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Lefschetz decomposition and the cd-index of fans

Kalle Karu

Dedicated to the memory of Raoul Bott.

ABSTRACT. The goal of this article is to give a Lefschetz type decomposition for the
cd-index of a complete fan.

To a complete simplicial fan one can associate a toric variety X, the even Betti
numbers h; of X and the numbers g; = h; — h;—1. If the fan is projective, then
non-negativity of g; follows from the Lefschetz decomposition of the cohomology.

In the case of a nonsimplicial complete fan, one can analogously compute the
flag h-numbers hg and, by a change of variable formula, the cd-index. We give an
analogue of the Lefschetz operation for the cd-index. This gives another proof of the
non-negativity of the cd-index for complete fans.

1. Introduction

Let A be a complete simplicial n-dimensional fan. Let f; be the number of
i-dimensional cones in A and let hj be defined by the formula

4 k

The numbers hy for k = 0,...,n are the even Betti numbers hy = dim H?*(Xa,C) of
a toric variety Xa if the fan A is rational. If A is also projective, then there exists a
Lefschetz operation:

L:H*(XA,C) — H*2(XA,C),  LF:H"%(XA,C) > H"™(Xx,C),

giving rise to the Lefschetz decomposition of the cohomology. The existence of a Lefschetz
operation implies that the numbers g, = hy, — hy—1 are non-negative for 0 < k < n/2.

For a complete but not necessarily simplicial fan one can consider the barycentric sub-
division BA of A, construct cohomology spaces H*(BA) of dimension hg for S € N”,
and from the numbers hg compute the cd-index ¥a(c,d) of A (see below). Our goal is
to find linear maps on H®(A), the analogs of the Lefschetz operation, that guarantee
non-negativity of the cd-index. Unlike the simplicial case, it is not clear how such maps
should be defined. We will give in Definition 1.1 a rather weak notion of a Lefschetz op-
eration which, nevertheless, is sufficient to imply non-negativity of the cd-index. We also
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conjecture a stronger version in which the maps are defined by conewise linear functions
on the fan, just as in the simplicial case. The rest of the introduction is spent on con-
structing the cd-index and motivating the definition of a Lefschetz operation.The precise
statements and proofs are given in Sections 2 and 3 below.

Let us start by recalling the construction of the cohomology H**(Xa,C) (which we
will denote simply H*(A)) in the case of a simplicial fan A (the references [1, 3] contain
more details and generalization to the intersection cohomology). Let A(A) be the vector
space of complex-valued conewise polynomial functions on the fan A. In other words, an
element of A(A) is a continuous function on the support of the fan A that restricts to a
polynomial on each cone 0 € A. We can multiply a conewise polynomial function with a
globally polynomial function. In fact, this makes the space A(A) into a free module under
the action of the ring A = Cl[z1, ..., ;] of global polynomial functions, graded by degree.
The graded vector space A(A)/mA(A), where m C A is the maximal homogeneous ideal,
is the cohomology space H*(A) with Poincaré polynomial

Pa(t) = hgt®,  hy=dim H*(A).
k

The fan A is projective if and only if there exists a strictly convex conewise linear function
L € A(A). Multiplication with L induces a Lefschetz operation in cohomology.

In case when the fan A is complete, but not necessarily simplicial, we proceed as follows
(see [6] or Section 2 below for more details). Let BA be a first barycentric subdivision of
A and consider the space A(BA) of conewise polynomial functions on this subdivision,
which again is a free A-module. It is possible to modify the A-module structure, so that
A(BA) has a grading by N and the module structure is compatible with this grading
(where A = Clxy,...,2,] has the standard grading by N™). To do this, note that the
generating rays of a maximal cone o € BA are labeled by 1,...,n: the i’th ray is the
barycenter of a cone of dimension 7. Let’s map the cone o linearly onto the positive
orthant of R™ so that the ¢’th ray goes to the i'th coordinate axis. These maps can be
chosen compatibly for all maximal cones, defining a piecewise linear map from BA to
R™ that “folds” the fan onto the positive orthant. The A-module structure on A(BA)
is defined via pullback by this map. Since this map identifies polynomial functions on a
maximal cone with polynomials on the positive orthant, i.e., with A, we get a grading by
N"™ on polynomials on each cone o, hence on A(BA).

