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Planar Contact Structures
with Binding Number Three

Mehmet Firat Arikan

Abstract. In this article, we find the complete list of all contact structures (up to iso-
topy) on closed three-manifolds which are supported by an open book decomposition
having planar pages with three (but not less) boundary components. We distinguish
them by computing their first Chern classes and three dimensional invariants (when-
ever possible). Among these contact structures we also distinguish tight ones from
those which are overtwisted.

1. Introduction

Let (M, &) be a closed oriented 3-manifold with the contact structure &, and let (S, h) be
an open book (decomposition) of M which is compatible with &. In this case, we also say
that (S, h) supports & (for the definitions of these terms see the next section). Based on
Giroux’s correspondence theorem (Theorem 2.3), two natural questions have been asked
in [EQ]:
(1) What is the possible minimal page genus g(S) =genus(S)?
(2) What is the possible minimal number of boundary components of a page S with g(S)
minimal?
In [EO], two topological invariants sg(§) and bn(§) were defined to be the answers. More
precisely, we have:

sg(&) = min{ g(S) | (S, h) an open book decomposition supporting &},
called the support genus of &, and
bn(&) = min{ |0S]| | (S, h) an open book decomposition supporting & and g(S) = sg(§)},
called the binding number of . There are some partial results about these invariants. For
instance, it is proved in [Etl] that if (M, ) is overtwisted, then sg(§) = 0.

Unlike the overtwisted case, there is not much known yet for sg(g) if & is tight. The
algorithm given in [Ar] finds a reasonable upper bound for sg(&) using the given contact
surgery diagram of & However, there is no systematic way to obtain actual values of

sg(&) and bn(g) yet.
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One of the ways to work on the above questions is to get a complete list of contact
manifolds corresponding to a fixed support genus and a fixed binding number. To get
such complete list, we consider all possible monodromy maps h. The first step in this
direction is the following result given in [EO]. Throughout the paper L(m, n) stands for
the lens space obtained by —m/n rational surgery on an unknot.

Theorem 1.1 ([EO]). Suppose & is a contact structure on a 3-manifold M that is sup-
ported by a planar open book (i.e., sg(§) = 0). Then

(1) If bn(€) = 1, then & is the standard tight contact structure on S3.

(2) Ifbn(§) = 2 and & is tight, then & is the unique tight contact structure on the lens
space L(m,m — 1) = L(m, —1) for some m [Zl, [{0}.

(3) If bn(§) = 2 and & is overtwisted then & is the overtwisted contact structure on
L(m, 1), for some m [Zl,, with e(§) = 0 and d3(§) = —im + 3 where e(£) and
d3(&) denotes the Euler class and ds—invariant of &, respectively. When m is even
then the refinement of e(€) is given by I'(§)(s) = 5 where s is the unique spin
structure on L(m, 1) that extends over a two handle attached to a p with framing
zero. Here we are thinking of L(m, 1) as —m surgery on an unknot and [ is the
meridian to the unknot.

We remark that Theorem 1.1 gives the complete list of all contact 3-manifolds which can
be supported by planar open books whose pages have at most 2 boundary components.
Next step in this direction should be to find all contact 3-manifolds (M, &) such that
sg(&) = 0 and bn(§) = 3. In the present paper, we will get all such contact structures,
and also distinguish tight ones by looking at the monodromy maps of their corresponding
open books (See Theorem 1.2 and Theorem 1.3). After the preliminary section (Section 2),
we prove the main results in Section 3. Although some ideas in the present paper have
been already given or mentioned in [EO], we will give their explicit statements and proofs
in our settings. We finish this section by stating the main results.

Let > be the compact oriented surface with |0X| = 3, and consider the boundary parallel
curves a,b,c in X as in the Figure 1. Through out the paper, < will always stand for this
surface whose abstract picture is given below. Let Aut(Z,0%) be the group of (isotopy
classes of) diledmorphisms of = which restrict to the identity on d%. (Such diledmor-
phisms are automatically orientation-preserving).

It is known (see [Bi]) that
Aut(Z,9%) = ZD, [ AD, [_AD.Ez}

where Dg, Dy, D denote positive Dehn twists along the curves a, b, ¢ given as in Figure 1.
In the rest of the paper, we will not make any distinction between isotopy classes of
arcs/curves/maps and the individual arcs/curves/maps.

We start with studying the group Aut(Z,0%) in details. Since generators commute with
each other, we have that
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Figure 1. The surface Z and the curves giving the generators of Aut(Z, 0X).

Aut(Z,0%) = {D."Dy'D."|p, q, r CZL.

For any given p,q,r [Z1 let Y (p, g, r) denote the smooth 3-manifold given by the smooth
surgery diagram in Figure 2 (diagram on the left). It is an easy exercise to check that
Y (p,q,r) is indeed di Ledmorphic to Seifert fibered manifold given in Figure 2 (diagram
on the right).

p+r g+r P

<o

(r in the box denotes the number of full twists)
Figure 2. Seifert fibered manifold Y (p, g, r).

Now we state the following theorem characterizing all closed contact 3-manifolds whose
contact structures supported by open books (=, ¢ = D;°DpD.").

Theorem 1.2. Let (M, &) be a contact manifold supported by the open book (=, @) where
¢ = D°DpD." CAut(Z,0%) for fixed integers p,q,r. Then (M, &) is contactomorphic
to (Y (p,q,1),&p,q,r) Where &, q,r is the contact structure on Y (p, g, r) given by the contact
surgery diagram in Figure 3. Moreover,

(1) & is tight (in fact holomorphically fillable) if p=0,q=0,r =0, and

(2) & is overtwisted otherwise.

Remark 1.1. In Figure 3, if r = 0, then we completely delete the family corresponding
to r from the diagram, so we are left with two families of Legendrian curves which do
not link to each other, and so the contact surgery diagram gives a contact structure on
the connected sum of two lens spaces. However, if p = 0 (or g = 0), then we replace
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=1 copies

Figure 3. Contact manifold (Y (p,q,r),&pq.r)-

the Legendrian family corresponding to p (or q) by a single Legendrian unknot with tb
number equal to —1, and we do (+1)-contact surgery on the new unknot. Note also that
Figure 3 is symmetric with respect to p and q. This reduces the number of cases in the
proof of Theorem 1.3.

Of course not all &, 4, have binding number three:

Theorem 1.3. Let (M,§) be a closed contact 3-manifold for which sg(§) = 0 and
bn(§) = 3. Then (M, ¢) is contactomorphic to some (Y (p,q,r),&p,q,r) Satisfying the fol-
lowing conditions:

Q) If r=0,thenpElandqE1l

(2 If r=1, then p 31,0} and q £ {3-1,0}.

B If r=—-1,thenp8landqB1l.

@) If |r| =2, then pg& —1 and (p,q) r{{1,0),(0,1)}.

