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On moduli of pointed real curves of genus zero
Ozgiir Ceyhan

ABSTRACT. We introduce the moduli space Rﬁ(%yl) of pointed real curves of genus

zero and give its natural stratification. The strata of RM(%J) correspond to real
curves of genus zero with different degeneration types and are encoded by trees with
certain decorations. By using this stratification, we calculate the first Stiefel-Whitney
class of RM(%’Z) and construct the orientation double cover R]\NQQIM) of RM(%J).

1. Introduction

The moduli space M,, of stable n-pointed (complex) curves of genus zero has been
extensively studied as one of the fundamental models of moduli problems in algebraic
geometry (see [12, 15, 13, 14, 18]). The moduli space M,, carries a set of anti-holomorphic
involutions, whose fixed point sets are the moduli spaces of pointed real curves of genus
zero. These moduli spaces parameterize the isomorphism classes of pointed curves of
genus zero with a real structure. For each of these spaces, a certain set of labeled points
stays in the real parts of the curves while other pairs of labeled points are conjugated by
the real structures of the curves.

The moduli spaces of pointed real curves have recently attracted attention in various
contexts such as multiple (-motives [7], representations of quantum groups [4, 9] and
Welschinger invariants [22, 23].

The aim of this work is to explore the topological properties of the moduli spaces of
pointed real curves of genus zero. Hence, we first introduce a natural combinatorial strati-
fication of the moduli spaces of pointed real curves of genus zero through the stratification
of M,,. Each stratum is determined by the degeneration type of the real curve. They are
identified with the product of the spaces of real point configurations in the projective line
CP' and the moduli spaces M,,. The degeneration types of the pointed real curves are
encoded by trees with corresponding decorations. Secondly, we calculate the first Stiefel-
Whitney classes of the moduli spaces in terms of their stratifications. The moduli spaces
of pointed real curves are not orientable for n > 5 and the set of labeled real points of real
curves is not empty. We construct the orientation double covers of the moduli spaces for
the non-orientable cases. The double covering in this work significantly differs from the
‘double covering’ in the recent literature on open Gromov-Witten invariants and moduli
spaces of pseudoholomorphic discs (see [5, 17]): Our double covering has no boundaries
which suits better for the use of intersection theory.
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This paper is organized as follows. Section 2 contains a brief overview of facts about
the moduli space M,. In Section 3, we introduce real structures on M, and real parts
Rﬁ(zk,l) as moduli spaces of (2k,[)-pointed real curves. The following section, the strat-
ification of RM(%J) is given according to the degeneration types of pointed real curves
of genus zero. In Section 5, the first Stiefel-Whitney class of ]RM(%J) is calculated by
using the stratification given in Section 4. Then in Section 6, we construct the orientation
double coverings RM o4, ;) — RM(%J).

In this paper, the genus of the curves is zero except when the contrary is stated
explicitly. Therefore, we omit mentioning the genus of the curves.

2. Pointed complex curves and their moduli

This section reviews the basic facts on pointed complex curves of genus zero and their
moduli space.

2.1. Pointed curves and their trees

Definition 2.1. An n-pointed curve (X;p) is a connected complex algebraic curve ¥ with
distinct, smooth, labeled points p = (p1,-+- ,pn) C X, satisfying the following conditions:

e 3 has only nodal singularities.
e The arithmetic genus of X is equal to zero.

A family of n-pointed curves over a complex manifold S is a proper, holomorphic map
s : Us — S with n sections py,--- ,p, such that each geometric fiber (3(s);p(s)) is an
n-pointed curve.

Two such curves, (X;p) and (X';p’), are isomorphic if there exists a bi-holomorphic
equivalence ¢ : ¥ — ¥’ mapping p; to pl.

An n-pointed curve is stable if its automorphism group is trivial (i.e., on each irreducible
component, the number of singular points plus the number of labeled points is at least
three).

2.1.1. Graphs

Definition 2.2. A graph T' is a collection of finite sets of wertices Vi and flags (or
half edges) Fr with a boundary map Or : Fr — Vpr and an involution jr : Fr — Fp
(j2 = id). We call Er = {(f1,f2) € FZ | f1 = jrfo & f1 # f2} the set of edges, and
Tr = {f € Fr | f = jrf} the set of tails. For a vertex v € Vp, let Fr(v) = 95" (v) and
|v| = |Fr(v)| be the valency of v.

We think of a graph T' in terms of its following geometric realization ||T||: Consider
the disjoint union of closed intervals | | o [0,1] x f; and identify (0, f;) with (0, f;) if
Or f; = Or f;, and identify (¢, f;) with (1—t, jr f;) for t €]0,1[ and f; # jr fi. The geometric
realization of I' has a piecewise linear structure.

Definition 2.3. A tree «y is a graph whose geometric realization is connected and simply-
connected. If |v| > 2 for all v € V, then such a tree is called stable.
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We associate a subtree 7, for each vertex v € V, which is given by V., = {v}, F,, =
F,(v), jy, =1d, and 0., = 0,.

Definition 2.4. Let v and 7 be trees with n tails. A morphism between these trees
@ 1y — 7 is a pair of maps ¢p : Fr — F, and ¢y : V, — V, satisfying the following
conditions:

e ¢r is injective and ¢y is surjective.

e The following diagram commutes

Oy
E, — V,

Wl |

F'r L’ V'r~
® PpOjr =]y0QF.
e ¢r = ¢p|, is a bijection.
An isomorphism ¢ : v — 7 is a morphism where ¢z and ¢y are bijections. We denote
the isomorphic trees by v ~ 7.

Each morphism induces a piecewise linear map on geometric realizations.

Lemma 2.1. Let v and 7 be stable trees with n tails. Any isomorphism ¢ : v — T is
uniquely defined by its restriction on tails ¢ : Ty — T,.

Proof. Let ¢, p : v — 7 be two isomorphisms such that their restriction on tails are the
same. Consider the path f, Py, in ||| that connects a pair of tails fi, fo. The automor-
phism ¢! o ¢ of v maps , Py, to itself; otherwise, the union of the f, Py, and its image
o1 o ¢y, Py,) gives a loop in ||7v||, which contradicts simply-connectedness. Moreover,
the restriction of ™! o ¢ to the path 1. Py, is the identity map since it preserves distances
of vertices to tails f;, fo. This follows from the compatibility of the automorphism ¢~ o¢
with 0, and j,.

The geometric realization ||v|| of v can be covered by paths that connects pairs of tails
of 7. We conclude that the automorphism ¢! o ¢ is the identity since it is the identity
on every such path. (I

There are only finitely many isomorphisms classes of stable trees whose set of tails is
T, ={1,---,n}. We call the isomorphism classes of such trees n-trees. We denote the
set of all n-trees by 7 ree.

2.1.2. Dual trees of pointed curves

Let (3;p) be an n-pointed curve and 7 : 3 — ¥ be its normalization. Let (21,; pv) be
the following |v|-pointed stable curve: ¥, is a component of 3, and p,, is the set of points

consisting of the preimages of special (i.e. labeled and nodal) points on X, := n(X,). The
points p, = (ps,, -+, Py, ) on Xy are ordered by the flags f. € Fr(v).
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Definition 2.5. The dual tree v of an n-pointed curve (3;p) is the tree consisting of
following data:

V,, is the set of components of 3.

F, is the set consisting of the preimages of special points.

0y : f—wvif and only if py € 3.

Jy ¢ f+— fif and only if p; is a labeled point, and j, : fi — fo if and only if
Df € ﬁ]vl and py, € XA]UQ are the preimages of the nodal point ¥, N X,,.

Lemma 2.2. Let ® be an isomorphism between the n-pointed stable curves (X;p) and
(X p').

(i) ® induces an isomorphism ¢ between their dual trees v, T.

(i) ® is uniquely defined by its restriction on labeled points.

Proof. (i) The result follows from the decomposition of ® into its restriction to each
irreducible component and the Def. 2.4.

(ii) Due to Lemma 2.1, the isomorphism ¢ : v — 7 is determined by the restriction
of ® to the labeled points. The isomorphism ¢ determines which component of ¥ is
mapped to which component of ¥’ as well as the restriction of ® to the special points.
Each component of ¥ is rational and has at least three special points. Therefore, the
restriction of ® to a component is uniquely determined by the images of the three special
points. (Il

2.2. Deformations of pointed curves

Let v be the dual tree of (£;p) and 3 — ¥ be the normalization. Let (3,;P,) be
the following |v|-pointed stable curve corresponding to the irreducible component ¥, of
(3;p). Let QL be the sheaf of Kiihler differentials.

The infinitesimal deformations of a nodal curve ¥ with divisor Dy = p1 + -+ + py, is
canonically identified with the complex vector space

Extp, (23(Dp), Ox), (1)
and the obstruction lies in
Eat}, (Q4(Dyp). Ox).

In this case, it is known that there are no obstructions (see, for example [17] or [8]).
The space of infinitesimal deformations is the tangent space of the space of deformations
at (3;p). It can be written explicitly in the following form:

D H STy (-Dp))e P T,,E0T,.2 2)
veV, (fesfe)EE,

The first part corresponds to the equisingular deformations of ¥ with the divisor Dy, =
Zfier(v) p#,, and the second part corresponds to the smoothing of nodal points p. of

the edges e = (fe, f¢) (see [8]).
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2.2.1. Combinatorics of degenerations

Let (3;p) be an n-pointed curve with the dual tree 7. Consider the deformation of a
nodal point of (¥;p). Such a deformation of (X;p) gives a contraction of an edge of 7:
Let e = (fe, f¢) € E, be the edge corresponding to the nodal point and 9, (e) = {v., v},
and consider the equivalence relation ~ on the set of vertices, defined by: v ~ v for all
v € Vo \ {ve,v°}, and ve ~ v°. Then, there is an n-tree /e whose vertices are V,,/ ~ and
whose flags are F,\{fe, f°}. The boundary map and involution of -y/e are the restrictions
of 0, and j,.

We use the notation v < 7 to indicate that 7 is obtained by contracting some edges of
.

2.3. Stratification of the moduli space M,

The moduli space M, is the space of isomorphism classes of n-pointed stable curves.
This space is stratified according to degeneration types of n-pointed stable curves which
are given by n-trees. The principal stratum M, corresponds to the one-vertex n-tree and
is the quotient of the product (CP')" minus the diagonals A = (J,_,{(p1,- -+ ,pn)|pr = 01}
by Aut(CP') = PSLy(C).

Theorem 2.3 (Knudsen & Keel, [15, 12]). (i) For anyn > 3, M,, is a smooth projective
algebraic variety of (real) dimension 2n — 6.

(i) Any family of n-pointed stable curves over S is induced by a unique morphism
k:S — M,. The universal family of curves U, of M, is isomorphic to M, .1.

(iii) For any n-tree vy, there exists a quasi-projective subvariety D., C M,, parameter-
izing the curves whose dual tree is given by y. D is isomorphic to Hvev7 M,y|. Its (real)
codimension is 2|, |.

(iv) M,, is stratified by pairwise disjoint subvarieties D.,. The closure of any stratum
D, is stratified by {D~ | v" < ~}.

2.3.1. Examples

(i) For n < 3, M,, is empty due to the definition of n-pointed stable curves. M3 is
simply a point, and its universal curve I3 is CP' endowed with three points.

(i) The moduli space M, is CP! with three points. These points D,,, D,, and D,
correspond to the curves with two irreducible components, and M} is the complement of
these three points (see Fig. 1). The universal family U, is a del Pezzo surface of degree
five which is obtained by blowing up three points of CP' x CP!.

(iii) The moduli space M is isomorphic to Uy. It has ten divisors and each of these
divisors contains three codimension two strata. The corresponding 5-trees are shown in
Fig. 1.