With the module structure and grading on A(BA) defined above, the quotient
H*(BA) := A(BA)/mA(BA) inherits a similar grading. Consider the corresponding
Poincaré polynomial

Ppalty,....tn) = > hsty' -t hg=dim HY(BA).
SeNn

The cohomology H*(BA) satisfies Poincaré duality hs = h(,... 1)—s. In fact, this duality
is defined by a non-degenerate Poincaré pairing (see Section 2.4). This in particular
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implies that the nonzero coefficients in the Poincaré polynomial can be indexed by subsets
S c{1,...,n}. The numbers hg are called the flag h-numbers of the fan A.

Let Q{c, d) be the polynomial ring in non-commuting variables ¢ and d of degree 1 and
2, respectively. There is an embedding of vector spaces

¢ : @<Cv d> — Q[tl,tZa .. ']7

defined as follows. ¢ maps constants to constants and if f(c, d)c+g(c, d)d is a homogeneous
cd-polynomial of degree m > 0, define inductively

o(f(c,d)c+g(e,d)d) = ¢(f(c,d))(tm + 1) + ¢(g(c, d))(tm—1 + tm).
For example, there are 3 cd-monomials of degree 3:

63 = (tl + 1)(t2 —+ 1)(t3 + 1),
Cd = (tl + 1)(t2 +t3),
dec = (tl + tg)(tg + 1)

It is shown in [2] that the Poincaré polynomial Pga (t1,. .. ,t,) of a complete fan A can
be expressed as a homogeneous cd-polynomial of degree n, called the cd-index Wa(c,d)
of A. The coefficients of the polynomial are integers [2] and non-negative [7, 6].

One approach to proving non-negativity of the coefficients of the cd-index is to decom-
pose the cohomology H*(BA) into summands corresponding to different cd-monomials,
so that the coefficients of Wa(c,d) are the dimensions of the corresponding components.
If we know the non-negativity of the cd-index, then the existence of such a decomposition
follows trivially. Figure 1 shows the dimensions of the pieces corresponding to different
cd-monomials in the 3-dimensional case. The bold dots indicate the ¢;-monomial being a
summand of the cd-monomial.

In analogy with the Lefschetz decomposition in the singly-graded case, we expect the
decomposition to be defined by linear maps. More precisely, we look for endomorphisms
L; : H*(BA) — H*(BA) of degree e¢; = (0,...,1,...,0). If a cd-monomial m can be
written as m = ... (¢; + 1) ..., then L; should map in the corresponding piece H}, of the
cohomology decomposition:

Ly i HGem0me) 2, plesndinn),
For example, L; should define an isomorphism from the back face of the cube to the
front face in Figure 1 for the monomials ¢® and cd; the component corresponding to the
monomial de should lie in the kernel of L.

1.1. The main construction

The definition of a Lefschetz operation is given inductively using a construction that
we call ”the main construction”. It essentially describes the action of L1 on the A-module
A(BA) as described in the previous paragraph.
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FIGURE 1. cd-monomials in terms of ¢;-monomials.

Let A; , be the polynomial ring Clzy, . .., x,,], graded by N7~! with z; having degree
e;. Let the dualizing module of A;,, be w; ., the principal ideal in A;,, generated by
Ty Ty

Let M be a finitely generated free graded A;,,-module. A Poincaré pairing on M is
an A; ,,-bilinear symmetric map

<> M X M — wi

inducing a non-degenerate pairing on M = M/(zy,...,r,,)M. We always assume that
M is graded in non-negative degrees. Then the existence of a Poincaré pairing implies
that M is graded by subsets of {i,...,m}.

Let M be a free A;,,-module with a Poincaré pairing and let L : M — M be an
endomorphism of degree e; which is self-adjoint with respect to the pairing:
< Lmyi,mo >=<mq, Lmg > .
We can write
M/(z)M = M° + M,
where M consists of elements of degree (i, ,...,*). Then L induces a map M°? — M?!.

Assume that the map L : M® — M! is injective and the quotient is annihilated by
Ti4+1:

0— M LAt —Q—o, z141Q = 0. (1)
It is elementary (see Lemma 3.1 in Section 3) that @ is a free A;49., = Clzig2,. .., Tm]-
module and we get a long-exact Tor sequence:
0= Qler — era] = MO/ (wre) MO % M /(zr) M — Q — 0. (2)
Let C be the cokernel of the embedding Qle; — e;11] — M/ (2 41)M°:
0 — Qler — er1] — M/ (2111)M? — C — 0. (3)
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Then C is also a free Ay ,n-module (see Section 3 below). We will show that @) and C
both inherit Poincaré pairings from M. The construction of @ and C' from M and L is
what we call the main construction.

