology. A scalably
contractible complex is a partial generalization of enlargeable manifolds, characterized
by the existence of arbitrarily contracting maps to spheres at large scales. For such a
complexK, the distance sphere SK denotes the boundary of a small tubular neighborhood
around K. The metric condition in the theorem is formulated in terms of an adaptable
metric, meaning that the scalar curvature lower bound extends to the end-completed
space. Finally, the invariant Ln−k(X), called the (n − k)-stretch scale, measures the
minimal Lipschitz constant of maps from X to spheres, and plays a role analogous to the
hyperspherical radius. The theorem below is the main result of the paper.

Theorem 1.1. Let K be a scalably contractible complex of dimension k, and let SK

denote a distance sphere around K of dimension n− 2. Consider the trivial disk bundle
X = SK × D2, equipped with a Riemannian metric g. Suppose n is even and g is
adaptable.

One of the following statements holds:

• the scalar curvature of X satisfies Sc(X) ≤ C1,n · σX ,
• the stable relative 2-systole of X admits the upper bound

stsys2(X, ∂X) ≤ C2,n

C1,n · σX
,

where C1,n, C2,n are constants depending only on the dimension n, and

σX = Ln−k(X)2

with Ln−k(X) denoting the (n− k)-stretch scale of X.

This method opens up a new approach for studying the relationship between positive
scalar curvature metrics and systolic geometry in higher-dimensional manifolds. More-
over, it is based on estimates involving the dual of the curvature 2-form of the spinor
bundle, which reveals an intriguing similarity to the techniques of Kronheimer–Mrowka
[9]. Our methods combine geometric measure theory which is an analogous method used
in the proof of Gromov’s systolic inequality for complex projective space CPn and tech-
niques from scalar curvature comparison using spinor methods.
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The relationship between scalar curvature and systolic geometry has its origins in a
viewpoint proposed by Gromov [11, Section 5.9], who showed that positive scalar curva-
ture imposes restrictions on the size of nontrivial cycles, and established a sharp systolic
inequality involving scalar curvature in dimension three. Since then, several works have
investigated systolic phenomena under positive scalar curvature assumptions. Notably,
results of Bray–Brendle–Neves [12], Richard [6], and Zhu [7] employed minimal-surface
methods to obtain upper bounds for two-dimensional systoles in various settings.

However, minimal-surface techniques are currently limited by regularity issues in higher
dimensions. The present work takes a different approach based on Dirac operator index
theory and the Gromov–Lawson relative index theorem. Although the resulting estimate
concerns the stable two-dimensional systole rather than the ordinary systole, the method
applies in arbitrary dimensions and provides a new framework for relating positive scalar
curvature to systolic invariants.

To the author’s knowledge, this is among the first applications of Dirac operator index
theory to systolic geometry in the positive scalar curvature setting. Subsequent develop-
ments have further demonstrated the effectiveness of this perspective, including work of
Stryker [13], Cecchini–Hirsch–Zeidler [14], Kumar [15], and Tsiamis [16].

2. Preliminaries

In this section, we briefly review some basic notions of systolic geometry and some
results from geometric measure theory. The reader is referred to [17] by Katz for more
details on systole.

Let M be a smooth, oriented closed Riemannian manifold. The comass norm ∥ω∥∗ of
a differential k-form ω ∈ Ωk(M) is defined as

∥ω∥∗ := sup {ω(v1, . . . , vk) | vi ∈ TpM, ∥vi∥ = 1, p ∈ M} ,

i.e., the supremum of the value of ω on orthonormal k-tuples.
Dually, for a k-dimensional singular chain c, or more generally for a k-dimensional

current T , the mass norm is defined by

∥c∥ := sup
{
⟨ω, c⟩

∣∣ ω ∈ Ωk(M), ∥ω∥∗ ≤ 1
}
.

The mass norm on Hk(M ;R) is defined via

∥α∥ := inf {∥c∥ | [c] = α} ,

where ∥c∥ denotes the mass of a singular cycle c.
The comass norm on Hk(M ;R) is defined by

∥ω∥∗ := sup {ω(v1, . . . , vk) | vi ∈ TpM, ∥vi∥ = 1, p ∈ M} .

This defines a norm on the homology Hk(M ;R), dual to the comass norm on cohomol-
ogy Hk(M ;R) via the Kronecker pairing [18]. Let L ⊂ Rn be a full-rank lattice. Define
the shortest vector length by

λ1(L) := min{∥v∥ | v ∈ L \ {0}}.
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Historically, the first lower bound on the volume of a Riemannian manifold in terms
of its systole is due to Loewner.