2.4. Forgetful morphism

We say that (X;p1,---,pn—1) is obtained by forgetting the labeled point p, of the
n-pointed stable curve (X;p1,--- ,pn). However, the resulting pointed curve may well
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FIGURE 1. Dual trees encoding the strata of M, for n = 3,4, and 5.

be unstable. This happens when the component ¥, of ¥ supporting p, has only two
additional special points. In this case, we contract this component to its intersection
point(s) with the components adjacent to X,. With this stabilization we extend this
map to whole space and obtain 7, : M, — M,_1. There exists a canonical isomorphism
M, — U, _1 commuting with the projections to M,_,. In other words, m, : M,, — M,_1
can be identified with the universal family of curves. For details, see [12, 15].

2.5. Automorphisms of M,

The open stratum M,, of the moduli space M, can be identified with the orbit space
((CPY)™\ A)/PSLy(C). The latter orbit space may be viewed as the configuration space
of (n — 3) ordered distinct points of CP! \ {0, 1, 00}:

M, =2{p= (21, ,2n) € cr3 | zi # 2 Vi # §, 2n—2 =0,2,_1 =1, 2, = 0},
where z; := [z; : 1] are the coordinates of labeled points p; in an affine chart of CP*.

Let ¥ = (¢1,...,%n_3) : M,, — M, be a non-constant holomorphic map. In [10],
Kaliman discovered the following fact:

Theorem 2.4 (Kaliman, [10]). For n > 4, every non-constant holomorphic endomor-
phism ¥ = (Y1, ,n—3) of M, is an automorphism and its components 1, are of the
form

br(p) = Fo(r) — Zo(n—2) / Fo(n—2) — Z@(nfl)’ 1<r<n-3
Zo(r) ~ %o(n) Zo(n) ~ Fo(n—1)

where o € S, is a permutation not depending on r.
Kaliman’s theorem implies the following corollary.

Theorem 2.5 (Kaliman & Lin, [10, 16]). Every holomorphic automorphism of M, is
produced by a certain permutation o € S,. Hence, Aut(M,) = S,.

On the other hand, the permutation group S, acts on the compactification M,, of M,
via relabeling: for o € S,,, there is a holomorphic map 1, which is given by

Yo 1 (35p) = (B50(P) = (55 Pe(1)5*+ » Pon))- 3)
Therefore, the permutation action given in (3) forms a subgroup of holomorphic auto-
morphisms Aut(M,,).
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Let Autﬁ(ﬂn) be the group of holomorphic automorphisms of M, that respect the
stratification: ¢ € Auty(M,) maps D, onto D, where dimD, = dimD.. Kaliman’s
theorem leads us to the following immediate corollary.

Theorem 2.6. The group Auty(M,,) is Sy.

Proof. Let ¢ € Autﬁ(ﬁn). The restriction of ¥ to the open stratum gives the permutation
action on M, since the automorphism group of the open stratum M, contains only
permutations 1,. The unicity theorem of holomorphic maps implies that 1 = 1, since
they coincide on the open stratum |u, = ¥,/ - O

Remark 2.1. Note that the whole group of holomorphic automorphismsiAut(Mn) is not
necessarily isomorphic to S,,. For example, the automorphism group of My is PSLy (©).
To the best of our knowledge, there is no systematic exposition of Aut(M,,) for n > 5.

3. Moduli of pointed real curves of genus zero

A real structure on complex variety X is an anti-holomorphic involution c¢x : X — X.
The fixed point set RX = Fix(cx) of the involution is called the real part of the variety
(or of the real structure).

In this section, we introduce the moduli spaces of pointed real curves of genus zero as
the fixed point sets of real structures on M,.

3.1. Real structures on M,

The moduli space M,, comes equipped with a natural real structure. The involution
c: (3;p) — (3;p) acts on M,,. Here a complex curve 3 is regarded as a pair X = (C, J),
where C' is the underlying 2-dimensional manifold and J is a complex structure on it, and
Y = (C,—J) is its complex conjugated pair.*

Lemma 3.1. The map c is a real structure on M,,.

Proof. The differentiability of ¢ follows form the Kodaira-Spencer construction of infin-
itesimal deformations. We need to show that the differential of ¢ is anti-linear at each
(3;p) € M,,. It is sufficient to show that it is anti-linear without taking the quotient
with respect to PSLy(C).

The infinitesimal deformations of a nodal curve ¥ with divisor Dp = p1 + -+ + py, is
canonically identified with the complex vector space Exty,_ (Q5(Dp),Ox), (see Section
2.2). By reversing the complex structure on 3, we reverse the complex structure on the

tangent space Extl,_(Qx(Dp),Ox) at (X;p). The differential of the map (X;p) — (3;p)
Eatp, (25(Dp), Os) — Exto_(Q5(Dp), Ox)

is clearly anti-linear. O

IThere is some notational ambiguity: The bar over M, and that over X refer to different structures on
underlying manifolds: the first one refers to the compactification of M, and second refers to the manifold
with reverse complex structure. Both of these notations are widely used, we use the bar for both cases.
The context should make it clear which structure is referred to.



CEYHAN

The subgroup Auty(M,,) = S, of holomorphic automorphisms acts on M, via relabel-
ing as given in (3). For each involution o € S,,, we have an additional real structure on
M,:

o =cothy : (Bp) = (X;0(p)). (4)

Lemma 3.2. Every real structure of M, preserving the stratification is of the form (4)
where o € S, is an involution.

Proof. By their definition, anti-holomorphic automorphisms of M,, are obtained by com-
posing the principal real structure ¢ : (3;p) — (X;p) with elements of Aut(M,). The
real structure ¢ maps each stratum of M, onto itself. Therefore, an anti-holomorphic
automorphism co respects the stratification of M,, if and only if ) € Aut(M,,) respects
the stratification of M, i.e., each real structure preserving the stratification of M,, is
given by a certain involution o € S,, and is of the form (4). O

3.2. o-invariant curves and c-equivariant families

Definition 3.1. An n-pointed stable curve (X; p) is called o-invariant if it admits a real
structure conj : ¥ — ¥ such that conj(p;) = po(;y for all i € {1,--- ,n}.

A family of n-pointed stable curves wg : Us — S is called o-equivariant if there exist
a pair of real structures

Us C—”>Z/l5

™| |=s

s —= 8.

such that the fibers 771(s) and 7~ !(cg(s)) are ¥ and X respectively, and c¢;; maps z €
n1(s) to z € 7 (es(s)).

Remark 3.1. If (3;p) is o-invariant, then the real structure conj : ¥ — ¥ is uniquely
determined by the permutation ¢ due to Lemma 2.2.

Lemma 3.3. If 7 : Us — S is a o-equivariant family, then each (¥;p) € RS is o-
mvariant.

Proof. If cs((Z;p)) = (X; p) then there exists a unique bi-holomorphic equivalence conj :
¥ — X (in other words, anti-holomorphic conj : ¥ — ¥) such that conj(p;) = Po(iy- The
restriction of conj on labeled points is an involution. By applying Lemma 2.2 to conj?,
we determine that conj is an involution on . O

3.3. The moduli space of pointed real curves RM(%J)

Let Fix(c) be the fixed point set of the action of o on the labeling set {1,--- ,n}, and
let Perm(o) be its complement. Let |Fix(o)| =1 and |Perm(c)| = 2k.

Let 0 € S, and ¢, be the corresponding automorphism of M,. The conjugation
of real structure c, with v, provides a conjugate real structure c,s = 1, 0 cs 0 PY,-1.
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The conjugacy classes of real structures are determined by the cardinalities |Fix(o)| and
|Perm(o)|. Therefore, from now on, we only consider ¢, where

B 1 ok k41 - 2% 2%k4+1 - 2%k+1 )
=\ k1 0 2 01 -k 2%41 - 241 )
and n = 2k +[.

Definition 3.2. For o as above in (5), o-invariant curves are called (2k,[)-pointed real
curves.

The fixed point set Fix(c,) is called the moduli space of (2k,1)-pointed real curves and
denoted by RM(QM).

Theorem 3.4. (i) For any n > 3, RM(%J) is a smooth real projective manifold of
dimension n — 3. - o

(i) The universal family of curves @ : U, — M, is a o-equivariant family.

(iti) Any o-equivariant family of n-pointed stable curves over wg : Us — S is induced
by a unique pair of real morphisms

USL u,

ﬂsl J/ﬂ'
S —Z— M,.

(iv) Let M, be the contravariant functor that sends real varieties (B, cp) to the set of
o-equivariant families of curves over B. The moduli functor M, is represented by the
real variety (M, cy).

(v) Let RM, be the contravariant functor that sends real analytic manifolds R to the
set of families of o-invariant curves over R. The moduli functor RO, is represented by
the real part RM (g1,1y of (Mp,cs).

Proof. (i) The smoothness of the real part of ¢, is a consequence of the implicit function
theorem, and dimpg Rﬁ(gw) = dimec M, = n — 3 since the real part RM(%J) is not
empty.

(ii) The fiber over (¥;p) € M,, is 7 1((X;p)) = ¥. We define real structures on M,
and U, as follows;

¢ (%p) = (Z0(p)),
to: zem H((3;p) = zen Y(Z;0(p))),

The real structures ¢, , ¢, satisfy the conditions of o-equivariant families in Definition 3.1.
(iii) Due to Knudsen’s theorem (see Section 2.3), each of the morphisms x : S — M,
and & : Us — U,, are unique. Therefore, they are the same as ¢, 0o k0 cg : S — M, and
és0kocy:Us — U,. Hence, the morphisms , & are real.
(iv)-(v) The statements follows from (iii) and the definition of moduli functors. O

It was believed that the real locus RM(%J) does not represent any moduli functor for
k # 0, but it has only a meaning in operadic setting. Theorem 3.4 shows the contrary.
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4. Stratification of RM(W)

A stratification for RM(ZM) can be obtained by the stratification of M, given in
Section 2.3.

Lemma 4.1. Let v and 7 be the dual trees of (X;p) and (3;0(p)) respectively.

(i) If v and 7 are not isomorphic, then the restriction of ¢, on the union of complex
strata D |J D5 gives a real structure with empty real part.

(it) If v and 7 are isomorphic, then the restriction of ¢, on D~ gives a real structure
whose corresponding real part RD., is the intersection of Rﬁ(gk’” with D, .

Proof. (i) Since v and 7 are not isomorphic, D, and Dx are disjoint complex strata.
The restriction of ¢, on D+ |J D5 swaps the strata. Therefore, the real part of this real
structure is empty.

(ii) Since v and ¥ are isomorphic, the n-pointed curves (X; p) and (¥;0(p)) are in the
same stratum D.,. Therefore, the restriction of ¢, on D, is a real structure. The real
part RD,, of the g-equivariant family D., is RM(%J) (D, since RM(%J) =Fix(c,). O

Definition 4.1. A tree v is called o-invariant if it is isomorphic to . We denote the set
of o-invariant n-trees by 7ree(o).

Theorem 4.2. RH(%J) is stratified by real analytic subsets RD. where v € Tree(o).

Although the notion of o-invariant trees leads us to a combinatorial stratification of
RM(%J) as given in Theorem 4.2, it does not give a stratification in terms of connected
strata. For a o-invariant -, the real part of the stratum RD, has many connected com-
ponents. In the next subsection, we refine this stratification by using the spaces of Zs-
equivariant point configurations in the projective line CP!.

4.1. Spaces of Zs-equivariant point configurations in CP!

Let z := [z : 1] be the affine coordinate on CP!. Consider the upper half-plane
H* = {z € CP! | 3(2) > 0} (resp. lower half plane H™ = {z € CP! | 3(2) < 0}) as a half
of the CP! with respect to z + z, and the real part RP' as its boundary. Denote by H
the compact disc H* URP!.