Let us explain how the construction of C' and @ corresponds to the cd-variables c
and d, respectively. First, since @ lies in degrees (1,0, *,...,%), let us replace it with
the shifted module Q" = Q[e;], which is a free 442 ,,-module in degrees (0,0, *,...,*).
Also, since c and d have degrees 1 and 2, respectively, we replace C with the free A; 1 ,,-
module C" = C ®4,,,,, Ai41,m- Now let Py(ty,...,t,) (respectively Po:(ti42,...,tm),
Pcor(tig1, .-+, tm)) be the Hilbert polynomial of M (respectively ', C”). From the exact
sequences (2) and (3), we get

Py = (1 +t)Por + (4 + ti41) Py = cPor + dPg. (4)

Thus, if Pcr and Pgr are both cd-polynomials with non-negative coefficients, then the
same is true for Pys. (Here we changed slightly the map ¢ on Q{c, d) by letting its image
be in Q[t;,...] for Py, Q[ti41,...] for Pes, and similarly for Pg..) From this formula,
we see that the main construction of C’ and @’ from M corresponds to contracting the
polynomial Pp; from the left with ¢ and d, respectively.

Definition 1.1. Let M be a finitely generated free A; ,,-module with a Poincaré pairing.
We say that M has a Lefschetz operation if there exists an endomorphism L : M — M of
degree ¢;, satisfying the assumptions of the main construction, such that the modules C’
and Q)" also have Lefschetz operations. More precisely:

e [ is self-adjoint with respect to the pairing on M.

o L: M" — M is injective with cokernel annihilated by z;, 1.

e Inductively, the A;; 1 ,,-module C" = C ®a4,,,,, Ai41,m and the A;ys ,-module
Q' = Qle;] have Lefschetz operations.

To start the induction, if I = m + 1 and M is a finite dimensional vector space, then it
trivially has a Lefschetz operation.

From the computation (4) above, it is clear that if M has a Lefschetz operation, then
the Hilbert function of M can be written as a homogeneous cd-polynomial of degree m — [
with non-negative integer coefficients.

The main result of this article is:

Theorem 1.2. Let A be a complete fan of dimension n. Then the A; ,-module A(BA)
has a Lefschetz operation. In particular, the cd-index of A has non-negative integer
coefficients.

Recall that A(BA) is a ring. If L; € A(BA) is an element of degree e;, then multipli-
cation with L; defines an endomorphism of A(BA) of degree ¢;, self-adjoint with respect
to the natural Poincaré pairing. Thus, L1 is a good candidate for the Lefschetz operation
on A(BA), and inductively, L; for ¢ > 1 could be used to define the endomorphisms of @
and C.
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Conjecture 1.3. Let L, € A(BA) be a general element of degree e; for i = 1,...,n.
Then L; define a Lefschetz operation on A(BA).

‘We remark that a Lefschetz operation on M does not define a canonical decomposition
of M into components corresponding to the cd-monomials. To decompose M, we need to
choose a splitting of the sequence (3), so that

M~C oCl-e]oQ -] ®Q el

corresponding to the formula (4). Inductive decomposition of C’ and @I then give a
complete decomposition of M.

To prove Theorem 1.2, we express A(BA) as the space of global sections of a sheaf £
on A. The main construction can be sheafified, i.e., performed on the stalks of the sheaf
L simultaneously. We show that a Lefschetz operation on the space of global sections
comes from a sheaf homomorphism.

We also consider Conjecture 1.3 in the context of sheaves and reduce it to a Kleiman-
Bertini type problem of torus actions on a vector space. Let an algebraic torus 7" act on
a finite dimensional vector space V' with possibly infinitely many orbits. When does the
general translate of a subspace K C V intersect another subspace transversely? Conjec-
ture 3.13 claims sufficient conditions for this, implying Conjecture 1.3.

Theorem 1.2 gives another proof of non-negativity of the cd-index for a complete fan.
In [6] non-negativity was proved more generally for Gorenstein* posets. The current proof
does not extend to that more general situation. The two proofs are based on the same
idea. However, the proof we give here is simpler because we work with modules only,
avoiding derived categories.

2. Sheaves on fans

All our vector spaces are over the field of complex numbers C. Let A;,, =
Clzi, g1, - .., Ty, graded so that z; has degree e;. For a graded A;,,-module M we
denote the shift in grading by M|[-]. We also write M = M/(xy, ..., )M.

For a graded set, the superscript refers to degree. If A is a fan, then AZ™ consists of

all cones of dimension at least m. Similarly, Al"™ is the subset of cones of dimension
d e [l,m].