Suppose that (M, £) is a closed contact 3-manifold with sg(§) = 0 and bn(§) = 3, and
let ¢; = c;(§) CHI?2(M;Z) denote the first Chern class, and d; = ds(§) denote the
3-dimensional invariant (which lies in Q whenever c; is a torsion class in H2(M;Z)).
Using ¢; and d3, we can distinguish these structures in most of the cases. In fact, we
have either M is a lens space, or a connected sum of lens spaces, or a Seifert fibered
manifold with three singular fibers. If one of the first two holds, then using the tables
given in Section 3 and 4, one can get the complete list of all possible (M, &) without any
repetition. That is, the contact structures in the list are all distinct pairwise and unique
up to isotopy. On the other hand, if the third holds, we can also study them whenever ¢,
is a torsion class. More discussion will be given in Section 4.
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2. Preliminaries
2.1. Contact structures and open book decompositions

A 1-form a CQ'(M) on a 3-dimensional oriented manifold M is called a contact form
if it satisfies a [Cdtx & 0. An oriented contact structure on M is then a hyperplane
field & which can be globally written as kernel of a contact 1-form a. We will always
assume that & is a positive contact structure, that is, a [Cdd > 0. Two contact structures
&,& on a 3-manifold are said to be isotopic if there exists a 1-parameter family &
(0 = t = 1) of contact structures joining them. We say that two contact 3-manifolds
(My, &) and (M, &) are contactomorphic if there exists a di Ledmorphism f : M; — M,
such that f(£,) = &. Note that isotopic contact structures give contactomorphic contact
manifolds by Gray’s Theorem. Any contact 3-manifold is locally contactomorphic to
(R3,&,) where standard contact structure & on R3 with coordinates (x,y,z) is given
as the kernel of ap = dz + xdy. The standard contact structure & on the 3-sphere
S3 = {(ry,r9,01,02) : rf +r3 = 1} TP is given as the kernel of s = r?d6; + r3dd,.
One basic fact is that (R3, &) is contactomorphic to (S* \ {pt}, &s). For more details on
contact geometry, we refer the reader to [Ge], [Et3].

An open book decomposition of a closed 3-manifold M is a pair (L, f) where L is an
oriented link in M, called the binding, and f : M\ L - S! is a fibration such that f~1(t)
is the interior of a compact oriented surface S¢ and 0%; = L for all t CS'. The
surface S = Sg, for any t, is called the page of the open book. The monodromy of an open
book (L, F) is given by the return map of a flow transverse to the pages (all di Ledmorphic
to S) and meridional near the binding, which is an element h [CAut(S, dS), the group
of (isotopy classes of) di Ledmorphisms of S which restrict to the identity on dS . The
group Aut(S, dS) is also said to be the mapping class group of S, and denoted by I'(S).

An open book can also be described as follows. First consider the mapping torus

S(h) =1[0,1] < S/(1,x) (@ h(x))
where S is a compact oriented surface with n = |0S| boundary components and h is an
element of Aut(S, dS) as above. Since h is the identity map on 9S, the boundary dS(h)
of the mapping torus S(h) can be canonically identified with n copies of T2 = S! x S1,
where the first S! factor is identified with [0,1]/(0 L) and the second one comes from
a component of 3S. Now we glue in n copies of D? x S! to cap 0[C3(h) so that dD?
is identified with S' = [0,1]/(0 1) and the S! factor in D? x S! is identified with a
boundary component of dS. Thus we get a closed 3-manifold

M = M(S,h) = S(h) mZ x St

equipped with an open book decomposition (S, h) whose binding is the union of the core
circles in the D? x S'’s that we glue to S(h) to obtain M. See [Gd], [Et2] for details.
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2.2. Legendrian knots and contact surgery

A Legendrian knot K in a contact 3-manifold (M, &) is a knot that is everywhere tangent to
&. Any Legendrian knot comes with a canonical contact framing (or Thurston-Bennequin
framing), which is defined by a vector field along K that is transverse to &. We call (M, &)
(or just &) overtwisted if it contains an embedded disc D = D? [CM with boundary
0D = S! a Legendrian knot whose contact framing equals the framing it receives from
the disc D. If no such disc exists, the contact structure £ is called tight. Also if a contact
3-manifold (M, €) is the boundary of a Stein manifold (resp. a symplectic manifold) with
certain compatibility conditions satisfied, then & is called Stein (holomorphically) fillable
(resp. symplectically fillable). See [Et2] or [OS] for the complete definitions of fillability,
and related facts. We will use the following fact later.

Theorem 2.1 ([EG]). Any symplectically fillable contact structure is tight.
( Ay holomorphically fillable contact structure is tight. )

For any p,q [Zl a contact (r)-surgery (r = p/q) along a Legendrian knot K in a contact
manifold (M, &) was first described in [DG]. It was proved in [Ho] that if r = 1/k with
k [A, then the resulting contact structure is unique up to isotopy. In particular, a
contact £1-surgery along a Legendrian knot K on a contact manifold (M, &) determines
a unique surgered contact manifold which will be denoted by (M, &)k, +1)-

The most general result along these lines is:

Theorem 2.2 ([DG]). Every closed contact 3-manifold (M, &) can be obtained via contact
(%1)-surgery on a Legendrian link in (S3, &).

Any closed contact 3-manifold (M, &) can be described by a contact surgery diagram
drawn in (R3,&) [C(33,&;:). By Theorem 2.2, there is a contact surgery diagram for
(M, €) such that the contact surgery coe Lcieht of any Legendrian knot in the diagram is
+1. For any oriented Legendrian knot K in (R?, &), we compute the Thurston-Bennequin
number th(K), and the rotation number rot(K) as

th(K) = bb(K) — (# of left cusps of K),
rot(K) = %[(# of downward cusps) — (# of upward cusps)]
where bb(K) is the blackboard framing of K.

If a contact surgery diagram for (M, &) is given, we can also get the smooth surgery
diagram for the underlying 3-manifold M. Indeed, for a Legendrian knot K in a contact
surgery diagram, we have:

Smooth surgery coe Lcieht of K = Contact surgery coe Lcieht of K + th(K)

For more details see [OS] and [Gm].
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2.3. Compatibility and stabilization

A contact structure & on a 3-manifold M is said to be supported by an open book (L, f)
if € is isotopic to a contact structure given by a 1-form a such that

(1) da is a positive area form on each page S = f~!(pt) of the open book and
(2) a=0o0n L (Recall that L and the pages are oriented.)

When this holds, we also say that the open book (L, f) is compatible with the contact
structure & on M.

Definition 2.1. A positive (resp., negative) stabilization Sj (S, h) (resp., S (S, h)) of
an abstract open book (S, h) is the open book

(1) with page S"=S [I-handle and

(2) monodromy h"= h < Dy (resp., h®=h < D") where Dk is a right-handed Dehn
twist along a curve K in S"that intersects the co-core of the 1-handle exactly
once.