4.1.1. Irreducible (2k,l)-pointed real curves and configuration spaces

Let (2;p) be an irreducible (2k, 1)-pointed real curve. As a real curve, 3 is isomorphic
to CP! with real structure which is either z +— Zz or z — —1/z (see, for example [19]).
The real structure z — —1/z has empty real part. Notice that a (2k,1)-pointed curve
with empty real part is possible only when Fix(c) = ) i.e., I = 0.

We will consider the spaces of real curves with non-empty and empty real parts as
separate cases.

10
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Case I. Configurations in CP' with non-empty real part. Each finite subset p of
CP! which is invariant under the real structure z +— z inherits additional structures:
I. An oriented cyclic ordering on Fix(c): For any point p € (p[)RP!) there is
unique ¢ € (p(RP!) which follows the point p in the positive direction of RP*
(the direction in which the coordinate = := [z : 1] on RP! increases).
The elements of p are labeled, therefore the cyclic ordering can be seen as a linear
ordering on (p (Y RP!)\{p, }. This linear ordering gives an oriented cyclic ordering
on Fix(o) = {2k+1,--- ,n} which we denote by {i1} < --- < {i;_1} < {i;} where
1 =n.
II. A 2-partition on Perm(c): The subset p((CP!' \ RP!) of p admits a partition
into two disjoint subsets {p; € Hi}. This partition gives an ordered 2-partition
Perm® := {i | p; € H*} of Perm(c). The subsets Perm® are swapped by the
permutation o.

The set of data
0:= {(CP, z — %); Perm™; Fix(0) = {{i1} < --- < {i1}}}
is called the oriented combinatorial type of the Zs-equivariant point configuration p on
(CP, 2 — 2).
The oriented combinatorial types of equivariant point configurations on (CP!,z —

z) enumerate the connected components of the space Conf ;) of k distinct pairs of
conjugate points on H* [ JH™ and [ distinct points on RP!:
Confory = {1, P2k Garsr, - > qarrt) | pi € CPUA\RPY, p; = p; & i = j,
pi=pjei=0(j) & ¢ €RPY, ¢, =q; & i=j}.

The number of connected components of Conf oy is 2%(1—1)!.2 They are all pairwise
diffeomorphic; natural diffeomorphisms are given by o-invariant relabeling.

Let z := [z : 1] be the affine coordinate on CP! and x := [z : 1] be affine coordinate on
RP!. The action of SLy(R) on H is given by
az+b a b

in affine coordinates. It induces an isomorphism SL2(R)/ + I — Aut(H). The automor-
phism group Aut(H) acts on Conf (o
A (21,0 2ok Do, Tokgr) > (A(21), -, Alzar);s A@akg), - s ATak41))-

—_~—

It preserves each of the connected components of Conf y ;). This action is free when
2k +1 > 3, and it commutes with diffeomorphisms given by o-invariant relabellings.

Therefore, the quotient space 6’(%71) = Confopy/Aut(H) is a manifold of dimension
2k + 1 — 3 whose connected components are pairwise diffeomorphic.

2Here we use the convention n! = 1 whenever n <0.

11
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In addition to the automorphisms considered above, there is a diffeomorphism —I of

—
Conf (gp,y which is given in affine coordinates as follows.
—L: (21, 2ok Wokp1, oo Takt) = (<21, —22k5 —T2k41, 0 —T2k41). (6)

Consider the quotient space Confay = Conf oy ;)/(=1). Note that, —I interchanges
components with reverse combinatorial types. Namely, the combinatorial type o of —I(p)
is obtained from the combinatorial type o of p by reversing the cyclic ordering on Fix(o)
and swapping Perm™t and Perm™. The equivalence classes of oriented combinatorial
types with respect to the action of —I are called un-oriented combinatorial types of Zs-
equivariant point configurations on (CP!,z — %). The un-oriented combinatorial types
enumerate the connected components of Con f(ax,1)-

The diffeomorphism —I commutes with each o-invariant relabeling and normalizing
action of Aut(H). Therefore, the quotient space C(ay1) := Con f(a, 1)/ Aut(H) is a manifold
of dimension 2k + [ — 3, its connected components are diffeomorphic to the components
of é(gk,l), and, moreover, the quotient map 6(2]@’[) — Clap,) is a trivial double covering.
Case I1. Configurations in CP! with empty real part. Let (X;p) be an irreducible
(2k,0)-pointed real curve and let RX = (). Such a pointed real curve is isomorphic to
(CP!, p) with real structure conj : z — —1/%.

The group of automorphisms of CP! which commutes with conj is

Aut(CP', conj) = SU(2) := {( _al_) 2 ) € SLQ((C)}.
Thus, the group Aut(CP!, conj) acts naturally on the space

C(mf(wgk,o) ={(z1, ", 20k) | 2 = —1/Ziyi}

of Zs-equivariant point configurations on (CP!,z +— —1/%). For k > 2, the action is free
and the quotient B oy o) := Conf(m%’o)/Aut((C]P’l, conj) is a 2k — 3 dimensional connected
manifold.

The combinatorial type of Zo-equivariant point configurations on (CP!, z — —1/%) is
unique and given by the topological type of the real structure z — —1/z.

4.1.2. A normal position of Z,-equivariant point configurations on CP!

By using the automorphisms we can make the following choices for the representatives
of the points in C(a4;y and Byay ).
Case I. Configurations in CP' with non-empty real part. Every element in Cear
is represented by (CP',p) with p € Conf (g ;. In order to calibrate the choice by

Aut(H), consider an isomorphism (CP!,p) +— (CP!, p’) which puts the labeled points in
the following normal position p’ € CP!.

12
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(A) In the case [ > 3, the three consecutive labeled points (p;,_,p},,p},) in RP! are

put in the position 2} = 1,z;, = oo, z; = 0. We then obtain

1
p/ = (Z17 e 7Zk:7517 e 7Ek7x2k+17 e 7',1:2]64»1717 OO)
(B) In the case | = 1,2, the three labeled points {pg, P2k, prn} are put in the position
{£v—1, oco}. Then,

p/: (2:17"' y Rk—1,€ _1a21;"' ,Ek,l,—ﬁ —17$2k+1,00) 1fl:2a
(217"' y Rk—1,€ _1a217"' azk—la_e _1700) ifl=1

where € = +.
(C) In the case [ = 0, the labeled points {px, par} are fixed at {£+/—1} and p; where
{i} = {k — 1,2k — 1} Perm™ is placed on the interval |0, /—1[C H*. Then,

p/ = (217' te 7Zk—2a61AV _1a62\’ _17217' o ;Ek—27_61A\/j1a —€2V _1)

where A €]0,1[ and ¢; = +,4 =1,2.

Remark 4.1 (A’). In case of k£ > 1 and [ > 3, we can consider the alternative map which
puts the labeled points p’ into the following normal positions. In this case, three labeled
points {px, pak, pn} can be put at {zx, 2ok, T, } = {£v/—1,00} by the action of Aut(H).
We then obtain

’ — —
P = (21, Zk—1,6V—1,Z1, -+, Zp—1, —€V =1, Topq1, -+, Togq1—1,00)

where € = +.

Case II. Configurations in CP' with empty real part. Let k > 2. Every element

of B(ay,0) is represented by (CP!,p) with p € Conf(@%’()). Calibrating the choice by

Aut(CP, conj), consider an isomorphism (CP!,p) — (CP!,p’) which puts the labeled
points of (3;p) in the following normal position p’ € CP!.

(D)
1 Y =
p:(zlu"'vzk72v)\ _17 _1777’"'7777_77_ _1)
Z1 Zk—2 A

where X €] —1,1].

4.2. O/U-planar trees: one-vertex case.

An oriented planar (o-planar) structure on the one-vertex n-tree 7 is one of the two

possible sets of data

{RX # 0;a o — equivariant two — partition Perm® of Perm(o);
0 = an oriented cyclic ordering on Fix (o)},

{RY = 0}.

We denote the o-planar trees by (7,0).

13
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An un-oriented planar (u-planar) structure u on the one-vertex n-tree 7 is a pair of
reverse o-planar structures {0,0} when RY # (), and equal to the o-planar structure when
o= {RY = (}. We denote the u-planar trees by (7,u).

4.2.1. O/U-planar trees and connected components of configuration spaces

As shown in Section 4.1.1, each connected component of Ca; ) for I > 0 (resp.
C2r,0) U Bak,0) for I = 0) is associated to a unique u-planar tree since the un-oriented
combinatorial types of Zs-equivariant point configurations are encoded by the same set
of data. We denote the connected components of Ca 1) (and Ciak 0y U B(2k,0)) by Cirou)-
Similarly, each connected component of 5(%,5) is associated to a unique o-planar tree.
We denote the connected components of 5(2]@,1) by C(r,0)-

4.2.2. Connected components of RM 1

Every Zs-equivariant point configuration defines a (2k,1)-pointed real curve. Hence,
we define

E: || Crruy = RMary) (7)
(m,u)
which maps Zs-equivariant point configurations to the corresponding isomorphism classes
of irreducible (2k,)-pointed curves.

Lemma 4.3. (i) The map = is a diffeomorphism.
(ii) The configuration space C(; ., is diffeomorphic to
(HT)*\ A) x O3 when | > 2,
(HH\ {V=1}F1\ A) x O when 1 = 1,2,
(H\ {V/~=1,v/=1/2})F2\ A) x O when | = 0 and the type of real structure is

(CP \ {\/j, V=1/2,—/=1/2,—/=1})k=2\ (AU A°)) x O when | = 0 and

the type of the real structure is (CP, z — —1/%).

Here, A is the union of all diagonals z; # z;(i # j), A° is the union of all cross-diagonals
2 7 —zi(z # ), and O is the I-dimensional open simplex.

[ )
A~ N S N

Proof. (i) The map = is clearly smooth. It is surjective since any (2k, [)-pointed irreducible
curve is isomorphic either to (CP!,z +— 2) or (CP!,z — —1/z) with a Zs-equivariant
point configuration p on it. It is injective since the group of holomorphic automor-
phisms commuting with the real structure z +— Zz is generated by Aut(H) and —I, and
the group of holomorphic automorphisms commuting with the real structure z — —1/z
is Aut(CP!, conj). These automorphisms are taken into account during construction of
the configuration spaces.

(ii) As it is shown in Section 4.1.1, C(; ) is the quotient C(; )| |C(r5)/(~1). The
spaces C(r ) and C(, , are clearly diffeomorphic. To replace C(, ) by C(7 ), we choose
an o-planar representative for each one-vertex u-planar tree (7,u) among (7,0), (7,0) as
follows.

14
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e [ >3 case: Let (7,0) be the representative of (7,u) for which pog+1 < pn—1 < Pn
with respect to the cyclic ordering on Fix(c).

e [ =0,1,2 case: Let (7,0) be the representative of (7,u) for which k € Perm™.
We put the Zs-equivariant point configurations into a normal position as in 4.1.2. The
parameterizations stated in (ii) for [ > 0 cases follow from (A) and (B) of 4.1.2. In the
case of | = 0 and (CP!, z — %), according to (C) the configuration space C(r,0) is a locally
trivial fibration over (0! =]0, 1] whose fibers over A € O! are (H*\ {v/—1, \v/=1})F=2\ A.
Similarly, in the case of [ = 0 and (CP!, z — —1/%), according to (D) the configuration
space C(7 ) is a locally trivial fibration over O! =] — 1,1 whose fibers over A € O! are
(CP'\ {V/—1,\/—1,—/—1/\, —/—1})*72\ A. Since the bases of these locally trivial

fibrations are contractible, they are trivial fibrations, and the result follows. O

4.3. Pointed real curves and o-planar trees

This section extends the notions of o/u-planar structures to the all o-invariant trees.