2.1. Fan spaces

Let us recall the notion of sheaves on fans. The main reference for the general theory
is [1, 3] and for the specific sheaves used here [6].

We fix a complete n-dimensional fan A (see [5] for terminology). Consider A as a finite
partially ordered set of cones, graded in degrees 0,...,n. It is sometimes convenient to
add a maximal element 1 of degree n + 1 to A.
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The fan A is given the topology in which open sets are the (closed) subfans of A. Then
a sheaf F' of vector spaces on A consists of the data:

e A vector space F, for each o0 € A.
e Linear maps res? : F, — F. for o > 7, satistying the compatibility condition

T o _ o
T@SPOTGST—TBSP fOI’O'>T>,0.

On sheaves we can perform the usual sheaf operations. For example, a global section
f € T(F,A) consists of the data f, € F, for each 0 € A, such that res?f, = f;.
Equivalently, we only need to give f, € F, for maximal cones o, such that their restrictions
to smaller dimensional cones agree.

Define a sheaf of rings A on A as follows:

o Ay = A1 4=Clxy,...,2q] if dimo = d.
e res? : Clxy,...,xq] — Clay,...,2q] is the standard projection z; — z; for
1<i<landx;— 0fori>I.

Given the sheaf of rings A on A, we consider sheaves of A-modules F. This means
that the stalks F, are A,-modules and the restriction maps are module homomorphisms.
Note that the sheaf A is graded by N™. We assume that all sheaves of A-modules are
similarly graded.

There exists an indecomposable sheaf £ of A-modules satisfying the following condi-
tions:

e Locally free: L, is a graded free A,-module.
e Minimally flabby: for ¢ = 0, Ly = C in degree 0; for o > 0, the restriction maps
induce an isomorphism
L, —T(L,00),
where Jo is the boundary fan of o.
These two conditions define £ up to an isomorphism. In fact, I'(£, do) is a free Ay 4_1-
module if dim o = d, and we can inductively define

Lo =T(L,00)®a4, , , AlLd-

2.2. Barycentric subdivisions

Let BA be a barycentric subdivision of A. As a poset, it consists of chains = (0 <
01 < ...<opm)in A. Define a sheaf of rings B on BA as follows:

o B, = Clzilies, where x = (0 < 01 < ... < 0p), S = {dimoy,...,dimo,,}.
e res, is the standard projection.

One can construct as above a sheaf £ with respect to B, but this sheaf is isomorphic
to B.
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Lemma 2.1 ([6]). We have
w B~ L,

where m: BA — A is the subdivision map sending v = (0 < 01 < ... < 0p,) t0 Op,. O

It is often more convenient to work with the sheaf B because it is a sheaf of rings. The
space of global sections I'(3, BA) (which is isomorphic to I'(£, A) by the previous lemma)
is what we called A(BA) in the introduction. Since B and L are sheaves of A; ,-modules,
so are the spaces of global sections.

2.3. The cellular complex
Let us fix an orientation for each cone ¢ € A and for ¢ > 7, dimo = dim7 + 1, let
or] = =1

depending on whether the orientations of o and 7 agree or not.

The cellular complex of a sheaf F' on A is

CHF,A)=0—-C"—C'— ... = C"—0,

Ct = @ F,,

dimo=n—i

where

and the differentials are defined as sums of orres? : F, — F.

For a complete fan A, the cellular complex C%(F, A) computes the cohomology of F.
Applying this to the flabby sheaf £, we get

D(L,A) ifi=0
0 otherwise.

H'(CH(L,A)) = {

Moreover, I'(£, A) is a graded free A; ,-module.

If o € A, dimo = d, then do is combinatorially equivalent to a complete fan of
dimension d — 1, hence we may use C3_, (£, d0) to compute I'(L, do). This gives an exact
sequence

0— Ly/xils — @ L, — @ L,—...—Ly—0. (5)

T7<o,dimrT=d—1 p<o,dim p=d—2

2.4. Poincaré pairing

Define the dualizing module wq, = (x1---x,)A1,. Le., wy, is the principal ideal
generated by x1 - - - x,. There exists an Ay ,-bilinear non-degenerate pairing

T(L,A) x T(L,A) = wy .
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The pairing is best constructed using the isomorphism I'(£,A) ~ I'(B,BA). On
I'(B, BA) the pairing is defined by multiplication (B is a sheaf of rings), followed by an
evaluation map into wy .