Based on the result of Thurston and Winkelnkemper [TW] which introduced open books
into the contact geometry, Giroux proved the following theorem strengthening the link
between open books and contact structures.

Theorem 2.3 ([Gi]). Let M be a closed oriented 3-manifold. Then there is a one-to-one
correspondence between oriented contact structures on M up to isotopy and open book
decompositions of M up to positive stabilizations: Two contact structures supported by
the same open book are isotopic, and two open books supporting the same contact structure
have a common positive stabilization.

Following fact was first implied in [LP], and then in [AQ]. The given version below is due
to Giroux and Matveyev. For a proof, see [OS].

Theorem 2.4. A contact structure & on M is holomorphically fillable if and only if & is
supported by some open book whose monodromy admits a factorization into positive Dehn
twists only.

For a given fixed open book (S, h) of a 3-manifold M, there exists a unique compatible
contact structure up to isotopy on M = Mgy by Theorem 2.3. We will denote this
contact structure by & ). Therefore, an open book (S, h) determines a unique contact
manifold (Ms ny, &(s,n)) Up to contactomorphism.

Taking a positive stabilization of (S, h) is actually taking a special Murasugi sum of (S, h)
with the positive Hopf band (H*, Dy) where y [HI' is the core circle. Taking a Murasugi
sum of two open books corresponds to taking the connect sum of 3-manifolds associated
to the open books. The proofs of the following facts can be found in [Gd], [Et2].

Theorem 2.5. (Mg g p): €+ (s ) LMW (s n) &s.n)#(S% &) EM(s ). sy
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Theorem 2.6. Let (S, h) be an open book supporting the contact manifold (M, £). If K
is a Legendrian knot on the page S of the open book, then

(Mya)(K,il) = (M(S,hoD,'(—y'JE(S,hoD,L—))"
2.4. Homotopy invariants of contact structures

The set of oriented 2—plane fields on a given 3-manifold M is identified with the space
V ect(M) of nonzero vector fields on M. v, vy [CVlect(M) are called homologous (denoted
by vi [3) if v; is homotopic to v, in M \ B for some 3—ball B in M. The space
Spin®(M) of all spin® structures on M is the defined to be the quotient space V ect(M)/ [
Therefore, any contact structure § on M defines a spin® structure 1 [Shin°(M) which
depends only on the homotopy class of &. As the first invariant of &, we will use the
first Chern class ¢;(§) [CH?(M;Z) (considering & as a complex line bundle on M). For
a spin® structure Tg, whose first Chern class ¢, (ts)(:= c1(§)) is torsion, the obstruction
to homotopy of two 2-plane fields (contact structures) both inducing ts can be captured
by a single number. This obstruction is the 3-dimensional invariant d;(§) of &). To
compute d3(&), suppose that a compact almost complex 4-manifold (X, J) is given such
that 0X = M, and ¢ is the complex tangencies in TM, i.e., & = TM n J(TM). Let
a(X), X(X) denote the signature and Euler characteristic of X, respectively. Then we
have

Theorem 2.7 ([Gm]). If ¢;(§) is a torsion class, then the rational number
10] (|
d5(8) = 5 G(X,J) —30(X) — 2X(X)

is an invariant of the homotopy type of the 2-plane field §. Moreover, two 2-plane fields
& and & with ts; = T¢, and ¢, (Tg;) = ¢1(&;) a torsion class are homotopic if and only if
ds(&1) = d3(&2)- L1

As a result of this fact, if (M, &) is given by a contact +1-surgery on a link, then we have

Corollary 2.8 ([DGS]). Suppose that (M, &), with c{(§) torsion, is given by a contact
(%1)-surgery on a Legendrian link . (33, &) with th(K) & 0 for each K [ILlon which
we perform contact (+1)-surgery. Let X be a 4-manifold such that 9X = M. Then

[
0® = & —300) = 2%00) +5,

where s denotes the number of components in I. on which we perform (+1)-surgery, and
¢ [CH?(X;Z) is the cohomology class determined by c(Zk) = rot(K) for each K [l
and [Zk] is the homology class in Ho(3X) obtained by gluing the Seifert surface of K with
the core disc of the 2-handle corresponding K.

We use the above formula as follows: Suppose L has k components. Write L = GFK;.
By converting all contact surgery coe Lciehts to the topological ones, and smoothing each
cusp in the diagram, we get a framed link (call it I again) describing a simply connected
4-manifold X such that 0X = M. Using this description, we compute
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X(X)=1+Kk, and a(X) =a(AL)
where A is the linking matrix of L. Using the duality, the number c? is computed as
¢ = (PD(c))? = [by by - biJAL[by by -+ bi]T
where PD(c) [CHy(X, 0X;Z) is the Poincaré dual of ¢, the row matrix [by b - - - b] is the
unigue solution to the linear system
Aoy by b ]T = [rot(K;) rot(Ks) - - - rot(Ky)]".

Here the superscript “ T ” denotes the transpose operation in the space of matrices. See
[DGS], [Gm] for more details.

2.5. Right-veering diffeomorphisms

For a given compact oriented surface S with nonempty boundary 9S, let Dehn*(S,0S) [
Aut(S, 0S) be the submonoid of product of all positive Dehn twists. In [HKM], another
submonoid V eer(S, dS) of all right-veering elements in Aut(S, dS) was introduced and
studied. They defined right-veering elements of Aut(S, dS) as follows: Let a and 3 be
isotopy classes (relative to the endpoints) of properly embedded oriented arcs [0,1] — S
with a common initial point a(0) = B(0) = x [JdB. Letm: S _ S be the universal cover
of S (the interior of S will always be R? since S has at least one boundary component),
and let X Cdb be a lift of x CdB. Take lifts & and Eof a and B with &(0) = E(O) =X
& divides S into two regions — the region “to the left” (where the boundary orientation
induced from the region coincides with the orientation on &) and the region “to the right™.
We say that B is to the right of o if either o = B (and hence &(1) = B(1)), or (1) is in
the region to the right (see Figure 4).

aQ) B@)

" the region the region
_to the left to the right

Figure 4. Lifts of a and B in the universal cover S,

Alternatively, isotop a and (3, while fixing their endpoints, so that they intersect trans-
versely (this include the endpoints) and with the fewest possible number of intersections.
Assume that a £ 3. Then in the universal cover § & and Ewill meet only at X. If not,
subarcs of &@ and B would cobound a disk D in S, and we could use an innermost disk
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argument on (D) [CS1to reduce the number of intersections of a and 3 by isotopy. Then
B is to the right of a if int(ﬁ) lies in the region to the right. As an alternative to passing
to the universal cover, we simply check to see if the tangent vectors ([3(0), a(0)) define
the orientation on S at x.