4.3.1. Notations

Let (3;p) € RD,, for some v € Tree(o) and conj : ¥ — X be the real structure on .
We denote the set of real components {v € V, | conj(E,) = E,} of ¥ by V*. If this set
is empty, then RY is an isolated real node; we call the edge of v representing the isolated
real node the special invariant edge.

Two vertices v,7 € V, \ VV]R are said to be conjugate if the real structure conj maps
the components ¥, and 5 onto each other. Similarly, we call the flags f, f € F, \ {f« €
F, | ps. € RE} conjugate if conj swaps the corresponding special points PfsDf-

4.3.2. O/U-planar trees: general case.

Let v € Tree(o). Each (2k,1)-pointed real curve (X;p) € RD, with RY # () admits
additional structures:

I If VJ/R # (), one can fix an oriented combinatorial type of point configurations
on each real component ,. Namely, for v € VJYR with RY # @, an oriented
combinatorial type o, is given by an oriented cyclic ordering on the set of invariant
flags F¥(v) = {f | py € RE,} and an ordered 2-partition F3f(v) = {i | p; € H*}
of F(v) \ Fi(v). In the case of V¥ = {v} and RY = (), the o-planar structure is
simply given by the type of the real structure, i.e., RX, = 0 (as in 4.1.1).

II. If VJYR = (), then one can fix an ordering of the flags of the special invariant edge:
fer=x, fC—F.
This additional structures motivate the following definition.

Definition 4.2. An o-planar structure on v € Tree(o) is the following set of data,

o {(’Yvaov) ‘ (RS V,]YR} when VR + 0,
0:= {ordering {f., f¢} — {&}}, when V,Yk =,
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where (%,ov) is an o-planar structure on the one-vertex tree -, for v € VA]/R, and e =

(fe, f€) is the special invariant edge of v when VWR = 0.
Similarly, an u-planar structure on -y is the following set of data,

o d {wuw) [veEVE}L when Vi £ 0,
{0} when V3 = (),

where (7, u,) is an u-planar structure on the one-vertex tree -, for v € V,]YR. We denote
u-planar trees by (v, u).

4.3.3. Notations.

We associate the subsets of vertices V,Yi and flags F,f to every o-planar tree (v, 0) when
V,Y]R # (0 as follows. Let v; € V5 \ VAY]R and let vy € V,y]R be the closest invariant vertex to
v1 in ||y]|. Let f € F,(v2) be in the shortest path connecting the vertices v; and ve. The
set Vf is the subset of vertices v1 € V, \ VJYR such that the flag f (defined as above) is in
Fvi (v2). The subset of flags Fﬂ{i is defined as 8;1(V,yi).

Similarly, we associate the subsets of vertices VWjE and flags F$ to every o-planar tree
(7,0) when V. =0 : Let fo — +, 8,(fe) = ve and 0,(f¢) = v°. The set V. is the subset
of vertices v that are closer to v, than v° in [|7||. The complement V,, \ V.F is denoted by
V~. The subset of flags F$ is defined as 07 1(Vn/i).

4.4. O-planar trees and their configuration spaces

We associate a product of configuration spaces of Zz-equivariant point configurations
C(r,,0,) and moduli space of pointed complex curves M|, to each o-planar tree (7,0):

HveVB Clry00) X Hve\/f M, when VE £ () and RY # 0,
C(T,O) = C(Tv7~70v7~) X H{’U,T)}CVT\VTR M|U| When VTR # @ and RZ = @,
[Toev+ My when VE = ().

For the case RY = 0, v, is the vertex corresponding to the unique real component of point
curves, and the product runs over the un-ordered pairs of conjugate vertices belonging to
V. \VEie., {v,0} = {v,v}.

For each u-planar tree (7,u), we first choose an o-planar representative and then put
Ciru) = C(r,0)- Note that the so defined space C; ,) does not depend on the o-planar
representatives up to an isomorphism.

Lemma 4.4. Lety € Tree(o). The real part RD,, is diffeomorphic to| |, ) C(y,u) where
the disjoint union is taken over all possible u-planar structures of ~y.

Proof. The complex stratum D, is diffeomorphic to the product Hvev7 M\vl' The real

structure ¢, : D, — D, maps the factor M\vl onto M\ﬁl when v and v are conjugate
vertices, and maps the factor Mlv\ onto itself when v € VWR. Therefore, the real part RD,
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of ¢, is given by

H C2ky 1) X H M, when |V7R| > 1,
veVE {v,0}CV,\VE

Clono | |Bioro) x [ M when[VE[ =1,
{0,5}CV,\VE

H Mh" When|VWR| = 0,
{v,0}CV,\VE

where k, = |F(v)| and I, = [F}(v)|]. The decompositions of the spaces C(gz,) and
C2k,0) L B2k,0) into their connected components are given in Lemma 4.3.

Theorem 4.5. ]RM(%J) is stratified by C(y y)-

Proof. The moduli space Rﬂ(gk’l) can be stratified by RD, due to Theorem 4.2. The

claim directly follows from the decompositions of open strata of RM(%J) into their con-
nected components given in Lemma 4.4. (Il

4.5. Boundaries of the strata

In this section we investigate the adjacency of the strata C(, ) in RM(%J). We start
with considering the complex situation in order to introduce natural coordinates near
each codimension one stratum C', .-

4.5.1. Intermezzo: Coordinates around the codimension one strata

Let v be a 2-vertex n-tree given by V, = {ve,v°}, F,(v¢) = {i1,--- ,is, f¢} and
F,(ve) = {fe,is41, " ,in—1,n}. Let (z,w) := [z : 1] x [w : 1] be affine coordinates
on CP!' x CP'. Here we introduce coordinates around D.,.

Consider a neighborhood V' C D, of a nodal n-pointed curve (£°,p°) € D,. Any
(3;p) € V can be identified with a nodal curve {(z — z5.) - (w — wge) = 0} in CP! x
CP! with special points p,, = (ay,, @i, .\, " @i, _,,0,) C {w —wse = 0} and pye =
(bge,biy, -+ ,b;,) C {z — 25, = 0}. In order to determine a nodal curve in CP! x CP*
and the position of its special points uniquely defined by (X;p), we make the following
choice. Firstly, we fix three labeled points a;,,,,a;,_,,a, on the line {w —wyp = 0}
whenever |v.| > 3, and three special points ay,,a;, ,,a, whenever |v.| = 3. Secondly,
we fix three special points bye, b;, , b;, on {z — zy, = 0}. Finally, we choose a; _, = (0,0),
a;, , = (1,0), ap, = (00,0) for |v.| > 3; a5, = (0,0), a;, , = (1,0), a, = (00,0) for
lve] = 3; and b;, = (2p,,1), b;, = (21,,00), bye = (2y,,0). Then the components z and
w of the special points provide a coordinate system in V; in particular, for |ve| > 3
such a coordinate system is formed by zf, z;, with 4. = 542, -+ ,ip—2, and w;, with
Jx =02, ,ls—1.

We now consider a family of n-pointed curves over V' times the e-ball B, = {|t| < €}. It
is given by a family curves {(z—zy,)-w—+t =0 |t € B.} in CP* x CP'. The labeled points
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(zi,w;),i = 1,---n on these curves are chosen in the following way. If |v.| > 3, we put
(Zi1 ) wi1) - (Zfe =1 1)’ (Zzs ) wis) = (Zfe’ OO), (Zis+17'wis+1) - (07 t/zfe)7 (zinfl ) winfl) -
(1,—t/(1 — z5,)) and (2zn,w,) = (00,0). Similarly, for |ve] = 3, (z;,ws,) = (—t,1),
(Zip_oy Wi, _5) = (0,00), (%, _,,wi,_,) = (1,—%) and (zp,w,) = (00,0). The other labeled
points are taken in an arbitrary position. The component z of the special points and the
parameter ¢t provide a coordinate system in V' x B..

Due to Knudsen’s theorem there exists a unique & : V x B, — M, which gives the
family of n-pointed curves given above.

Lemma 4.6. det(dk) # 0 at (X°,p°) € D,. Hence, k gives a local isomorphism.

Proof. The parameter ¢ gives a regular function on k(V x B.) which is vanishing along
D, N k(V x Be). The differential dx(7) = ¥ for ¥ € T(50 po)V since the restriction of x on
V x {0} is the identity map. We need to prove that dx(9;) # 0. In other words, the curves
are non-isomorphic for different values of the parameter t. Let (X(¢;), p(t;)) € V x Be be
two n-pointed curves for ¢ # t3. A bi-holomorphic map ® : X(t1) — X(f2) is determined
by the images of psi1,pi,_,,pn when |v.| > 3, and by the images of p;, _,,pi,_,,Dn
when |v.|] = 3. However, the bi-holomorphic map ® mapping (psi1,pi,_,,Pn)(t1) —
(p5+1’p7;n717pn)(t2) (resp. (pin72’pinfl’pn)(t1) = (pi'rLfQ’pinfl’pn)(tz)) maps pi, (tl) =
(25 —t1,1) to (25, —t1,t2/t1) # pi, (t2) (vesp. pi, (1) = (—t1,1) to (—t1,t2/t1) # pi, (t2)),
i.e., ® can not be an isomorphism. O

Remark 4.2. Due to Lemma 4.6, the coordinates on V' x B, provide a coordinate system
at (X°;p°) € D,. There is a natural coordinate projection p: V x B, — V.

For a o-invariant v and c,-invariant V, the above coordinates and the local isomor-
phism k are equivariant with respect to a suitable real structure ((z,w) +— (Z,@) when
RY # (), and (z,w) — (w0, 2) when RY = (}) on CP* x CP!. Therefore, the real part
RV x| — €,€[ of V x B, provides a neighborhood for a (X°;p°) in RD, with a set of
coordinates on it.

4.5.2. Contraction morphisms for o-planar trees.

Let (,06) be an o-planar tree and ¢ : v — 7 be a morphism of n-trees contracting an
invariant set of edges Econ = Ey \ ¢r(E;). In such a situation, we associate a particular
o-planar structure o on 7, as described below in separate cases (a) and (b), and speak
of a contraction morphism ¢ : (v,6) — (7,0). In all the cases, except (a-2), the o-planar
structure o is uniquely defined by 6.

(a) Let E.on = {e = (fe, f¢)} and e be an invariant edge.
(1) If 9y(e) = {ve,v°} C V¥, then we convert the o-planar structures

Op, = (R, # @;Fﬂc(ve);Fi(ve) ={{i} < <{im} <{fe}}}
05 P (v°); Py (v°) = {{ih} < - < {ir. ) < {f}}}.
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at ve and v© to an o-planar structure at vertex v = ¢y ({ve,v°}) of (7,0)
defining it by
0, = {RE, #0; FF(v) = FFf(ve) U FF(v°);
Fr o) ={{i} < <{im} < {it} < <{il 1}
The o-planar structures are kept unchanged at all other invariant vertices.
(2) If e is a special invariant edge, then we convert the o-planar structure

0 = {fe — +,f¢ — —} of v into an o-planar structure at the vertex
v = ¢y ({ve,v°}) of 7 defining it by

0y = RS, # 0: F (v) = Ff (ve) \ {fe}, Fy (v) = Fy (v9) \ {f}; FF (v) = 0}
or by
0, = {RZ, = 0}.
(b) Let Econ, = {€; = (fe,, f¢) | © = 1,2} where fe,,i = 1,2 and f¢,i = 1,2 are
conjugate pairs of flags.
(1) If y(e;) = {0,v%}, and & € V¥, v & V¥, then we convert the o-planar
structure

0y = {RZy # 0; F1 (0); F(0) = {{in} < -+~ < {im}}}-
at O to an o-planar structure at v = ¢({0,v°*,v°2}) of 7 defining it by

oy = AR, #0; F(v) = FF(0)UFS () \{fe,, f},
Fro(v) = F7(0) U7 (092)\ {fes, f2 )5
FE() ={{in} < <{im}}}-

(2) If 8,(e;) = {0,v}, and & € V¥, v% & V¥, then we convert the o-planar
structure 0o, = {RX; = 0} at the vertex ¢ to an o-planar structure at v =
d({D,v°1,v2}) of 7 defining it by o, = {RE, = 0}.