One can give a simple description of the evaluation map as in [4], depending on the
orientations orZ. For z = (0 < 01 < ... < 0,,) a maximal element of BA of dimension n,
define

£y = ort ordr ceorgt = +1.
"

[og On—1
Now if f € I'(B, BA), then it can be shown that
> el
dim x=n

is an element of A, that is divisible by z1x2 - - - x,, hence lies in w; ,,. This defines the
Aj p-linear evaluation map I'(B, BA) — wy , and the Poincaré pairing on I'(B, BA).

If 0 € A is a d-dimensional cone, then do is combinatorially equivalent to a complete
fan of dimension d — 1. By the same construction as above we get a pairing on I'(£, do) ~
ﬁg/lﬂdﬁg.

In summary, for each cone ¢ € A, dimo = d, we have a non-degenerate symmetric
bilinear pairing
< -y >4t Eg/l‘dﬁg X Eo‘/xdﬁg — W1,d—1-
These pairings are related as follows. For f,g € L, /x4L,,
<fag >o= Z Org<f‘rag‘r >,
dim r=d—1

where f; and g, are the restrictions of f and ¢ to 7 and the pairing on the right hand
side is the A; 4_;-bilinear extension of the A; 4_o-bilinear pairing < -,- >.

3. The main construction on sheaves
Let us return to the situation of Section 1.1 and prove the claims made there.
We have a finitely generated free A; ,,-module M with Poincaré pairing
< - >M:M><M—>wl’m.

Write
M/xM = M° @ M*,
where M* consists of elements of degree (i,*,...,*). Assume that L : M — M is a

Aj41,m-module homomorphism of degree ¢;, self-adjoint with respect to the pairing, and
such that L is injective with quotient @) annihilated by x;41:

0-M B A —Q—0, 2.,Q=0.

Lemma 3.1. @ is a free Ajy2 m-module.
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Proof. Since M° and M* are free A;;1 ,-modules, we get from the exact sequence
above that

Tor?l“’m(Q,(C) =0, i>2.
Because @ is a Ajq2 p,-module, annihilated by z;41, this implies that
Tory'**"(Q,C) =0,

hence @ is free. O

Now assuming that @ is free, we get an exact sequence

0= Qler — era] = M /(1) M 5 M /(1) M" = Q — 0,
where all terms are free A;1 5 ,,-modules. Define C' by the exact sequence
0— Qler — erp1] = M°/(z141)M° — C — 0.

Then Torf‘“rz’m(C’7 C) =0 and C is also a free A5 ,,-module.

Let us construct bilinear pairings on C' and . On C' the pairing is

<z,y >c=<uz,Ly > .
This is well-defined and gives an A;;2 ,,,-linear map of degree ¢,
C®aynm C— wWim ®a,,, Alr2,m-

Dividing by x; we get a degree 0 map into wii1,, ®a,,, . Air2,m- Finally, replacing C'
by ' = C®a,,,,, Ai+1,m and extending the pairing linearly, we have a A; 1 ,,-bilinear
map

< > C'x O = wiptm.
To define the pairing on @, let a be the composition
a:Q > Qler —ep1] — MO /xy MO,
On the elements [g] € @ this map is given by
odlg)) = L~ (@i419).
Now define the pairing
<x,y>o=<a(x),y >up .

One can check that this pairing is well-defined. Taking into account that « has degree
ei+1 — €1, we get a degree 0 A;1o ,-bilinear map on Q' = Qle;]

<> Q' X Q = witom.
It is easy to see that the bilinear maps on C’ and Q' are symmetric.

Lemma 3.2. The pairings < -,- >¢q and < -,- >¢/ are non-degenerate.
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Proof. One checks the non-degeneracy of the pairing on C' using the definition and
self-adjointness of L. Then it follows that the pairing between @ and Qle; — e;41] is
non-degenerate. O

We next want to sheafify the main construction. Recall that £ is a sheaf on A with
stalks L, free A -modules with Poincaré pairings. To perform the main construction
simultaneously on all stalks of £, the first step is to split

L)z L=L0D L
and then find a map of sheaves of degree e,
L:£°%—ch

If one looks at the stalks, it becomes clear that £ should be considered as sheaves on
AZ? (i.e., on the poset of cones of dimension at least 2), and the cokernel @ of the map
L should be a sheaf on AZ3. Therefore we will consider sheaves on AZ™ for m > 1.

3.1. Sheaves on A=™

We let AZ™ have the the topology induced from A. To give a sheaf on AZ™ is
equivalent to giving a sheaf on A with all stalks zero on cones of dimension less than m.