Definition 2.2. Leth:S - S be a diledmorphism that restricts to the identity map on
0S. Let a be a properly embedded oriented arc starting at a basepoint x [.d5. Then h is
right-veering (that is, h [CVleer(S, 0S)) if for every choice of basepoint x [Cdb and every
choice of a based at x, h(a) is to the right of a (at x). If C is a boundary component
of S, we say is h is right-veering with respect to C if h(a) is to the right of a for all a
starting at a point on C.

It turns out that V eer(S, dS) is a submonoid and we have the inclusions:
Dehn™(S,0S) [Vker(S,0S) CAUt(S,dS).

In [HKM], they proved the following theorem which is hard to use but still can be used
to distinguish tight structure in some cases.

Theorem 2.9 ([HKM]). A contact structure (M, &) is tight if and only if all of its com-
patible open book decompositions (S, h) have right-veering h ["Vleer(S,0S) [CAUt(S,0S).

3. The proofs of results

We first prove that the submonoids Dehn™(Z,9%) and V eer(Z, 0%) are actually the same
in our particular case.

Lemma 3.1. Dehn*(Z,0%) = Veer(Z,d%) for the surface < given in Figure 1.

Proof. The inclusion Dehn™* (S, 8S) [Vker(S,dS) is true for a general compact oriented
surface S with boundary (see Lemma 2.5. in [HKM] for the proof). Now, suppose that
¢ [VMeer(Z,0%) CAUt(Z,0%). Then we can write ¢ in the form

@ = D."DpID." for some p,q,r

We will show that p = 0,qg = 0,r = 0. Consider the properly embedded arc a [>lone
of whose end points is x [CdE as shown in the Figure 5. Note that, for any p,q,r [Z],
D." fixes a, and also any image D,"Dy,(a) of a because ¢ does not intersect any of these
arcs. Assume at least one of p,q, or r is strictly negative. First assume that p < 0.
Then consider two possible dilerent images @(a) = Ds"Dp%(a) of a corresponding to
whether ¢ < 0 or g > 0 (See Figure 5). Since we are not allowed to rotate any boundary
component, clearly ¢(a) is to the left of a at the boundary point x. Equivalently, ¢(a)
is not to the right of a at x which implies that h is not right-veering with respect to the
boundary component parallel to a. Therefore, @ ¥ Vleer(>, 9%) which is a contradiction.
Now by symmetry, we are also done for the case g < 0. Finally, exactly the same argument
(with a dilerknt choice of arc one of whose end points is on the boundary component
parallel to the curve ¢) will work for the case when r < Q. —1
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left circling right circling

|p| times

left circling left circling
l¢| times [p| times
p<0Oand ¢g<0 p<0Oandq>0

Figure 5. The arc a and its image ¢@(a) = D°Dyp%(a).

Lemma 3.2. Let (M, &) be a contact manifold. Assume that & is supported by (Z, @)
where @ CAut(Z,0%). Then & is tight if and only if & is holomorpfically fillable.

Proof. Assume that & is tight. Since ¢ [CAut(Z,0ZX), there exists integers p,q,r such
that ¢ = D,PDy9D.". As & is tight, the monodromy of any open book supporting &
is right-veering by Theorem 2.9. In particular, we have ¢ [Meer(Z,0) since (=, @)
supports &. Therefore, ¢ [CDehnt(Z,d%) by Lemma 3.1, and so p = 0, = 0,r = 0.
Thus, € is holomorphically fillable by Theorem 2.4. Converse statement is a consequence
of Theorem 2.1. —1

Now, the following corollary of Lemma 3.2 is immediate:

Corollary 3.3. Let (M, &) be a contact manifold. Assume that & is supported by (=, @)
where @ CAut(Z,0%). Then

£ is tight CI_g%F D."DyD." with p=0,q=0,r =0. L1

Proof of Theorem 1.2. Let (M, &) be a contact manifold supported by the open book
(Z, Pp,q.r) Where @p q.r = Da"Dp9D" CAUtL(Z, %) for p,q,r As explained in [EO],
(M, &) = (M(2,0p.4.r)s &(=.0p.q.r)) 1S given by the contact surgery diagram in Figure 6. Then
we apply the algorithm given in [DG] and [DGS] to convert each rational coe [cieht into
+1’s, and obtain the diagram given in Figure 3.

To determine the topological (or smooth) type of (M, &), we start with the diagram in
Figure 3. Then by converting the contact surgery coe [ciehts into the smooth surgery
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1

Figure 6. Contact surgery diagram corresponding to (=, @p,q,r)-

. r
each framing —— — 2
each framing —? -1 rl each framing —— — 1

q -
P i — — copies of unknots
Ip] — = copies of unknots lal q P

|p| r| copies of unknots lal

Figure 7. Smooth surgery diagram corresponding to Figure 3.

coe [cienhts, we get the corresponding smooth surgery diagram in Figure 7 where each
curve is an unknot.

Now we modify this diagram using a sequence of blow-ups and blow-downs. These op-
erations do not change smooth type of M. We first blow up the diagram twice so that
we unlink two —1 twists. Then we blow down each unknot in the most left and the
most right families. Finally we blow down each unknot of the family in the middle. We
illustrate these operations in Figure 8. To keep track the surgery framings, we note that
each blow-up increases the framing of any unknot by 1 if the unknot passes through the
corresponding twist box in Figure 7. So we get the first diagram in Figure 8. Blowing
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each framing ——
each framing _|£ I"| each framing —
p

a
lql

lp] — copies of unknots : l¢g| — — copies of unknots
|p| [7] copies of unknots |q|

each framing —

Y(p,q,7)
|| copies of unknots

Figure 8. Squence of blow-ups and blow-downs.

each member down on the left (resp. right) decreases the framing of the left (resp. right)
+1- unknot by — Ipl (resp. Iql) Since there are |p| — ISI blow-downs on the left and
la] — IqI blow-downs on the right, we get the second diagram in Figure 8. Finally, if we
blow down each (_W) -unknot in the mlddle family, we get the last diagram. Note that
each blow-down decreases the framing by — |r|' and introduces a l— full twist. Hence, we
showed that (M, €) is contactomorphic to (Y (p,q,r),&p,q,r)- The statements (1) and (2)
are the consequences of Corollary 3.3. —1

We now examine the special case where Y (p, d, r) is homeomorphic to 3-sphere S3. The
following lemma lists all planar contact structures on S with binding number less than
or equal to three.
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Lemma 3.4. Suppose that (Y (p, q,r), &p,q,r) is contactomorphic to (S3, &) for some con-
tact structure & on S3. Then Table 1 lists all possible values of (p,q, r), the corresponding
& (in terms of the ds-invariant), and its binding number.

r p q ds(§) bn(€)
,,,,,,,, = | -2 .\ ot . =y2z | 3
2 -3 ~1/2 3
S T B 70 . 0 N
,,,,,,,, -1 0 8 02 0’2 43
L E S R SRR O —1/2 (tghty 1
L -1 -1 %2 3
SRR S E S R -1 v | 2
1 0 1 ~1/2 (tight) 1
orolr ey |2 |2
R -2 -3 -2 | 3
23 -1 %2 3
SRR S PSR R -1 %2 3
7| > 2 -1 1/2 2

Table 1. All planar contact structures on S3 with binding number < 3.