Theorem 2.1 (Loewner). For every Riemannian metric g on the torus T 2, one has

sys1(g)
2 ≤ γ2 area(g).

We begin by recalling the definition of the homology k-systole. For a Riemannian
manifold (M, g), the homology k-systole syshk(g) is the minimum k-volume among all
nontrivial integer homology classes:

syshk(g) = inf{volk(h) ; h ∈ Hk(M ;Z) \ {0}}.
In particular, syshn−1(g) is the infimum of the (n− 1)-dimensional volumes of compact,
orientable, non-separating hypersurfaces in M .

We denote by Hk(M ;Z)R the image of Hk(M ;Z) in Hk(M ;R), and by hR the image
of h ∈ Hk(M ;Z). Recall that Hk(M ;Z) forms a lattice in Hk(M ;R).

It is clear that
∥hR∥ ≤ volk(h), ∀h ∈ Hk(M ;Z).

Federer [18] studied the relation between ∥hR∥ and volk(h), proving the following:

Proposition 2.2. For h ∈ Hk(M ;Z) with 1 ≤ k < n, we have

∥hR∥ = lim
j→∞

1

j
volk(jh).

Moreover, if k = n− 1, then
∥hR∥ = voln−1(h).

Passing from integer cycles to real cycles, one obtains the stable norm:

Definition 2.3. The stable k-systole stsysk(g) of (M, g) is defined by

stsysk(g) = min
{
∥h∥ ; h ∈ Hk(M ;Z)R \ {0}

}
= λ1

(
Hk(M ;Z)R, ∥ · ∥

)
}.

In particular, one has stsysn−1(g) = syshn−1(g).
We now state Gromov’s systolic inequality for complex projective space, whose proof

relies on the cup product decomposition of the fundamental class.

Theorem 2.4 (Gromov). Every Riemannian metric g on complex projective space CPn

satisfies the sharp inequality

stsys2(g)
n ≤ n! vol2n(g),

with equality attained for the Fubini–Study metric.

Here, we recall the sketch of proof. Let α ∈ H2(CPn;Z) ∼= Z be a generator, and
let ω ∈ H2(CPn;Z) ∼= Z be its dual in cohomology. Then the cup power ωn generates
H2n(CPn;Z) ∼= Z. Choose a differential 2-form η representing ω. Then

1 ≤
∫
CPn

∥ηn∥ dvol ≤ n! ∥η∥n vol2n(CPn, g),
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where the last inequality follows from the Wirtinger inequality. Since (H2(M ;Z)R, ∥ · ∥)
and (H2(M ;Z)R, ∥ · ∥∗) are dual normed lattices, one has ∥α∥ · ∥ω∥∗ = 1. This yields the
desired result.

3. Enlargeability and scalability

We recall the key concept of enlargeability, introduced by Gromov and Lawson [10].
This notion has recently attracted attention in connection with Schoen and Yau’s minimal
surface techniques [19]. In this paper, we define a partial generalization of this concept.

3.1. Enlargeable manifolds

Definition 3.1 (ϵ-Contracting Map). A map f : X → Y between Riemannian manifolds
is ϵ-contracting for a given ε > 0 if

∥f∗v∥ ≤ ε∥v∥
for all tangent vectors v in X. Equivalently, for any piecewise smooth curve y ⊂ X,

length(f(y)) ≤ ε length(y).

While ϵ-contracting maps are easy to construct in general (e.g., constant maps), if X
and Y are compact oriented manifolds of the same dimension, the existence of a non-zero
degree ϵ-contracting map f : X → Y implies that X is “larger than” Y on the order of
1/ε.

Definition 3.2 (Enlargeable Manifold). A compact oriented Riemannian n-manifold X

is enlargeable if for every ε > 0, there exists an spin Riemannian covering space X̃ that
admits an ϵ-contracting map to the standard n-sphere Sn(1), which is constant outside a
compact set and of non-zero degree.

Remark 3.3. A map is constant at infinity if it is constant outside some compact set.
The degree is defined via integration of an n-form with non-zero integral on Sn.

Example 3.4. The flat torus Tn = Rn/Zn is enlargeable. For each integer k > 0, the
covering torus Tn

k = Rn/(kZ)n admits a (π/k)-contracting map to Sn(1) of degree 1.