Define the structure sheaf .4 on AZ™ as follows. For o € A, dimo = d > m, let
Aa — Am,d = (C[.Tm, cee awd]a
with restriction maps res? the standard projections.

Definition 3.3. Let F be a locally free sheaf of A-modules on AZ™. We say that F
is minimally flabby if all the restriction maps resg are surjective and for every o € A,
dimo = d > m, we have an exact sequence, the ”augmented cellular complex” (compare

with (5))
0— Fo/xaFs — @ Fr— ... — @ Fp, — Gy — 0, (6)

T<o,dim T7=d—1 p<o,dim p=m
where

e The augmentation G, is a vector space (i.e., an Aj,-module annihilated by
L1y 737”).

e All differentials, except the maps to G, are defined by orgresj as in the usual
cellular complex.

Remark 3.4. (1) It should be noted that a minimally flabby sheaf is not flabby in the
topology of AZ™,
(2) We do not need the surjectivity of the restriction maps resg for the proof of
Theorem 1.2. These conditions are only necessary to state Conjectures 1.3 and
3.13. However, surjectivity of the restriction maps follows easily for all sheaves
we consider.
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Example 3.5. (1) Let £ be the indecomposable sheaf on A. Then L|5>: is a mini-
mally flabby sheaf on AZ'. In this case we have G, = Lo = C for all o.

(2) In general, the vector spaces G, depend on the cone o. Let 71, m € A be two
cones of dimension m — 1, and let L™ be the indecomposable sheaf constructed
on the poset Starm;. Then F = L™ @& L™2|p>m is a minimally flabby sheaf and
we have

CeC ifm,m<o
G, =< C if 1 < o or ma < o, but not both

0 otherwise.
Note that a minimally flabby sheaf on AZ™ is determined by its restriction to Al +11,
Indeed, the exact sequence (6) can be used to recover F, for dimo > m + 1. Similarly,
given two minimally flabby shaves F and &£, a morphism defined between the restrictions
of these sheaves to Al™™+1 can be lifted to a morphism on A=,

Lemma 3.6. Let £ and F be minimally flabby sheaves on AZ™, and L : € — F a
homomorphism of A-modules.

(1) If L is injective on cones o € A, dimo = m, then L is injective on all cones.
(2) If L is an isomorphism on cones o € A, dimo = m, then the cokernel Q of L:

0—-€&—-F—-9—0

is a minimally flabby sheaf on AZ™F1,

Proof. The first statement follows by induction on dim o from the exact sequence (6).

To prove the second statement, first note that the surjectivity of the restriction maps
resg for Q is clear. The morphism L defines a map between the augmented cellular
complexes of £ and F which is injective except possibly in the G, terms. The quotient
gives the cellular complex for (). By induction on dim o it follows that @, is annihilated
by z,,, hence is a free A,,;1 4-module by Lemma 3.1. We get the augmentation for Q
by removing tha augmentations of £ and F and considering the long-exact cohomology
sequence of the short-exact sequence of complexes. O

Definition 3.7. Let F be a minimally flabby sheaf on AZ™. We say that F is a Poincaré
sheaf if for every o € A, dimo = d > m, we have an A,, q—i-bilinear non-degenerate
symmetric pairing
<ot FofagFy X FylxgFy — wim a1,
satisfying the compatibility condition:
< f,9>0= Z or? <res? f,res? g>., f,9€ Fy/xqF,. (7)
<o

Here on the right hand side < -,- >, denotes the A,,, 4—1-bilinear extension of the A,, 4_o-
bilinear pairing < -,- >,.
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Example 3.8. The sheaf £|5>1 is a Poincaré sheaf on A=

Let F be a Poincaré sheaf on AZ™. Then F, for dimo = d > m is a vector space
graded by subsets of {m,...,d — 1}. Write F/x,,F for the sheaf with stalks

(FlemF)e = Fo/tmFs.
This is a locally free sheaf on AZ™+! and we can split it as
FlamF =F' & F,
where F! consists of elements of degree (i, *,...,*).