(3) If Econ = {ei = (fe,, f) | i = 1,2} and 0, (e;) NV, = 0, then we define the
o-planar structure at each v in 7 to be the same as the o-planar structure at
v of (v,0).

Remark 4.3. Let (v, 06) be an o-planar tree with R # ), and let ¢, : (,6) — (7, 0) be
the contraction of an edge e € E.,. If the o-planar tree (7,0) and the u-planar tree (v, )
underlying (v, 6) are given, then the o-planar structure 6 can be reconstructed. For this
reason, when a stratum C(, 4) contained in the boundary of 6(T,u) is given, we denote
the corresponding o-planar structure 6 by (o).

Proposition 4.7. A stratum C, ) is contained in the boundary of 6(7.7“) if and only
if the u-planar structures w,w can be lifted to o-planar structures 0,6 in such a way that
(1,0) is obtained by contracting an invariant set of edges of (v, 0).

Proof. We need to consider the statement only for the strata of codimension one and two.
These cases correspond to the contraction morphisms from two/three-vertex o-planar
(sub)trees to one-vertex o-planar (sub)trees given in (a) and (b). For a stratum of higher
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codimension, the statement can be proved by applying the elementary contractions (a)
and (b) inductively. Here, we consider only the case (a-1). The proof for other cases is
the same.

We first assume that (7, 0) is obtained by contracting the edge e of (v, 6), where (v, 0)
is an o-planar two-vertex tree with V,, = Vﬂ{]R = {ve,v°}. An element (X;p) € C(,,5) can
be represented by the nodal curve {(z — z5.) - w = 0} in CP! x CP' with special points
ay = (z7,0) and by = (z5,,wy) such that

ar€{w=0%& 3(z) >0} for f € FF(ve)
aF € {w=0& 3(z) <0} for f € F (ve)
{ai, < <a;,} C{w=0& I(z) =0} for i, € F)(ve)

on the axis w = 0, and b, = (zy,, wy)

by e{z—z5 =0& I(w) > 0} for f € F.f (v°)
bre{z—zp, =0& 3(w) <0} for f € F (v°)
{by <---<by yC{z—z, =0& S(w) =0} for i, € FIf(v°)

When we include the curve {(z — zy.) - w = 0} into the family {(z — zy,) - w +t = 0},
the complex orientation defined on the irreducible components w = 0 and z — z¢y, = 0
by the halves $(z) > 0 and, respectively, (w) > 0 extends continuously to a complex
orientation of {(z — z5,) - w4+t = 0} with ¢ € [0, ¢[ defined by, say, $(z) > 0. As a result,
the curves {(z — 2zy,) - w +t = 0} with ¢ € [0, €[ acquire an o-planar structure given by

(zp,wp) €{(z —2,) - w+t=0& J(2) >0} for f € Ff(ve) JFS(v)
(zp,wp) € {(z —25.) wH+t=0& S(2) <0} for f e F (ve)J € F (v°)
(zp,wp) € {(z—2p,) - w+t=0& 3(2) =0} for f € F}f(ve) UF§(UE)
where the points on the real part of the curves {(z — zy,) - w+t = 0} are cyclicly ordered
by
Zip <0< Z, <Zl/1 <<Z,L/m,
This is exactly the o-planar structure (7,0) defined in (a-1) of 4.5.2.

Now assume that C, g), where (v, %) is an u-planar tree with V., = V,]YR = {we,ve}, is
contained in the boundary of 6(7'771,)' There are four different o-planar representatives of
(v,4), and any two non reverse to each other representatives 61,62 provide by contraction
two different o-planar structures (7,0;),i = 1,2. By the already proved part of the
statement, C(, 4) is contained in the boundary of 6(7,01) for each i = 1,2. It remains to
notice that any codimension one stratum is adjacent to at most two main strata. (I

4.5.3. Examples

(i) The first nontrivial example is M4. There are three real structures: c,,, Coy; Coss
where

(12 3 4 (12 3 4 don (1 234
1=\ 1 2 34 )2 (2 1 3 4 )23 41 2/
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These real structures then give RM(%J), where (2k,1) = (0,4),(2,2), and (4,0) respec-
tively.

In the case o = id, RM (g 4) is the configuration space of four distinct points on RP!
up to the action of PSLy(R). The 4-pointed curves (¥;p) € RM(g 4y can be identified
with (0,22, 1,00) where 3 € RP' \ {0,1,00}. Hence, RM (4 = RP*\ {0,1,00} and
its compactification is RM(OA) = RP!. The three intervals of RMg,4) are the three
configuration spaces C(,,,) and the three points are the configuration spaces C|
The u-planar trees (7,u;) and (7;,u;) are given in Fig. 2.

Vi i)*

Mo ) OM (0,4
1 2 1 4 1 2

X X X Y Y Y
4 3 3 9 3 4 (717U1K (’Y%Wi (737U3K
(rw)  (mu) 1 3 2 3 9 4

(7—7 U3)
FIGURE 2. U-planar trees encoding the strata of M(0,4)~

In the case 0 = o1, RM(5 2 is the space of distinct configurations of two points in
RP! and a pair of complex conjugate points in CP! \ RP*. (3;p) € RM 3 2y is identified
with (v=1, —v/=1,23,00) € C(74), —00 < x3 < 00. Hence, RM5 ) = RP*\ {oc} and its
compactification is Rﬂ(zg) = RP!'. The interval RM3,2y is C(; ) and the point at its
closure is C, ).

In the case 0 = 02, the space RM 4 ) has different pieces parameterizing real curves
with non-empty and empty real parts: The subspace of RMy o) parameterizing the
(4,0)-pointed real curve with RY # 0 is (A\/—1,v/—=1,—Ay/—1,—v/—1) where \ €] —
1,1[\{0}. The subspace of RM(, ) parameterizing the real curves with RY = 0 is
(MW—=1,v/=1,—/—=1/\,—/—1), where A\ €] — 1,1[. Note that, the pieces parameter-
izing RY # () and RY = () are joined through the boundary points corresponding to
curves with isolated real singular points. The compactification RM(“)) is RP!.

(ii) The moduli space M5 has three different real structures c,, ,¢,, and c,, where

1 2 3 45 1 2 3 45 1 2 3 45
Ul:(l 2 3 4 5)"’2:(2 1 3 4 5) and"3:<3 41 2 5)'
The space RMq 5) is identified with the configuration space of five distinct points on
RP! modulo PSLy(R). It is (RP!\ {0,1,00})? \ A, where A is union of all diagonals.
Each connected component of RMq 5 is isomorphic to a two dimensional simplex. The
closure of each cell can be obtained by adding the boundaries given in Section 4.5; for

an example see Fig. 3a. It gives the compactification of RM(O@ which is a torus with
3 points blown up: the cells corresponding to u-planar trees (7,u;) and (7, us) are glued
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along the face corresponding to (y,u) which gives (7,u;),% = 1,2 by contracting some
edges, see Fig. 3b.

(b)

FIGURE 3. (a) Stratification of é'(ﬂu). (b) The stratification of RM g 5.

The space RM 3 3) is isomorphic to configurations of a conjugate pair of points on
CP!. The automorphisms allows us to identify such configurations with (z,%,0,1,00)
where z € C\ R. Hence, it can be given as CP' \ RP'. The RM 3 is obtained as a
sphere with 3 points blown up according to the stratification given in Section 4.5.

Finally, elements of RM(, 1y can be identified with (z, vV—1,z,—/—1,00). Hence it
can be identified with CP' \ (RP! U {y/—1, —/—1}). Therefore, connected components
are isomorphic to HT \ {y/=1}. The RM@M) is a sphere with a point blown up.

The moduli space Mj is a del Pezzo surface of degree 5 and these are all the possible
real parts of this del Pezzo surface (see [1]).

5. The first Stiefel-Whitney class of RM(%J)

In this section we calculate the first Stiefel-Whitney class of RM(%J) by using the
stratification given in Theorem 4.5.

5.1. Orientations of top-dimensional strata

Let (7,0) be a one-vertex o-planar tree. The coordinates on C(,,) given in Section
4.1.2 determine an orientation of C(; ,y. For instance, let [Fix(c)| > 3 and let the o-

planar structure on (7,0) be given by Perm® and by a linear ordering Ty, =0 <2y, <
coe <@y, =1<uwm =z, =00 on Fix(c). The coordinates in (A) of 4.1.2 generate the
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following top-dimensional differential form on C(; ,):

k
v—1
W(r,0) = (2 /\ dze, NdZ,, /\ dxi, N+ Ndxg,_,. (8)

a,EPerm™

The multiplication of top-dimensional forms with a positive valued function © : C; ;) —
R-¢ defines an equivalence relation on sections of det(T'C(,,)). An orientation is an
equivalence class of nowhere zero top-dimensional forms with respect to this equivalence
relation. We denote the equivalence class of w(; o) by [w(r,0)]-

Similarly, using the coordinates given in (A’), (B), (C) and (D) in 4.1.2 and their
ordering, we determine differential forms w, .y and orientations [w(, ] of C(; ) for all
(1,0) with |[V;]| = 1.

5.2. Orientations of codimension one strata

Let (v, 0) be a two-vertex o-planar tree. Let V, = {v,, v} and e = (fe, f¢) be the edge
where 0,(n) = 0y(fe) = ve and 0,(f°) = v°.

By choosing three flags in F,(ve) and F,(v°), and using the calibrations as in 4.1.2 we
obtain a coordinate system in C(,, ,, ) for each v € {v.,v°}. More precisely, we use the
following choice.

L. Let RY, # 0 for v € {ve,v°} and let Fix(o) # 0. If |[FJ(ve)| > 3 (resp. |[FJ(v)] >
3), then we specify an isomorphism @, : %, — CP! (resp. ®,c : X,c — CP)
by mapping three consecutive special points as follows: If |Fi(ve)| > 3 and
the special points py, and p, are not consecutive, then ®, : (pi,_,,pn,pi,) —
(1,00,0). If [F3¥(ve)| > 3 and the special points py, and p, are consecutive and

{fe} <{n} <{ir}, = Qv :(pr,Pnpi;) — (1,00,0),
{i—a} <{n} <{fe}, = @u.: (pil—upn?pfe) = (1,00,0).
For ‘F'])}/{(ve)' >3, Pye : (piq+1’piq+'r'7pfe) = (17 OO’O)'
If [F(ve)| < 3 (vesp. |FF(v°)| < 3), then in addition to p, — oo (resp.
pse — 0), we pick the maximal element o in F.f (v) (resp. F.f(v®)) and map the
pair of conjugate labeled points (pa,pg) to (v/—1, —v/—1).

II. Let RY, # @ for v € {ve,v*} and let Fix(c) = (. We specify an isomorphism
®, : ¥, — CP! by mapping the pair of conjugate labeled points (pa,ps) to
(v/=1,—/—1) for the maximal element « in Ff (v), and py, — 0 (resp. pye — 0).

ITI. Let RY be an isolated real node. We pick a maximal element ax_1 in Ff(ve) \
{n} and specify isomorphisms ®, : ¥, — CP! and ®,. : ¥,c — CP! by
mapping the special points (py,,Pa,_,,Pn) and, respectively, (pge,pa, ,,pm) to
(0,v/=1/2,v/-1).