Proof. The proof is the direct consequence of the discussion given in the proof of Lemma
5.5in [EO]. We remark that the interchanging p and q does not a [edt the contact structure
in Figure 3, so we do not list the possibilities for (p,q, r) that diler by switching p and
g. Note that in Table 1 there are only two contact structures (up to isotopy) on S3 with
binding number 3, namely, the ones with ds-invariants —1/2 and 3/2. 1

Proof of Theorem 1.3. We will use the results of Theorem 1.1, Theorem 1.2, and
Lemma 3.4. Consider the 3-sphere S in Theorem 1.1 as the lens space L(1,*1). By
Theorem 1.1, for any contact manifold (Y,n) with sg(n) = 0 and bn(n) < 2, we have
either

(1) (Y,n) £, &) if bn(n) = 1,

() (Y,n) £@(m, —1),nm) for some m = 2 if bn(n) = 2, and n is tight,

3) (Y,n) £d (m,1),nm) for some m = 0 if bn(n) = 2, and n is overtwisted (for

m & 0).
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where nm is the contact structure on the lens space L(m,—1) (or L(m,1)) given by
the contact surgery diagram consisting of a single family of Legendrian unknots (with
Thurston-Benequen number —1) such that each member links all the other members of
the family once, and each contact surgery coe Lcieht is —1 (if Ny, is tight) or +1 (if g, is
overtwisted). These are illustrated by the diagrams (Dand (Ddin Figure 9, respectively.
Notice the exceptional cases: m =1 in (DJJand m =0 in (0]

each each

eam+1
copies
—

(Y, n) = (L(m, —1),1m) (Y, n) = (L(m,1),1m)
nm always tight, m > 1 nm overtwisted if m > 1
m = 1 = empty diagram nm tight if m =0

Figure 9. Contact surgery diagrams for (Y,n).

Now, if (M, €) is a contact manifold with sg(§) = 0 and bn(§) = 3, then by the definitions

of these invariants there exists an open book (Z, @) supporting §. Therefore, by Theorem

1.2, (M, €) is contactomorphic to (Y (p,q, ), &p,q.r) for some p,q,r [Z, and the contact

surgery diagram of & is given in Figure 3. However, p,q, r can not be arbitrary integers

because there are several cases where the diagram in Figure 3 reduces to either (Dor (D
in Figure 9 for some m. So for those values of p,q,r, (M, &) can not be contactomorphic

to (Y (p,9, ), &pqr) =€¥,n) because bn(§) = 3 & 2 = bn(n). Therefore, we have to

determine those cases.

If o] = 2 and |q] = 2, then the only triples (p,q, r) giving L(m, +1)'8 are (—2,q, 1) and
(2,q,—1). Furthermore, if we assume also that |r| > 1, then the Seifert fibered manifolds
Y (p,q, r) are not homeomorphic to even a lens space L(m, n) for any m, n (for instance,
see Chapter 5 in [Or]). As a result, we immediately obtain bn(¢pq,r) = 3 for |p| = 2
and |q] = 2 and |r|] = 2. Therefore, to finish the proof of the theorem, it is enough to
analyze the cases where |p| < 2 or |q] < 2, and the cases (—2,q,1) and (2,q,—1) for any
q. As we remarked before, we do not need to list the possibilities for (p, g, r) that diler
by switching p and q. We first consider r = 0, 1, +2, and then the cases r > 2 and
r < —2. In Table 2 - 8, we list all possible (M, &) for each of these cases.

Remark 3.1. To determine the binding number bn(&) in any row of any table below, we
simply first check the topological type of the manifold under consideration. If M = S3,
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we determine the corresponding binding number using Table 1. If the topological type is
not L(m, 1) or L(m, —1), then we immediately get that bn(§) = 3. If M = L(m, 1) with
m > 1, then we first compute c;(§). If ¢;1(§) 8 0, then bn(§) = 3 as ¢;(Nnm) = 0 for any nm
given above. If ¢;(&)=0, we compute the d3(&) using the 4-manifold defined by the surgery
diagram in Figure 7. (Indeed, we can use the formula for ds given in Corollary 2.8 as long
as ¢, (&) is torsion. In particular, whenever H?(M) is finite, then ds is computable). Then
if d3(§) = ds(Nnm) = (—m + 3)/4, then & is isotopic to Ny, which implies that bn(§) = 2
by Theorem 1.1. Otherwise bn(§) = 3. In the case that M = L(m, —1) with m > 1, we
first ask if & is tight. If it is tight (which is the case if and only if p = 0,9 = 0,r = 0),
then bn(&) = 2 (again by Theorem 1.1) since the tight structure on L(m, —1) is unique
(upto isotopy). If it is overtwisted (which is the case if and only if at least one of p,q,r
is negative), then bn(§) = 3 because & is not covered in Theorem 1.1. As a final remark,
sometimes the contact structure & can be viewed as a positive stabilization of some nm,.
For these cases we immediately obtain that bn(§) = 2 because positive stabilizations do
not change the isotopy classes of contact structures.

To compute the ds-invariant of &, g, (for ¢, (§p.q,r) torsion), we will use the (n+1)>x(n+1)
matrices A, (n = 1), B, (n = 1), and C, (n = 4) given below. It is a standard exercise
to check that

(1) o(Ah)=n—-1lifn=1 and 6(Cy) =n—-1ifn=4.
(2) o(Bh) =n—-3ifn=3,and 6(By) =0ifn=1,2.

(3) The system An[b]! ; = [0]} ., has trivial solution [b]],, = [0]},; where
[bla+1 =[b1 ba - - -bny1], [0]n+: =[00---0] are (n + 1) x 1 row matrices.

(o-1-1. .. -1 (o-1-1... -1 (o-1-1... -1
10 -1... -1 10 -1...-1 10 -1...-1
An=|_1_1". | Ban=|l1-1 . | Cn=llr 1 :
: 0 -1 . 0 -1 .o 0 -1
c1-1--- -1 0 11 —1-2) -1 -1 2

In some cases, A, appears (as a block matrix) in the linking matrix Ly o, of the framed
link Lp,q,r given in Figure 7. On the other hand, B, and C, are very handy when we
diagonalize Ly q,r to find its signature. As we discussed before, the link Ly 4, defines a
4-manifold Xp q,r with 0X = M. So we have

0(Xpqr) = 0(Lpa.r)
XKp,qr) = 1+ (# of components of Ly q.r),
c? = [b]kl—p,q,r[b]?(—
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where [b]} is the solution to the linear system L g r[b]}f = [rot(K;) rot(Ks) - - - rot(Ky)]"
with Ky, Ky, - - - K being the components of Ly q.r.