Lemma 3.9. Let F be a Poincaré sheaf on AZ™. Then FO and F' are minimally flabby
sheaves on AZ™tL,

Proof. Let us cut the sequence (6) into two exact sequences

0— Fo/xqFs — @ Fr—...—>8—->0,
7<o,dimr=d—1
0-S— P F,—G,—0.
p<o,dim p=m
From the second sequence we get that S is a free C[z,,]-module, hence the first sequence
remains exact after taking quotient by the ideal (z,,) and splitting into two according to
degree. The two sequences are the augmented cellular complexes for 0 and F*'. |

Now we are ready to define the sheafified version of the main construction. Let F be
a Poincaré sheaf on AZ™ and L : F — F an endomorphism of .A-modules of degree e,y,,
such that L, : F, — F, is self-adjoint with respect to the pairing for each o. (More
precisely, L, : F» — F, has to be self-adjoint with respect to the A,, 4-linear extension
of the pairing < -,- >,.) Assume that the induced morphism L : F° — F! is injective
on cones 0 € A, dimo = m + 1; then it is an isomorphism on these cones by Poincaré
duality. Lemma 3.6 gives an exact sequence

0—-F - F' Q-0

where Q is a minimally flabby sheaf on AZ™%2, In order to have Q in correct degrees,
we have to replace it with Q" = Qle,,].

We also construct the sheaf C as follows. First, we have an exact sequence of minimally
flabby sheaves on AZ™+2:

0— Qlem — emt1] — fo/me]:O — fl/me}'I — Q — 0.
Define C by the exact sequence
0— Qlem — emt1] = F/zm1 F* — C — 0.

Then one easily sees that C is also minimally flabby on AZ™*2 (to get the augmented
cellular complex for C, it is more convenient to consider the short exact sequence

0—C ifl/mer]fl — Q —0).
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We should again replace C with an almost flabby sheaf C’ on AZ™*! such that C =
C'/xpm41C". We will not do this because inductively, the next step to construct a Lefschetz
operation is to go from C’ to C and split it according to degree. The fact that we don’t

have C’ that induces C will cause us some trouble later when we look for an endomorphism
of C.

Summarizing, we have defined the sheafified version of the main construction. Starting
with a Poincaré sheaf F on AZ™ and a morphism L, we constructed minimally flabby
sheaves Q and C on AZ™*+2_ The construction on stalks agrees with the main construction
on modules. The stalks of the shaves Q and C inherit Poincaré pairings from the pairing
on F, which is clearly compatible with the restriction morphisms. Hence the two new
sheaves are also Poincaré sheaves.

It remains to see when can we find an appropriate endomorphism L of F.

Lemma 3.10. Let F be a Poincaré sheaf on AZ™ and L : F — F a homomorphism of
degree e,,. Then L is self-adjoint with respect to the pairings on o € A=™ if and only if
it is self-adjoint on cones p of dimension m.

Proof. This follows by induction on the dimension of a cone from the formula (7). O

Lemma 3.11. Let F be a Poincaré sheaf on A=™. Then there exists a homomorphism
L :F — F of degree ey, that is self-adjoint with respect to the pairings on the stalks F,
and such that the induced homomorphism L : F° — F' is injective.

Proof. For dimp = m, let L, : 7, — F, be a self-adjoint homomorphism of degree
em. (Note that F, ~ Clx,,]®% for some a, > 0.) We claim that a suitable collection of
L, induces the required L. For this we need to check that L, can be extended to cones
7 of dimension m + 1 (hence can be extended to all cones), and that on such 7 it defines
an injection F9 — FL.

Let dim 7 = m + 1 and consider the augmented cellular complex of 7:

0— Fr/emarFr — @}"p — G, — 0.

p<T

Here G, ~ C* for some a > 0, @,__F, ~ Clzy,|%?* and F,/zmi1Fr ~ Clz,|%* &

Clzm][—em]®e.
The maps L, are compatible with the zero map G; — G, of the augmentation. It

follows that L, induce a map L, : Fr — F,, compatible with restriction maps, hence
there is an extension to a morphism L : F — F.

Let V = @p<7?/} ~ C?* and let K ~ C® be the kernel of V. — G,. Then K = F?.
The map L, comes from a linear map L, = XL, : F, — F,. The maps L, together
define a linear map Ly : V — V. Now the condition that L is injective is equivalent to

L, : F? — F! being injective, which is equivalent to the condition that the intersection
of K and Ly (K) is zero.

p<T
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Let us also bring the Poincaré pairing into the picture. We have a non-degenerate
symmetric pairing on each fm combined to a pairing on V. The pairing on F, induces
a non-degenerate pairing between F° and F!, which restricts to the zero pairing on F2,
hence the compatibility condition implies that the pairing on V restricted to K is zero.
In other words, K = K. The proof that a suitable set of L, gives a required L is given
in the lemma below.