By using the o-planar structure

{ {RE, 7 0; FF(v); FY(v) =

fi} <---<A{fi,}}} for casel,
(RS, # 0 F(v); F(v)

{{
0} for case II,

v =
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of v, for each v € {v,,v°}, arrange the coordinates of the special points in the following
order

(Zalv"' 7Z01kv7xi17"' 7xilv)7
where o, € F.F(v). We fix special points as in (I) and (IT), and apply (8) to introduce
top-dimensional differential forms Q(, . ,..) and Q¢ o y on C . 0.) and C, o)
(note that the resulting forms do not depend on the order of z-coordinates). In the case

(IIT), there are no real special points, so we may get a top-dimensional differential form
Q(y,0) o0 C(, ,y via choosing the vertex v € VW‘Ir with ordering arbitrarily the z-coordinates

(Zap te 7Zozkv)

where F.f = {ay,--- ,ag, }.

In such a way, we produce well-defined orientations [Q(,, . o.)] and [, o, )] of,
Clype000) and C(y, o,y respectively, and finally get an orientation on Cy, ,) determined
by

[Q(%c,ove)] A [Q(%e,o”e)] when V’Y = V,]YR
Q0] when V¥ =0 and v € V..

5.3. Induced orientations on codimension one strata

Let C(74) be a top dimensional stratum, and let C, 4) be a codimension one stratum
contained in the boundary of 6(7,10. We lift the u-planar structures u, @ to o-planar rep-
resentatives 0,6 = (o) such that (7, 0) is obtained by contracting the edge of (y, d(0)) (see
Prop. 4.7). Then we pick a point (X°,p°) € C(4,5(,)) and consider a tubular neighborhood
RV x [0,€¢[ of (2°,p°) in C(;,,) as in Section 4.5.

The orientation [w(, )], introduced in 5.1, induces some orientation on C(, 5(0)): The

outward normal direction of C(;,,) on RV x {0} C C(y5(0)) is —0;, where ¢ is the stan-
dard coordinate on [0,e[C R. Therefore a differential form w, 5()) defines the induced
orientation, if and only if

—dt AW(y,6(0)) = Ow(r,0) 9)

with © > 0 at each point of RV x]0, €].
In what follows, we compare the induced orientation [w(ys(0))] With [Q(y,. 0.c)] A

[Q (’Yve »0ve )] :

5.3.1. Case I: Fix(o) # 0.

Lemma 5.1. Let (v,0(0)) be an o-planar tree as above, and let |FY| =142 > 3, and
|[F(v)| =7+ 1. Then,

Wivson] = (¥ (e 000)] A R, 000)]

where the values of X for separate cases are given in the following table.
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N l—r>3 l—r=2 l—r=1
{in} <{fe} <{n} [ {fe} <{u—1} <{n}
r>2|(¢g+1)(r+1) 0 l+1 [+1
r=1 1 1 1 1
r=20 q+1 0 0 0

Here, the third and fourth columns correspond to two possible cyclic orderings of F§(Ue)
for |F5(ve)| = 3 in Case 1 of Section 5.2.

U .
)

q+1 | .

s >(_1)(q+1)(T+1) : i

19 .

i1

i +7r D
q Lgtr+1

FI1GURE 4. Codimension 1 boundaries of 6(7’5(0)) where [ —r >3 & r > 2.

Proof. We will prove the statement only for the special case of [ —r > 3, r > 2. The
calculations for other cases are almost identical.

Let (X2,p°) € C(y.500))- We set X9 to be {w = 0} and X9 to be {z — zy, = 0}.
According to the convention in 5.2, the consecutive special points (pi,_,,Pn,Pi,) (resp.
(Piys1>PigyrsPye)) on the component ¥, (resp. X,c) are fixed at (1,00,0). As shown
in the proof of Proposition 4.7, a tubular neighborhood RV x [0, €[ of (£°,p?) in 6(770)
can be given by the family {(z —xy, ) - w+t = 0]t € [0,¢[} with labeled points p;, =
(Ovt/mfc)v Pigyn = (xfc —t,1), Pigyr = (mfc’ 00), pi,_, = (1,—t/(1 — xfe))V pn = (00,0),
pi. = (xi,, —t/ (i, —xy,)) for ix € FY¥\{i1,igs1,qrr it—1,n} and pa = (2a, —t/(2a—12y,))
for a € Ff.

We first consider the following subcase: the special points py, and p,, are not consec-
utive. According to 5.2, the differential forms Q,, ,, ) and Q(, . o, .) of this case are as
follows:

|FF (ve)
V=1 ¥
Q(’yue,oue) = <2) /\ dzo NdZg N

a€FS (ve)

iy A+ Ny, Ny, Adwa,, AT AT, N,y A Ada,_y,
|EF (v°)]
/—1\ -
Q(Vvevo'ue) = < 2 /\ dwﬁ A dwﬂ /\ dyiq+2 ARRRNA dyiq+r—1
BEFS (ve)
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By using the identities wg = —t/(23 — xy,) for § € F(v¢) and y; = —t/(z; — xy,) for
i € F¥(v°), we obtain the following equalities:

dt = —dz;,,, +dzy,, dxy =dz; .,

o dt tdz tdxy, +
dwﬁ T zp-ag, T (Z[afwie)z - (tzgfwffey for § € FW (Ue)’
dyl = 7Iiiiife + (Ilt_dg;e)2 - (Ii_fj;ee)z for Z:q+27 ,quT* 1.

These identities imply that —dt A Q. 0,e) A Q. 0,.) 1 equal to

sy
: v—1\""
(—1)r=Da=D) (2) (S} /\ dzo N\ dZq /\da:i2 AN

a€Fy

where © = HﬁeFi(ve) t(zg —xp,) 2 H¢q+2,..~ dgan i — zy, )2 Since © > 0, the orien-
tation defined by —dt A Q4. 0,0) A Qiype.00e) 18 equal to (—1)Xw(r 0]

We now consider the cases {f.} < {n} < {i1} (e, g+r=101—-1)and {i;_1} < {n} <
{fe} (ie., ¢ =0). According to 5.2, the differential forms €2 ) Ny, 0,,) are equal
to

Yve,0v

|FF
/1
<2 (/\ﬂeFaf(ve) dZﬁ A dzﬂ /\ dyiq+2 ARRRNA dyil72>

A (/\aEF:j—(ve) dz!l A dEOé /\ dxzé VANRERAN dﬂ%,)
when ¢ +7=1-1, and

|FF |
/—1 ¥ -
(2 (/\ﬁeFjr(ve) dzg Ndzg Ndyi, A -+ A dyz'r_l)

A (/\aeFj(ve) dzo NdZo Ndxi N N dxil_Q)
when ¢ = 0. The equation (z — zy,) - w + t = 0 implies the following equalities:

dt = —dx;,,,, dry, =dv;_, wheng+r=10-1

dt = dx;,, dzy, =dx;,, when ¢ =0,
and
tdz tdx +
dwg = ——2t g — Le for F=(ve
s 23—Tf, + (Z%—Efe)Z (fé?_rfe)z per (%),
L dt tdx; _ s . L
dy; = vy, T @i-ap)? | @i-as,)? for i = g2, igsr—1-

By using these identities we obtain that —dt A Q(4,. o,c) A Q(q,e,0,¢) 18 equal to

—\ |FS
,1 Y
(—1)la=Dl=a=2) <2) O N dea AdZa \dai, A Adai,_,

aeF;r
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when ¢ +7=1—1, and

|FF
1\
(=)= (2> O N dza NdZo )\ duiy A+ N,
m’:‘F;r
when g = 0. Since © = [[gcpr(,e) 125 — xy)72 IL, .. t(z; —x5,)7% > 0, the
orientation [w(4,5(0))] induced by [w(; ] is equal to
(71)N [Q('Yv“aovﬂ) A Q("/veaove)] =
{ (—1)(4“1’1)(7’71) [Q(’Yve’o'ue) A Q(’YUE,OUG)] When q tr= l o 1’
(_1)(7,71) I:Q(’Yveaovc) A Q("/veyove)] When q9= 0

“lgtr—1

5.3.2. Case Il Fix(c) = 0.

The different cases for boundaries of C(, ,) are treated separately. The proofs are
essentially the same as the proof of Lemma 5.1.
Subcase RX # (). Let (7,0) be a one-vertex o-planar tree with RY # 0, and let [w(; )]
be, in accordance with 5.1, the orientation of C(; ,) defined by the differential form

V1o -
Wiro) = (F5) A dza, ANdZa, \dX  (10)
a,€Perm™t\(Permt {k—1,k,2k—1,2k})
(which is given by the coordinates in (C) of 4.1.2). Here A = $(zy) and o € {k—1,2k —
1} Perm™.

Lemma 5.2. Let (7y,0(0)) be a two-vertex o-planar tree, and let the corresponding strata
C(y,5(0)) be contained in the boundary ofé(m,).

(i) If V¥ = V,, then the orientation [w(y,s0y)] induced by the orientation [w(r )] is
equal to —[Q(y,. 0,)] A [Q(%eyo%)].

(i) If V¥ = 0, then the orientation [w( s(o))] induced by the orientation [w(- )] is equal
to [Q,5¢0)]-
Subcase RY = (). Let (7,0) be a one-vertex o-planar tree where o = {RX = ()} and let
[w(r,0)] be, in accordance with 5.1, the orientation of C(, ,) defined by

V-1
Wiroy = ()2 N\ dea. AdZa. \dA (11)
a. {1, ,k—2}

(which is given by the coordinates in (D) of 4.1.2). Here A = $(z;—1).
Lemma 5.3. Let (v,0(0)) be a two-vertex o-planar tree where V. =0, and let C (o))
be contained in the boundary of strata 6(7,0) given above. Then the orientation [w(y, 5(o))]

induced by the orientation [w(r )] is equal to (—1)N[Q(W;(O))] where N is given by
{1, =1} F |+ 1.
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5.4. Conventions

Let (7,04) be the one-vertex o-planar tree where the o-planar structure o, is given by
RS # 0, FF = {1,2,--- ,k}, F~ = {k+1,---,2k}, and FF = {2k + 1} < {2k + 2} <
-+ < {2k +1:=n}. All the other o-planar structures with RYX # @) on 7 are obtained as
follows.

Let 0 € S, be a permutation which commutes with ¢ and, if [ > 0, preserves n.
It determines an o-planar structure given by o(0,) = {RY # 0; o(Perm™); Fix(o) =
{02k +1)} < --- <{o(2k+1—-1)} < {o(n) = n}}}. The parity of ¢ depends only on

0 = o(0x) and we call it parity |o| of o = o(0y4).

5.4.1. Convention of orientations

We fix an orientation for each top-dimensional stratum as follows.

a. Case RY # (). First, we select o-planar representatives for each one-vertex u-
planar tree with RY # () as follows:
(1) if I > 3, we choose the representative (1,0) of (7,u) for which {2k + 1} <
fn—1} < {n};
(2) if I < 3, we choose the representative (7,0) of (7,u) such that k& € Perm™.
We denote the set of these o-planar representatives of u-planar trees by UT'ree(o),
and select the orientation for C(, ) = C(; o) With C(;,) € UTree(o) to be

(71)‘()'["‘}(7,0)]’ (12)

where w(, ) is the form defined according to 5.1 and |0 is the parity introduced
in 5.4.
b. Case RY = (). Here, we choose the orientation defined by the form (11).

In what follows, if RY # () we denote the set of flags {2k +1,n —1,n} (for [ > 3 case)
and {k,2k,n} (for I < 3 case) by 3.