We summarize here the key properties of enlargeable manifolds. The class of enlarge-
able manifolds is closed under products, connected sums, and homotopy changes. It
contains many important K(π, 1)-manifolds as basic examples [10], [20].

Theorem 3.5. In the category of compact manifolds, the following hold:

(1) Enlargeability is independent of the Riemannian metric.
(2) Enlargeability depends only on the homotopy type.
(3) The product of enlargeable manifolds is enlargeable.
(4) The connected sum of any manifold with an enlargeable manifold is enlargeable.
(5) Any manifold admitting a map of non-zero degree onto an enlargeable manifold

is itself enlargeable.
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3.2. Scalably contractible complexes and review from PL geometry

In this section, we introduce a concept that partially generalizes enlargeability and
discuss its construction and related properties.

Definition 3.6. Let X be a connected, finite CW complex of dimension n, equipped
with a metric d. We say that X is scalably contractible if for every ε > 0, there exists a
finite covering space

p : X̃ε → X

and an ε-Lipschitz map

fε : X̃ε → Sn

such that:
∑
enλ

[f(enλ) : Sn] is non-zero where enλ are top-dimensional cells of X with

orientation, and [f(enλ) : Sn] is the attaching coefficient, i.e., the mapping degree of
(enλ, ∂e

n
λ) → (Sn, Sn \ {x}) for a fixed x ∈ Sn.

If X is a closed n-dimensional Riemannian manifold, this space satisfies the classical
definition of enlargeability by Gromov-Lawson.

In order to state the main theorem, we introduce some terminology from PL geome-
try. In the following, all simplicial complexes are assumed to be finite and embedded in
Euclidean space.

Let K be a finite abstract simplicial complex of dimension n. Suppose |K| ↪→ RN is a
topological embedding into some Euclidean space in such a way that:

• the interior of each simplex σk ∈ K is smoothly embedded,
• simplices intersect only along common faces.

For ε > 0, the ϵ-neighborhood of K is defined as:

Uε(K) := {x ∈ Rn | dist(x,K) < ε},
where dist(x,K) = infy∈K ∥x− y∥ is the Euclidean distance.

The boundary of the ϵ-neighborhood is defined as:

∂Uε(K) := Uε(K) \ Int(Uε(K)).

If K is a smooth submanifold (or embedded piecewise linearly), and ε is sufficiently
small, then ∂Uε(K) is a smooth (n−1)-dimensional hypersurface in Rn, called the distance
sphere around K.

Consider a regular neighborhood (also called a thickening) U ⊂ RN+1 of |K|, which is
an N -dimensional manifold with boundary satisfying:

|K| ⊂ U, and U ≃ |K| (homotopy equivalence).

In particular, the above homotopy equivalence is given by a deformation retract rK :
U → |K|. Then the boundary ∂U can be decomposed into pieces corresponding to the
simplices of K. Specifically, to each k-simplex σk ∈ K, we assign a block of the form:

SN−k ×Dk,
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where:

• Dk corresponds to the simplex σk,
• SN−k is the normal sphere around σk in the ambient space.

The boundary ∂U is obtained by gluing these blocks along their boundaries, according
to the face relations among the simplices of K.

Example 3.7. Consider a finite graph G = (V,E). We define a topological space by
assigning:

• to each vertex v ∈ V , a copy of the n-sphere Sn, and
• to each edge e = {v, w} ∈ E, a connected sum operation between the spheres Sn

v

and Sn
w assigned to the endpoints.

More precisely, for each edge e = {v, w}, we perform the connected sum Sn
v#Sn

w by
removing a small open ball from each sphere and identifying their boundary spheres via
a homeomorphism:

Sn
v#Sn

w = (Sn
v \Bn) ∪φe

(Sn
w \Bn) ,

where φe : S
n−1 → Sn−1 is a gluing map along the boundary spheres.

By performing this operation for every edge in G, we obtain a space X(G) formed as
the connected sum of spheres arranged according to the graph structure of G. (This is
called the connected sum along the graph G.) This construction provides an abstract way
for obtaining distance spheres of graphs.

We introduce two notions to handle metrics that can be extended to the ends in a
controlled way. The following concept, stretch scale, is analogous to the hyperspherical
radius.

Definition 3.8 (Stretch scale). Let M be the trivial 2-disk bundle, oriented and endowed
with Riemannian metric g. The l-stretch scale of M , denoted Ll(M), is defined as the
smallest Lipschitz constant of a bundle map

f : M −→ S l−2 ×D2

with non-zero degree.