To compute the first Chern class ¢1(§p.,q.r) CH?(M), note that in Figure 3, the rotation
number of any member in the family corresponding to r is 1 (depending on how we
orient them). We will always orient them so that their rotation numbers are all +1. On
the other hand, the rotation number is 0 for any member in the family corresponding to
p and g. Therefore, ¢;(§p.q,r) = PD ™ (g + Ho + -+ + Hyr)) where pj CH; (M) is the
class of the meridian of the Legendrian knot K; in the family corresponding to r. Then
we compute H; (M) (which is isomorphic to H2(M) by Poincaré duality) as

Hl(M) = I:ull! M2, - 'Hkl Lp,q,r[U—]T = [0]-|I(— U]

where [k = [M1 M2 --Mk] is the k < 1 row matrix. The final step is to understand

PD(c1(&p,q.,r)) = My + Mo + -+ -+ in this presentation of Hy(M).

r|p q resulting M bn(&)| diagram for & | c1(§) CH2(M)|  d3(&)

U e A e S O s* | 3| Figwe3 | OC{} | 32
o= 0 Si#Stxs? | 3 | Figwe3d | oCz | L
U o O T O s* |2 | (Om=1 | orC{m} | 172
0 |-1f g=2 | S*#L@—1) | 3 | TFigwe3 | 0CZ || (9+1)/4
0 |-1lg=s-2| S*L(al1) | 3 | Figwe3 | 0CZy |(—lal+7)/4
olo| o #st x 52 3 | Figure 3 0 2 1/2

00| 1 | stxsas® | o | (Om=0 | orz | 0
0] 0] q=2 |S'xSL(@ )| 3 | Figwe3 | 0CACZ) | (q-1)/4
010 |g=s—2|StxS*L(al1)| 3 | Figwe3d | 0CACZY (gl +5)/4
U T s 1| (Om=1 | orCf} | -1/2
0| 1]q=2 | S%L@-1) | 2 | (Om=g | o0CZ || (q=3)/4
0|1 |qg=s—2| S%#L(ql,1) 2 | (Odm=|q] 00Z, [—lal+3)/4

Table 2. Thecase r =0 (Jp| < 2 or |q] < 2).

In Table 2, we need to compute the binding number bn(§) for the rows 5, 12. For the
other rows, see Remark 3.1.

elfp=-1,0<—2,r =0, we need to corln_gtljte dg(E_Lq‘%ells C1(§—1,g,0) = 0: We have
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The contact structure &—; 4,0, and L—; 4,0 describing X—; 4,0 are given in Figure 10. We
compute that s = g +3, ¢* = 0, X(X—1,q,0) = |a| +4, and 6(X—1,4,0) = 0(A1) +0(Ayq) =
0+[q|—1 = |g|—1, and so we obtain d3(§—1,4,0) = (—|a|+7)/4 by Corollary 2.8. Therefore,
&—1,q,0 is not isotopic to N as dz(Nq) = (—|q| + 3)74. Hence, bn(§—1,q,0) = 3 for any
q < —2 by Theorem 1.1.

(b)

Figure 10. (a) The contact structure &_; 4,0 on S3#L([q], 1) = L({q], 1),
(b) The corresponding framed link L—; 4,0.

«Ifp=1,q=<-2r=0, we have (Z,91,40) = SF(H",D;) (recall the identification of
= and the curves a, b, ¢ in Figure 1). Therefore, &, 4.0 £# since (H*, D) supports the
overtwisted structure nyg on L(|q|, 1). Hence, bn(&;,q,0) =2 for g < —2.

In Table 3, we need to compute the binding number bn(&) for the rows 1 and 9. For the
other rows, see Remark 3.1.

eIf p=—-2,9<—4,r =1, let K;j’s be the components (with the given orientations) of
L—3,4,1 as in Figure 11. Then we obtain the linking matrix
—1 —1
-3 -1 -1 -1 -1 ... -1
1 0 -1 -1 O 0
1 -1 0 -1 O 0
1 -1 -1 0 O 0
I——2,q,1 = il 0 0 0
Alq]
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r|p q resulting M | bn(%)| diagram for &| c1(§) CH?(M) ds(§)
1|—2la=—-4| L(qg+21) 3 Figure 3 |la| —4 CZ,—2 —q:;zgu

N

N N T N I

.

[EEN

Figure 11. (a) The overtwisted contact structure &5 .1 on L(|Jq+2|, 1),
(b) The corresponding framed link L—s 4,1.
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It is not hard to see that

Hi(M) = [y, Mo, -+

and Y = (|q| — 4)Me. Therefore,

¢1(&-2,,1) =PD (1) = PD 7 (jal — 42 = |a] — 4 [Zgj—-

Thus, if ¢ < —4, then &5 4,1 is not isotopic to Nig42; @s Ci1(Nig+2)) = O implying that
bn(§—2,4,1) = 3 by Theorem 1.1. If ¢ = —4, we compute that d3(§—2,—4,1) = —1/4 B
1/4 = dg(ng), SO bn(E_g,_4’1) =3.

«Ifp=0,9<-1,r=1, wehave (Z,¢0q1) = S (H*, Dy) (again recall the identification
of = and the curves a,b,c in Figure 1). Therefore, & g1 = since (HT, Df) supports
the overtwisted structure nq on L(|q],1). Hence, bn(&yq,1) =2 for g <O0.