5.5. Adjacent top-dimensional strata with RY # ()

Let Cru;),? = 1,2, be a pair of adjacent top-dimensional strata with RX # ), and
C(y,u) be their common codimension one boundary stratum. Let (7,0;) be the o-planar
representatives of (7,u;) given in 5.4.1. Consider the pair of o-planar representatives
(7,8(0i)) of (,u) which respectively give (7,0;) after contracting their edges.

Lemma 5.4. The o-planar tree (v,(01)) is obtained by reversing the o-planar structure
8(02)v of (7,6(01)) at vertex v where |Fy(v)(§| < 1.

Proof. Obviously, (v,d(01)) can be obtained from (,d(02)) by reversing the o-planar
structures at one or both its vertices ve, v¢. If we reverse the o-planar structure of (v, d(02))
at the vertex v such that |F,(v) (& > 1, or at both of its vertices v, and v®, then the
resulting o-planar tree will not be an element of UTree(c) after contracting its edge:
reversing the o-planar structure at the vertex v with [F,(v) (| > 1, or at both of the
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vertices reverses cyclic order of the elements {2k + 1,n — 1,n} when [ > 3, and moves k
from Perm™ to Perm™ when [ < 3 (see Figure 5). O

FI1GURE 5. Two possible deformation of a real double point.

For a pair of two-vertex o-planar trees (v, 0(0;)) as above, we calculate the differences
of parities as follows.

Lemma 5.5. Let (7,0(0;)),i = 1,2 be a pair of o-planar trees as above. Let V, = VW]R =
{ve, v}, and let o-planar structures at the vertices v, and v° be

oo, = { BB AR — i << i) < (1) <
Hve <Algtre1} <o <{i1} <{n}}
6(02)pe = {RYE,c # ®3Fyi(ve);F§(ve) = {{igr1} < <{ig+r} <{f}}}

Let v be the vertex such that |Fy(v)(§| < 1. Then,

|F3 (v°)] + 2ot if v =0
or] — loo] = \Fj(ve)|+qr+rs+qs+@+@ if v =1, and |[FX(v.)| > 3,
lo1| = o2 R : %
|EoF (ve)| 4 [FS (ve)] = 1 if v =wv, and |F(ve)| = 3,
| EF (ve)| if v=w, and [F(ve)| = 2.

Here, r = |[F(v®)| — 1 and s = |F¥(ve)| — q — 2.

In Section 5.2, we have introduced differential forms Q(,, s50,),) for each v € V.
When we reverse the o-planar structure at the vertex v, the differential forms Q(,, 5(0s).)>
Q(y,.5(01),) become related as follows.

Lemma 5.6. Let (v,(0;)),% = 1,2 be two-vertex o-planar trees as above. Then,

Qy0.6(01)0) = (—1)m) Qy,6(02)0)>

where

R ()| — Ry _
u(v) = |Fj(v)\+ (|1F (v)] 2)2(|Fv( )| 3)'

Lemmata 5.5 and 5.6 follow from straightforward calculations.
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5.6. The first Stiefel-Whitney class
This section is devoted to the proof of the following theorem.

Theorem 5.7. (i) For Fix(o) # 0, the Poincaré dual of the first Stiefel-Whitney class of
RM(Q]CJ) 18

[wi] = Z [6(’y,u)] = Z [RE’Y] mod 2,
(vu) v

where the both sums are taken over all two-vertex trees such that

o [F,(v°)NF] <1 and|v?| =0 mod 2, or

o |Fy(ve) VT <1, |[F(ve)| # 3 and |ve|(Jv¢| = 1) =0 mod 2, or

o |F,(00) N3] < 1, [F2(ve)| = 3 and |F2(0°)| = 1,
and, in the first sum, in addition over all u-planar structures on ~y. o

(i) For Fix(o) = (), the Poincaré dual of the first Stiefel-Whitney class of RM (a5, 0

vanishes.

Proof. Fix an orientation for each top-dimensional stratum as in 5.4.1. The orientation
(—1)lel [W(r,0)] of a top-dimensional stratum C'; ,) induces some orientation of each codi-
mension one stratum C(, s5(0)) (and C(, ) contained in the boundary of 6(710). The
induced orientations (—1)1°[w, 5(0))] and (—1)!°/[w(, )] are determined in Lemmata 5.1,
5.2 and 5.3, and they give (relative) fundamental cycles [C(, 5(0))] and [C(, )] of the
codimension one strata 6(%5(0)) and 6(%5) respectively.

The Poincaré dual of the first Stiefel-Whitney class of RM(%J) is given by

%Z(T,u) 2(7’6(0)) [6(7’6(0))]> mod 2, when [ > 07
L ) (S0 [Cira)])  mod 2, when I = 0,

where the external summation runs over all one-vertex u-planar trees (7,u) and the in-
ternal one over all codimension one strata of 6(7’0) for the one-vertex o-planar tree (7, 0)
which represents (7,u) in accordance with 5.4.1. Indeed, the sum (13) detects where the
orientation on RM sy ;) can not be extended to RM(%J).

We prove the theorem by evaluating (13).
Case Fix(c) # (0. Let C(r,0:),% = 1,2 be a pair of adjacent top-dimensional strata, and

[wn] = (13)

Cly,5(01)) C 6(%0” be their common codimension one boundary stratum. We calculate
[6(%5(01))} + [5(%5(02))] as follows. According to 5.4.1, the strata C(;,,) are oriented
by (—1)l°![w(; 0,)], and these orientations induce the orientations (—1)1°![w(, 500, on
C(+,5(01))- The induced orientations (—1)|Oi|[w(%5(oi))] are given by

(=D)IHNQ L s00)0e) A R, 6(00)00)]

in Lemmata 5.1 and 5.2 according to the convention introduced in Section 5.2. We denote
by v be the vertex such that |F,(v) (§| <1 as in Section 5.5, and compare the induced
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orientations by calculating
II(01,02) = (lo1| + V1) = (oz| + Ra) — p(v)

for each of the following three subcases.

First, assume that |F},(v®) () §| < 1. In this subcase, the o-planar structure is reversed
at the vertex v = v®. Therefore, X; = Ry according to Lemma 5.1. Finally, by applying
Lemmata 5.5 and 5.6 and using relation r = |FX*(v¢)| — 1 we obtain

. rir=1)  ([FF )] = 2)(|1F5 (v°)| - 3)
(o1, 02) = oa] ~ loo] o) = " BRI
= |F}(v%)] -2

|v¢] mod 2.

The latter equality follows from the fact that |FJf(v)| = |v| mod 2.

Second, assume that |Fy(v.) (| < 1 and |[FJ(ve)| # 3. In this subcase, the o-
planar structure is reversed at the vertex v = ve. Since |F3(ve)| # 3, once more Ry = N,
according to the Lemma 5.1. Finally, by applying Lemmata 5.5 and 5.6 and using relation
|[F(ve)] = g+ s 4 2, we obtain

(01,02) = qr+rs+q3+8(3_1)+Q(q—1)_(Q+3)((J+S—l)

2 2 2
= rlg+s),
= (F )] = D(IF5 (ve)] - 2),
= |ve|(Jv®| = 1) mod 2
when |Ff(ve)| > 3, and

I(o1,02) = 2|F;f(ve)]=0 mod 2
|ve|(Jv¢] — 1) mod 2

when |FJ(ve)| = 2.

Third, we consider |F,(ve)(§| < 1 and |F¥(ve)| = 3 case. In this subcase, the o-
planar structure is reversed at the vertex v.. Hence, Ry = Ry whenever |FJ (v¢)] = 1,2,
and Ry — Wy is £(I + 1) = £(|FJ(v)| + 2) whenever |F}¥(v°)| > 3. Finally, by applying
Lemmata 5.5 and 5.6, we obtain

[FE()| =1+ (|[FF ()] +2) =1 mod?2, when |F}(v°)|> 3,
I(01,09) = |F’ﬁg(ve)| -1 =1 mod 2, when \F’ﬁg(veﬂ =2,
R ()] — 1 —0 mod2, when |FE(uf)| =1,

The induced orientations (—1)"’1“[@0(%5(01))] are the same if and only if II(01,02) = 0
mod 2. Hence, we have

14 (=1)Mero2)
[Ctr500n] + [Cr.60000)] —

[Cr.6000)] -
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The sum ([C(4,5(0,))] + [C.6(00))])/2 gives us the fundamental cycle [C (4. s(5,))] When

(—1)"’1‘[w(%5(01))} = (—1)'02‘[w(%5(02))}, and it turns to zero otherwise. Finally, as it
follows from the above case-by-case calculations of II(01,03), the fundamental class of
a codimension one strata 6(%5(01)) is involved in [w;] if and only if one of the three
conditions given in Theorem are verified. It gives the first expression for [wq] given in
Theorem. Since in this first expression the sum is taken over all u-planar structures on
7, it can be shorten to the sum of the fundamental classes of RD.,.
Case Fix(0) = (). Let C(;4,),% = 1,2, be a pair of adjacent top-dimensional strata and
C(,4) be their common codimension one boundary stratum. Let (7,0;) be the o-planar
representatives of (7,u;) given in 5.4.1. Here, we have to consider two subcases: (i) C
is a stratum of real curves with two real components (i.e., |V;| = [VJ¥| = 2), and (i) C(, )
is a stratum of real curves with two complex conjugated components (i.e., |V,| = 2 and
\VVR| =0).

(i) Consider the pair of o-planar representatives (v, d(0;)) of (7, u) which respectively
give (7,0;) after contracting the edges and compare their o-planar structure. Since the
both tails n and o(n) are in F,(ve), the o-planar structure is reversed at the vertex v°.
Therefore, Ny = Ny according to the Lemma 5.1. Finally, by applying Lemmata 5.5 and
5.6, we obtain

vu)

(01,02) = 2|F; (v°)[+1=1 mod 2.

In other words, [6(%5(01))} + W(%5(02))] = 0 for this case.

(ii) Let C(r,0,) be a stratum of real curves with empty real part, and let (v,6) be an
o-planar representative of (vy,u).

The orientations of C(, ) induced by the orientations (—1)‘0”[‘0(7,01)] and [w(r,0,)] of
C(r,0,) and C; o, are given in Lemmata 5.2 and 5.3. Namely, they are respectively given
by the following differential forms

(=1)lonl A d2e, N dZa,,
a €EF\(FS  {k—1,k,2k—1,2k})
(—1)® A dza, N dZa.

a €EFF\(FS  {k—1,k,2k—1,2k})

where |oi| = [{1,--- ,k =1} F | and X = [{1,--- ,k — 1} F [ + 1. Therefore, the
orientations induced from different sides are opposite and the sum (—1)%~1 [6(7#)} +
(=1)® [C(4,u)] vanishes for all such (v, ). O

5.6.1. Example

Due to Theorem 5.7, the Poincaré dual of the first Stiefel-Whitney class [w1] of RM(O@
can be represented by EW[RﬁW] =2 () [C(4,u)] where v are 5-trees with a vertex v
satisfying |v| = 4 and |F,(v)({1,4,5}| = 1. These 5-trees are given in Figure 6a, and
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the union corresponding strata |, RﬁnY is given the three exceptional divisors obtained
by blowing up the three highlighted points in Figure 6b.

5 4 1 5 1 4
1 e

123 234 235
@ (b)

FIGURE 6. (a) The 5-trees of Stiefel-Whitney class of RM(O,E,) due The-
orem 5.7, (b) The blown-up locus in RM(M))

HO1
(
o

6. The orientation double covering of RM(%D

In Section 5.6, the first Stiefel-Whitney class of RM(%J) is determined in terms of its
strata. We have also proved that the moduli space RM(%J) is orientable when n = 4 or
[ = 0. In this section, we give a combinatorial construction of orientation double covering
for the rest of the cases i.e., n > 4 and [ > 0. By observing the non-triviality of the
orientation double cover in these cases, we prove that RH(QM) is not orientable.