Definition 3.9 (Adaptable metric). Let X be a smooth manifold with boundary. A
metric g on X is called adaptable if there exists a complete extension ḡ of g over the
end-completed space with Sc(ḡ) ≥ minSc(g)

X ′ := X ∪
(
∂X × [0,+∞)

)
.

4. Proof of main theorem

In this section, we prove the main theorem of this paper, which provides an estimate
for the stable two-dimensional relative systole on high-dimensional Riemannian manifolds
with positive scalar curvature metrics.
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Theorem 4.1. Let K be a scalably contractible complex of dimension k, and let SK

denote a distance sphere around K of dimension n− 2. Consider the trivial disk bundle
X = SK × D2, equipped with a Riemannian metric g. Suppose n is even and g is
adaptable.

One of the following statements holds:

• the scalar curvature of X satisfies Sc(X) ≤ C1,n · σX ,
• the stable relative 2-systole of X admits the upper bound

stsys2(X, ∂X) ≤ C2,n

C1,n · σX
,

where C1,n, C2,n are constants depending only on the dimension n, and

σX = Ln−k(X)2

with Ln−k(X) denoting the (n− k)-stretch scale of X.

Proof. Suppose that the scalar curvature of X satisfies Sc(X) > C1,n · σX . We define

a constant C2,n as 2n/2+1. It is determined in equation (1). Suppose, by contradiction,
that

stsys2(X, ∂X) >
C2,n

C1,n · σX
.

Fix any sufficiently small ϵ > 0. Since K is a scalably contractible complex, there
exists a finite covering

p : K̃ϵ → K

and an ϵ-Lipschitz map
fϵ : K̃ϵ → Sk

such that
∑
enλ

[f(enλ) : S
k] is non-zero where enλ are top-dimensional cells of X and [f(enλ) :

Sk] is the attaching coefficient.

By considering a distance sphere in Kϵ, there exists a finite covering π : X̃ϵ → X of X
and a map

r̃ : X̃ϵ → K̃ϵ

lifting the retraction r : X → K. The Lipschitz constant of r̃ is bounded above by a
constant c(r) depending only on r, and independent of ϵ.

Now consider the following composition:

f ′ : X̃ϵ
r̃×φ−−−→ K̃ϵ × Sn−k−2 ×D2 fϵ×id−−−−→ Sk × Sn−k−2 ×D2 ∧×id−−−→ Sn−2 ×D2.

where φ is the minimizer which attains Ln−k(X) (precisely we take a minimizing sequence
of maps).

Next, we fix an embedding

ι : (Sn−2 ×D2, Sn−2 × S1) → (Sn,Σ),

where Σ ⊂ Sn is a loop. We assume that ι is chosen to minimize the Lipschitz constant
among all such embeddings and all choices of loops Σ. We define F ′ = ι ◦ f ′.
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Here, we use the Llarull-type estimate in [21] which controls the curvature term by the
singular values of the contraction map.

For each point x ∈ X̃ϵ, the differential

dF ′
x : TxX̃ϵ → TF ′(x)S

n

is a linear map between finite-dimensional inner product spaces. By the singular value
decomposition, there exist orthonormal bases

{a1, . . . , an} ⊂ TxX̃ϵ, {b1, . . . , bn} ⊂ TF ′(x)S
n

such that

dF ′
x(ai) = µibi for i = 1, . . . , n,

where µ1 ≥ µ2 ≥ · · · ≥ µn ≥ 0 are the singular values of dF ′
p.

Since fϵ satisfies Dil1(fϵ) ≤ ϵ, we have

Ln−k(X) ≥ µ1 ≥ µ2,

and ∑
2<j≤n

µj = O(ϵ).

Therefore, the exterior square of the differential,

∧2dF ′
x : ∧2TxX̃ϵ → ∧2TF ′(x)S

n,

has the principal singular value µ1µ2 ≤ Ln−k(X)2, and all other singular values satisfy

µj1µj2 = O(ϵ), for 2 < j1 < j2 ≤ n.

We consider the spinor bundle E0 over the unit sphere Sn, and the spinor bundle /S
over X̃ϵ. Define the pullback bundle induced by the map F ′ : X̃ϵ → Sn

E := (F ′)∗E0.