» Hig)+5l L—2,q,1[U]|1;1|+5 = [0]|Tq|+5 (& | (Jg]=2)p2 =0 E%‘m—z,

r|p q resulting M bn(€)| diagram for £| c1(€) TH?(M) dz (&)

“1] 2 | q=4| Lg-2-1) 3 | Figure3 |q—4CzZy, | —0r30
-1l2) 3 | s | 3| Figwes | orgmy | 32
-2 2 gtxs? | 8 | Figue3 | —2r0Z0 | ra
—1| 2 [¢g=—-2| L(lq—2],1) 3 Figure 3 lgl CZgj+2 *q_i;ff;ﬁ
Siprjeawen |2 | ®@m=1] orCg | 12
Siof oo | Stxg? | 3 | Figue3 | orzZn | 1o
i UL O S | 8 | Figure3 | 0O} | 32
-1 ojg¢>1] L,=1) | 8 | Figure3 | 00Z, | (¢+1)/4
S0 je<—-1 Lldhl) )3 | Figure3 | 0 [Zg  (=lgl+7)/4
o S B B LG~ | 8 | Figure3d | 10Zy | 4/3
ot 4 SO L@ | 8 | Figures | 10z | 2/3
—1|-1|g=—2|L(-2q+1,—q+1) | 3 Figure 3 ||g| +1 CZbjg+1 _q_24_q§g;3
—1|-1] ¢=3 |L(-2¢+1—q+1) | 3 | Figure3 | q—1[Zbg1| —5iy

Table 4. The case r = —1, |p| <2 or |q] <2 (and the case (p,q,r) = (2,q9,—1))

In Table 4, we need to determine the binding number bn(g) for the rows 4, 7, 9, and 11.
For the other rows, see Remark 3.1.
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e If p=2,0=<—2,r =—1, then using the corresponding matrix Ly q —1, We have

Hi(M) = O, Bo, - o Mygpesl Log—1 W45 = (0015 5F Tl (lal+2)pe = 0 2] 1,
and W, = |q|de. Therefore,
¢1(82,q,-1) = PD7' (1) = PD ' (lalu2) = |l g2

Thus, if ¢ < —2, then & q—1 is not isotopic to Nig—z as ci(Ng—2)) = 0 implying that
bn(€2,4,—1) = 3 by Theorem 1.1.

eIfp=20,9g=—-1,r = —1 (the rows 7 or 9), then ¢;(§p,q,—1) = 0 and so we need to
compute dz(&o,q,—1). Let K;’s be the components of ]LO? —1 as in Figure 12. Then

-1 -1 -1 ] 1 00 - 0
i 0 0 o0 od-10 - 0
10 o o
Lqu’_lz . . 4, .
Alql ' Al
-1 0 0 0

By diagonalizing the first two rows of Lo q,—;, we obtain the matrix on the right. So
0(Lo,g,—1) = 0(Aiq) = lg] — 1. The contact surgery diagram for &; 4, —1 and the corre-
sponding 4-manifold Xy q,—1 (with 0X¢,q,—1 = M) are given in Figure 12.

(a) (b)

Figure 12. (a) The overtwisted contact structure & 4—; on L(|q], 1),
(b) The corresponding framed link Lo g,—1.

Then the system Lo q,—1[b]" = [rot(K;) rot(Ky) - - rot(Kq+3)]" =[100---0]" has the
solution [b] =[0 —10---0], and so ¢* = 0. Moreover, X(Xo,q,—1) = |q|+4 and s = |q| +3.
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Therefore, we obtain ds(o,q,—1) = (—|q| + 7)/4 implying that & 4 —; is not isotopic to
Nigr as d3(njq)) = (—lal + 3)/4. Hence, bn(&o,q,—1) = 3 by Theorem 1.1.

elIfp=-1,9=2,r =—1, we have ¢;(§-1,2,—1) = 1 implying that bn(§—; > —1) = 3. To

see this, note that ¢;(§—1,2,—1) = PD~!(u;) where p, is the meridian of the surgery
curve corresponding K;. Then using

we get Hy(M) = [y, Mo, M3, Ma| L—1,2,—1[M]]

Loio—1=

My = —2us. Therefore, we compute
C1(E-1,2-1) =PD'() =PD7'(—2up) = —2 [Zk =1 [ Zk.

-1

fl
18

—N

L

-1

-1 -1 -1
-2 0 0
0 0 —1
0 -1 0

L1

[0]] = Cho| 3u, = 0 32k, and

r| p q resulting M bn(€) | diagram for & |cy (&) CH?(M) dz(§)

2| -1|¢g=-3 L(g—2],1) 3 Figure 3 2 [Z,—y —ff_;?;ﬁ
2| 7ljg=-1 LG o8 ] Figure3 | 2[zZ | —5/6
2|-ljg==2 L&D | 3 | Figure3 | 20Z, | -—1/4
271 2 | ®m=1 ] oCg}y | 1/2
I o O D Stxs? | 8 ] Figures | 2rCaZ | Fa
2\=1 3 S | 8 | Figue3 | o0Cq} | 3/2

2| -1| ¢g=4| Lg—2,-1) 3 Figure3 | q—4 [Z, | T 24¢
210 0 | STxSP#HLER -1 3 | ] Figure 3 | orzaczy | 14
2100 1 1 SS#HLR-1) | 2 | (Ddn=2 | orz, | ~l/4
210 | a>1 L —D)#LER 1) 3 | Figure3 | 00Z, CZ3 | (4=2)/4
2| 0] ¢<0|LAel, DFLE, )| 3 | Figure3 | 0 CZ, CZd [(~lal +4)/4
201 =2 | L= o8 ] Figure3 | 2Cz, | 1/2
20101 L(=52) | 8 | Figue3 | 20z | -1/10

2| 1 |g=-3| L(=3¢—2,q+1) 3 Figure 3 2 [ 34— 3‘121*21;?;10

2| 1 |g=2 | I(=3¢—2,g+1)| 3 | Figure3 | 2 [Zhyss 3 B2

Table 5. Thecase r=2 (Jp| <2 or|q] < 2).
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In Table 5, we need to compute the binding number bn(&) for the rows 1, 2, and 3. For
the other rows, again see Remark 3.1.

For the first three rows in Table 5, the contact structure &—; 42 on L(|Jg — 2[,1) and the
link Ly 42 (@ = —1) are given in Figure 13. We write the linking matrix L—; 2 as
the matrix on the left below. It is not hard to see that ¢;(§—1,q2) = 2 [Ajq—9, and
S0 bn(§—1,q,2) = 3. As an illustration we will compute d3(§-1,4,2) (even though it is not
necessary for the proof). The matrix on the right below is obtained by diagonalizing the
first two rows of L—; q2. So we compute o(L—1,q,2) = 2+ 0(A;) +3(Bq) whichis |q] —1
ifg=<—3,and isequal to 2 ifq =—1,—2 (recall 6(Bn) isn—3ifn=3,and 0 if n =1, 2).