6.1. Construction of orientation double covering

In Section 4.1.1, we have shown that the map 5'(2,6’1) — RM 2,1y, which is identifying
the reverse o-planar structures, is a trivial double covering. The disjoint union of closed
strata 6(%,[) = |_|(T7O) 6(770), where |V;| = 1 and (7,0) runs over all possible o-planar
structures on 7, is a natural compactification of 5(2“).

To obtain the orientation double covering of RM(QM) we need to get rid of the codi-
mension one strata by pairwise gluing them. We use the following simple recipe: for each
pair (7,0;),= 1,2, of one-vertex o-planar trees obtained by contracting the edge in a pair
(1,0(0:)),7 = 1,2, of two-vertex o-planar trees with the same underlying tree such that
V, = VWR = {ve,v°}, ve = 04(n), we glue 6(7,01.) along 6(%5(01.)),@' =1,2,if

A. (,6(01)) produces (7, d(02)) by reversing the o-planar structure at the vertex v°,
|Fy(v*)N$] <1, and |[v°] =1 mod 2,

B. (v,d(01)) produces (v, d(02)) by reversing the o-planar structure at the vertex v,,
|Fy(v?)NF] <1, and [v°| =0 mod 2,

33



CEYHAN

2)) by reversing the o-planar structure at the vertex v,,
|Fy (ve) NE] < 1, [FX(ve)| # 3 and |ve|(Jv® —1]) =1 mod 2,
D. (v,d(01)) produces (v,d(02)) by reversing the o-planar structure at the vertex v°,
v

C. (v,9(01)) produces (7,6()(?
(o
()18 < L 50 £ 3 (- 1) 0 o 2
)|
(o

R
v
E. (7,0(01)) produces (v, d(02)) by reversing the o-planar structure at the vertex v,,
[Fy(ve) N3] < 1, \F§(Ue =3 and |F$(Ue)| # 1,
F. (v,0(01)) produces (v, d(02)) by reversing the o-planar structure at the vertex v°,
R

P, (0) N3] < L, |FR(ve)] = 3 and |FR(ue)] = 1.

We denote by RJ/\Z/(QkJ) the resulting factor space.
Theorem 6.1. RJ,\\](%J) is the orientation double cover of RM(%J).

Proof. Let M be the orientation double covering of RM(%J). The points of M can be
considered as points in RM(%J) with local orientation. On the other hand, by using op-
posite o-planar structures of a one-vertex 7 we can determine orientations (—1)°l [Wr,0]
and (—1)I°H=1w, 5] on C(;,4) and C(; 4 where (7,0) € UTree(c). These orientations
are opposite with respect to the identification of C(; ) and C(; 5) by the canonical dif-
feomorphism —I introduced in Subsection 4.1.1. Hence, there is a natural continuous
embedding 5(2]67[) = U(T,o)euTree(a)<C(r,o) UCrz5)) — M. Tt extends to a surjective con-
tinuous map C (o) = U(T,o)euTree(a) (C(r0) UC(r,5)) — M. Since C(a,) is compact and
M is Hausdorff, the orientation double covering Misa quotient space 6(2]@’1) /R of 6(%_’1)
under the equivalence relation R defined by the map 5(%71) — M.

This equivalence relation is uniquely determined by its restriction to the codimen-
sion one faces of 6(%71), which cover the codimension one strata of RM(%J) under the
composed map Cap) — M — RM (2,;). On the other hand, the equivalence rela-
tion on the codimension one faces is determined by the first Stiefel-Whitney class: A
partial section of the induced map 6(%71)/ R — RM(Qk,l) given by distinguished strata
U(T’O)euﬂee(a) C(r,0)- Over a neighborhood of a codimension one stratum of RM(%J),
a partial section extends to a section if this strata is not involved in the expression for
the first Stiefel-Whitney class given in Theorem 5.7, and it should not extend, otherwise.
Notice that the faces 6(775(0”) considered in relations A, C and £ are mapped onto the
strata 6(7’5(1‘)) which do not contribute to the expression [w;] given in Theorem 5.7, and
the faces C(, 5(,,)) in relations B, D and F are mapped onto the itrata C(r,5(u)) Which
contribute to the expression [w;]. There are four different faces C' 5(0),),7 = 1,--- ,4
over each codimension one stratum C'(; 5(,)). Lemma 5.4 determines the pairs C'(; s(0),),
C(r,6(0);) to be glued to each other. O

Corollary 6.2. The moduli space RM(%J) s not oritentable when 2k +1> 4 and 1 > 0.
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Proof. Let [ > 3, and (7,0) be an o-planar structure with {2k + 1} < {n —1} < {n}. It
is clear that, we can produce any o-planar structure on 7 with {2k +1} < {n —1} < {n}
by applying following operations consecutively:

e interchanging the order of two consecutive tails {é,7 4+ 1} for |{7,i + 1} F| <1
and n & {i,i + 1},
e swapping j € Perm™ with j € Perm™ for j # k, 2k.

The one-vertex o-planar trees with {n — 1} < {2k + 1} < {n} can be produced from the
o-planar tree (7,0) via same procedure.

Let [ = 1,2. Similarly, if we start with o-planar tree (7,0) with k¥ € Perm™ (k €
Perm™), we can produce any o-planar structure on 7 with k € Perm™ (k € Perm™) by
swapping j € Perm™ with j € Perm™ for j # k, 2k.

Note that, these operations correspond to passing from one top-dimensional stratum
to another in RJ,\\J/@M) through certain faces. These faces correspond to the one-edge
o-planar trees (v,d(0);) with F,(v®) = {i,i+1, f°} (resp. F,(v°®) = {4,7, f°}) which
are faces glued according to the relations of type 4. Hence, any two top-dimensional
strata in RM(%J) with same cyclic ordering of § (resp. with k is in same set Permi)
can be connected through a path passing through these codimension faces 6(%5(0)1).
The quotient space 6(2;@1) /A has two connected components since there are two possible
cyclic orderings of § when [ > 3 (resp. two possibilities for | = 1,2 case: k € Perm™ and
k € Perm™).

The set of relations of type B is not empty when 2k +1 > 4 and [ > 0. Moreover,
the relation of type B reverses the cyclic ordering on § (resp. moves k from Perm™ to
Perm™T). Hence, the faces glued according to the relations of type B connect two different
components of 6(%,1) /A. Therefore, the orientation double cover RM(%J) is nontrivial
when 2k + 1 > 4 and [ > 0 which simply means that the moduli space ]RM(%J) is not
orientable in this case. O

6.1.1. Examples

In Example 4.5.3, we obtained that RM o 5), RM (2,3), and RM (4,1) are respectively, a
torus with three points blown up, a sphere with three points blown up, and a sphere with
one point blown up. The coverings RM g 5y, RM (3 3y and RM 4 1) are obtained by taking
the two copies of the corresponding moduli space of real curves and replacing the blown
up loci by annuli. Therefore, RM 5y, RM 5 3y and RM 4 1y are surfaces of genus 4, genus
2 and genus 0, respectively (see Figure 7 which illustrates the case (k,1) = (0,5)).

6.2. Combinatorial types of strata of RM%J)

While constructing RM a1 1), the closure of the each codimension one strata are glued
in a consistent way. This identification of codimension strata gives an equivalence relation
among the o-planar trees when [ # 0.
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FIGURE 7. Stratification of RM@&)

We define the notion of R-equivalence on the set of such o-planar trees by treating
different cases separately. Let (v1,01), (72,02) be o-planar trees.

(1) It |V,yﬂf| = 1, then we say that they are R-equivalent whenever 1, y5 are isomorphic
(i.e., 71 =~ 72) and the o-planar structures are the same.

(2) If ; have an edge corresponding to real node (i.e. EY. = {e} and V} = 0, (e) =
{v°, v }), we first obtain (y;(e), 0;(€)) by contracting conjugate pairs of edges until
there will be none. We say that (y1,01) and (72,02) are R-equivalent whenever
Y1 ~ v and

e (y1(e),o01(e)) produces (v1(e),02(e)) by reversing the o-planar structure at

the vertex v°, |F,(v°) (§| <1, and |[v*| =1 mod 2,

(v1(e), 01(e)) produces (y1(e),02(e)) by reversing the o-planar structure at

the vertex ve, |Fy(v®)(F] < 1, and |[v°| =0 mod 2,

(71(e), 01(e)) produces (y1(e),02(e)) by reversing the o-planar structure at

the vertex ve, [Fy(ve) N F| < 1, [FJ(ve)| # 3 and |ve|(Jv® — 1) =1 mod 2,

(71(e), 01(e )) produces (y1(e), 02(e )) y reversing the o-planar structure at

the vertex v¢, |Fy(ve) NF| < 1, [FJ(ve)| # 3 and |ve|([v® — 1]) =0 mod 2,

) b

(

)

(71(e), 01(e)) produces (71(e), 0a(e ) y reversing the o-planar structure at

the vertex ve, [Fy(ve) NF| < 1, [FL (ve)| = 3 and |FJ (v°)] # 1,

(71(e), 01(e)) produces (y1(e),02(e ) by reversing the o- planar structure at

the vertex v¢, | (ve) 1§ < 1, [F5(ve)| = 3 and [F5(v®)| =1,

(3) Otherwise, if v; have more than one invariant edge (i.e. |E.,|® > 1), we say
that (v1,01), (72,02) are R-equivalent whenever v; =~ <, and there exists an
edge e € EY such that the o-planar trees (yi(e),0;(e)), which are obtained by
contracting all edges but e, are R-equivalent in the sense of the Case (2).

We call the maximal set of pairwise R-equivalent o-planar trees by R-equivalence classes
of o-planar trees.
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Theorem 6.3. A stratification of the orientation double cover RM oy, 1y is given by

RM ok, = | | Cy,0)-

R—equivalance classes
of o—planar (v,0)

6.3. Some other double coverings of RM(QM)

In [11], Kapranov constructed a different double covering @(0,1) of RH(OJ) having no
boundaries. He has applied the following recipe to obtain the double covering: Let 5(0,1)
be the disjoint union of closed strata |_|(T7O) 6(770) as above. Let (v,d(0;)),7 = 1,2 be two-
vertex o-planar trees representing the same u-planar tree (y, u), and let (7, 0;) be the one-
vertex trees obtained by contracting the edges of (y,0(0;)). The strata 6(%5(0”),1' =1,2
are glued if (v, d(01)) produces (v,d(02)) by reversing the o-planar structure at vertex
v # 0,(n). We obtain first Stiefel-Whitney class of H@\\/l(oyl) by using the same arguments
in Theorem 5.7.

Proposition 6.4. The Poincaré dual of the first Stiefel-Whitney class of @(O,Z) 18

EEDY > [Créep]  mod 2.

(7,0) (7,6(0)):|v¢|=0 mod 2

It is well-known that these spaces are not orientable when [ > 5.
6.3.1. A double covering from open-closed string theory

In [5, 17], a different ‘orientation double covering’ is considered. It can be given as the
disjoint union |_|(T’O) C(r,0) where Ff = {1,---  k}, and F¥ carries all possible oriented
cyclic ordering. It is a disjoint union of manifolds with corners. The covering map
|_|(T70) 6(770) — RM(%J) is two-to-one only over a subset of the open space RMyy ).
It only covers the subset | |, C(7,u) of RM (5 ;) where u-planar trees (7,u) have the
partition {{1,---,k},{k +1,---,2k}} of F, \ FX. Moreover, the covering map is not
two-to-one over the strata with codimension higher than zero.
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