Finally, let us consider the case when L is defined by a multiplication with an element
in L € I'(A, A) of degree e,,. In this case the linear maps L, are given my multiplication
with a constant ¢, (where L|, = ¢,z,,). Note also that since the restriction maps res’

P - P
are surjective, the projection V' — F, maps K onto F,. Thus, if the conjecture below is
true then L defines an injective morphism. (Il

Lemma 3.12. Let V = &V, be a finite dimensional vector space. Suppose that each V;
has a mon-degenerate symmetric bilinear pairing, giving a pairing on V. Let K C V be
a subspace such that K C K+. Then there exist self-adjoint linear maps L; : Vi — Vj,
combined to L : V — V, satisfying K+ N L(K) = 0.

Proof. Let vy,...,vs, be an orthogonal basis of V' consisting of elements from V; and
let y1,...,y2q be the dual basis giving coordinates on V. Let T be the algebraic torus of
dimension dim V" acting on V' by:

(t17 e 7t2a) . (y17 e 7y2a) — (tlyla e 7t2ay2a)~

An element ¢t € T' defines a linear map V' — V of the required type. We claim that for a
general ¢ we have K+ Nt(K) = 0.

Now V has finitely many T-orbits. By Kleiman-Bertini theorem, for a general ¢, the
restrictions of K+ and K to any orbit O intersect transversely. Thus, it suffices to show
that the expected dimension of this intersection is zero.

Let W C V be a subspace spanned by a subset of the v;. Then the pairing on V'
restricts to a non-degenerate pairing on W. Since K C K=, it follows that

dim(K*+ NnW) + dim(K N W) < dim(W). O
Conjecture 3.13. Let the notation be as in the previous lemma. Additionally assume

that the projections V- — V; map K onto V; for each i.Then the statement of the lemma
remains true if we let L; be multiplication by some constant c;.

Remark 3.14. Starting with a Poincaré sheaf 7 on AZ™, we apply the previous lemmas to
perform the main construction on F and produce new sheaves Q and C. Then inductively
we apply the same construction on C and Q. As explained above, we should consider C
as coming from a sheaf C’ on AZ™+1 so that the main construction should be applied
to C’ rather than C. Let us show that we don’t need C’ for the existence of the required
L:C—C.

Recall that C was defined by the exact sequence of minimally flabby sheaves on AZ™+2:

0— Qlem — emy1] = FO/xm 1 F° — C — 0.
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On the sheaf 7Y we can define a bilinear pairing by the same formula as on C. This pairing
is degenerate, but it induces the pairing on C. Now as in Lemma 3.11 we construct a
homomorphism L : FO — FO of degree €,,,1. We claim that this homomorphism induces
the injective homomorphism C° — C'. Indeed, we are reduced to the same Lemma 3.12.
The difference now is that we may have a strict inclusion X C K, while the two spaces
were equal in the proof of Lemma 3.11.

Let us now put everything together and finish the proof of Theorem 1.2. We start
with the Poincaré sheaf £|,>1 and apply the main construction to produce new Poincaré
sheaves C and Q. Then inductively we apply the main construction to C and Q. These
constructions give a Lefschetz operation on each stalk £,/z4L,, dimo = d. Considering

Lifwn Ly =T(L, A),

we get a Lefschetz operation on T'(£, A) as stated in the theorem.

References

[1] G. Barthel, J.-P. Brasselet, K.-H. Fieseler and L. Kaup, Combinatorial Intersection cohomology for
Fans, Toéhoku Math. J. 54 (2002) 1-41.

[2] M.M. Bayer and A. Klapper, A new index for polytopes, Discrete Comput. Geom. 6 (1991), 33-47.

[3] P. Bressler and V. A. Lunts, Intersection cohomology on nonrational polytopes, Compositio Math.
135 (2003), no. 3, 245-278.

[4] M. Brion, The Structure of the Polytope Algebra, Téhoku Math. J. 49, 1997, 1-32.

[5] W. Fulton, Introduction to toric varieties, Princeton University Press, (1993).

[6] K. Karu The cd-indez of fans and lattices, preprint math.AG/0410513.

[7] R.P. Stanley, Flag f-vectors and the cd-index, Math. Z. 216 (1994), 483-499.

MATHEMATICS DEPARTMENT, UNIVERSITY OF BRITISH COLUMBIA, 1984 MATHEMATICS ROAD, VAN-

COUVER, B.C. CANADA V6T 172

E-mail address: karu@math.ubc.ca

74



	1. Introduction
	2. Sheaves on fans
	3. The main construction on sheaves
	References