Let RE denote the curvature term appearing in the Weitzenböck formula for the square
of the twisted Dirac operator on /S ⊗ E, so that for any section s ∈ Γ(/S ⊗ E),

D2
/S⊗Es = (∇/S⊗E)∗∇/S⊗Es+

1

4
Sc(g)s+REs.

The following estimate for the curvature term RE is well known:

|REs| ≤
1

4

∑
1≤j,k≤n

j ̸=k

µjµk |s|,

for all s ∈ /Sx ⊗ Ex. Thus |RE |∞ ≤ C1,n · µ1µ2

2 for sufficiently small ϵ > 0. (C1,n is
determined by ∧ and ι.)

Next, we construct the hermitian vector bundle F relative to E so that the curvature
of F satisfies ||RF || ≤ C1,n · Ln−k(X)2/2.
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We reduce the problem to constructing a differential 1-form ω such that

ω =
1

2π
dθ near ∂X,

and the 2-form dω satisfies the comass norm estimate

∥dω∥ ≤ C1,n · 2−n/2−1 · Ln−k(X)2.

(Here, we consider the deformation of the map F ′ along the loop as in [22] Theorem 3.7.,
use the splitting of E, and reduce the problem on the base space, since the problem is
local.)

Let us consider a 2-cycle

[D2] ∈ H2(X, ∂X;R),
and define a class

u ∈ H2
cpt(X̊;R)

to be the dual of [D2] under the Kronecker pairing.

We describe a de Rham representative of u in H2
cpt(X̊;R). Since each fiber of X is

isomorphic to D2, we may introduce polar coordinates (r, θ) on each fiber, where r > 0
and θ ∈ S1. Then, we define the angle form as

1

2π
dθ,

which is a closed 1-form along the fiber direction and integrates to 1 over each circle fiber.
To construct a compactly supported 2-form representing u, let r : X \ {0} → R>0 be

the radial coordinate function.
Let ρ(r) : [0,∞) → [0, 1] be a smooth function such that:

ρ(r) =

{
0 for r < ε,

1 for r > 2ε,

with a smooth transition in between.
Then a representative of u can be given by the differential form

u =

[
d

(
ρ(r) · 1

2π
dθ

)]
,

where ρ(r) is a smooth cutoff function equal to 1 near ∂X and supported away from the
interior.

Since

stsys2(X, ∂X) = ∥[D2]∥ >
C2,n

C1,n · σX
,

by duality we obtain

∥u∥∗ <
C1,n · σX

C2,n
. (1)

(Therefore, we choose C2,n as 2n/2+1.)
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Hence, there exists a compactly supported 1-form η ∈ Ω1
cpt(X̊) such that∥∥∥∥d(ρ(r) · 1

2π
dθ + η

)∥∥∥∥ <
C1,n · σX

C2,n
.

Since C2,n = 2n/2+1, we obtain∥∥∥∥d(ρ(r) · 1

2π
dθ + η

)∥∥∥∥ < 2−n/2−1 · C1,n · σX .

Now we define the 1-form

ω = ρ(r) · 1

2π
dθ + η.

This form satisfies ω = 1
2πdθ near ∂X, since ρ(r) ≡ 1 there and η is supported away from

the boundary. Therefore, ω satisfies both the desired boundary behavior and the comass
norm estimate.

Since g is an adaptable metric, there exists a complete extension ḡ of g over the end-
completed space

X ′
ϵ := Xϵ ∪ (∂Xϵ × [0,+∞)),

and there exists a relative pair (π∗E,F ) of vector bundles over X ′
ϵ. By the relative index

theorem, we have

ind( /DE)− ind( /DF ) =

∫
X′

ϵ

Â(TX ′
ϵ) ∧ ch(π∗E,F ).

On the other hand, from vanishing results, we know that

ind( /DE) = ind( /DF ) = 0 and

∫
X′

ϵ

Â(TX ′
ϵ) ∧ ĉh(F ) = 0,

by the construction of F and use u2 = 0 as a cohomology class where ĉh(F ) is the reduced
chern character of F .

However, we compute∫
X′

ϵ

Â(TX ′
ϵ) ∧ ĉh(π∗E) =

∫
Xϵ

Â(TXϵ) ∧ ĉh(π∗E)

=

∫
X̃ϵ

Â(TX̃ϵ) ∧ ĉh(E)

=

∫
X̃ϵ

Â(TX̃ϵ) ∧ (F ′)∗ ĉh(E0)

= deg(F ′) ·
∫
Sn

ĉh(E0)

= deg(F ′) ̸= 0.

This contradicts the vanishing of the relative index, completing the proof. □
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