—3-21—1-1-1-1 —1) 2 0:00: 00 0|
—2-3 -1-1-1-1 -1 01/220 0: 0 0 0
SRR 00T 0 oo 00 v 0
_1_13 A1 00 ---0 diainalize 0 0: A1 0 0 --- 0
Loige T =r=1vo 07 = [goo o
—1-1:0 0| 00:0 0:
Coche e Alql Co : Bial
—1-1'0 0 ) 0 000 J

Figure 13. (a) The contact structure &—; 42 on L(Jg—2|,1) for q < —1,
(b) The corresponding framed link L—; g ».
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By a standard calculation, the system
L_1,9.2[b]" = [rot(K;) rot(Ks) - rot(Kq;5)]" =[110---0]"

i = Jal_ _lal =29l —2jqg] —2  _—2 -
has the solution [b] = [gr @2 @2 Gz Grz  Eeel or 6 =< —1 and so we
compute

¢* = [b]L—1,4.2[b]" = 2|1/ (lg] + 2).
elfp=—1,g=—-1,r=2,thenc® =2/3, 0(X—1—12) =2, X(X=1—12) =7, and s = 4,
So we get d3(&—1,—1,2) = —5/6.

elfp=—1,0=—-2,r =2, then ¢ =1, 0(X—1,—22) = 2, X(X=1,—22) =8, and s = 5.
Therefore, we get ds(§—1,—2,2) = —1/4.

eIf p=—1,0 < —3,r = 2, then ¢ = 2|q]/(|q] + 2), 0(X-1,g.2) = la] =1, X(X=1,9.2) =
lg] + 6, and s = |g| + 3. So we obtain
—q2—3q+6

d3(&—1,9,2) = —4q+8

In Table 6, we need to compute the binding number bn(§) for the rows 7, 9, 10, and 13.
For the other rows, see Remark 3.1.

«If p=10q =< —4,r = —2, the contact structure & 43— on L(]g + 2[,1) and the link
L1,q,—2 are given in Figure 14.

(a)

}|f1|+1

Ks
J
each 4
framing $ < H
+1 2 S * | copies
/
7

Kiql+3

Figure 14. (a) The contact structure &; q,—2 on L(|q+2|,1) for q < —3,
(b) The corresponding framed link L; g —.
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r|p q resulting M | bn(&)| diagram for &| ¢;(§) CH?(M) ds(§)

—2| 1 |g=3| L@+2-1) | 3 | Figure3 2 [Zhey | LrLs?

2012 L@4.=1) | 3 | Figwe3 | 00CZ | /2
-20 11 LG, —1) | 3 | Figwes | 20Z | /3
2L T s |2 | (Gm=1 | oCgy | 2
-20 1) =2 ] S'xs? | 3 | Figwe3 | 204 | rq
201 =3 | s* | 3 | Figwe3 | 0O}y | —1/2
-2 1 |g=—4| L(la+2[,1) 3 Figure 3 |lal —4 [Zg— ‘qi;;zg“
—2| 0 | 0 |S'xSL(21)| 3 | Fiewe3d | orzCza | 34
=200 | 1 | S*#L21) | 2 | (Om=2 | 00Zb | /4
=200 | <=L | S*#L(2,1) | 3 | Figue3d | 00Z | 54
-2 0 |a=2|L@-D#L21)| 3 | Figwes | OLA LA | g4
—2| 0 ja==2L(al, D#L2 1) | 3 | Figwed | O LAa B2 (—q)+6)/4
“20-1) 2 | L41) | 3 | Figue3 | 0CZ | /2
2 i e S L(=5,=2) | 3 | Figwe3 | 20Z | 11/10
—-2|-1g=<-2| LBg—2,9-1)| 3 Figure 3 2 [Zjg)+2 _3q_21_225f;10
—2|-1Jg|=3 | LBI—2,9—1)| 3 | Figure3 2 [Zh, p | —2 22

Table 6. Thecase r = =2 (|p| < 2 or |q| < 2).

We will first compute that ¢;(&;,q—2) = |q] =4 [Zjg—2 (s0 bn(&1,q,—2) = 3), and then
(even though it is not necessary for the proof) we will evaluate ds(&;,4,—2) as an another
sample computation. Using L, q,—2 (on the left below), we have

Hi(M)

and also we have

q|—2!

ml! M2, -, H|q|+3| |—1,q,—2[l1]r;1|+3 = [O]FZXIH 1
CPu, pal —3ps — (Jal + Dps = 0, =2 — [q[ps =0 I
Lps| (lal —2)us =0

= Mg = —Ms. Therefore, we obtain

c1(€2,q-1) =PD 7 (11 + Up) =PD 7! (=2u3) = =2 = |q| — 4 [Zg)—o-

The matrix on the right below is obtained by diagonalizing the first two rows of L; g —o.
So we compute d(L1,q—2) =0+ d(Cyq) = |q] — 1 (recall 6(Cr) =n—1if n=2).
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-1-2:-1 -1 2 0:0 0
,_2, _,1 ,_1, ,,,,,, _ 1 diagonalize Q _,1/,2 Q PP, Q N
L1g-2=|-1-1 — |0 O
Alal : Clal
-1-1 0 O

By a standard calculation, the system

Ly, —2[b]" = [rot(K;) rot(Ks) - rot(Kqz3)]" =[110---0]"

has the solution [b] = [l_IqI —lal _2

9 .
a=2 Ta=2 =2 |q|—2]’ and so we obtain

¢ = [b]L1,q,—2[b]" = —2[al/(lg] - 2).

Moreover, X(X1,q,—2) = |q| +4, and s = |q| + 3. So we compute

—q*—7q— 14

d3(&1,9,—2) = —49-8

eIfp=0,9g=1,r=-2, then &,,— and Ly,;,—2 are given in Figure 15.

(a) (b)

—1

Figure 15. (a) The contact structure & ; —» on S3#L(2,1) = L(2,1),
(b) The corresponding framed link 1Ly 1 —s.
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One can get ¢1(§o,1,—2) = 0, so we need d3(&p 1,—2). The corresponding linking matrix is

I — 1
-1 -2 -1 -1 00

Log=0L-b -1 -1 =L L b 2 0 L1
-1 -1 0 001

We diagonalize L 1,—2, and obtain the matrix on the right. So o(Lo1,—2) = 1. We find
that the system Lo ; —o[b]" = [rot(K;) rot(Ks) rot(Ks)]" =[1 1 0]" has the solution
[b] =[00 —1], and so ¢ = 0. Also we have X(Xp1,—2) = 4 and s = 3. So we get
ds(80,1,—2) = 174 = d3(n2) which implies that &; ; —5 is isotopic to ns. Thus, bn(&p 1,—2) =
2 by Theorem 1.1.

e If p=0,9 = —1,r = =2, then the contact structure & ; —» on L(2,1) and the link
ILp,—1,—2 describing Xy —1 —2 are given in Figure 16. It is easy to check ¢;(§y—1,—2) = 0,
so we compute d3(§g,—1,—2):

(a)

Figure 16. (a) The contact structure & —; —» on S?#L(2,1) = L(2,1),
(b) The corresponding framed link Iy —; —s.

The corresponding linking matrix is
—1

[ — 1
-1 —2 -1 -1 -1 2 0 0 0 0
b -1 -1 -1 -1 o]l-1 0 0o o
Lo-ro=F—1 -1 0 0o ofF4 F o 1 o o
1 -1 0 0 -1 ol 0 0 -1/2 0
-1 -1 0 -1 0 0O 0 0 0 2
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We diagonalize Ly —1,—2, and obtain the matrix on the right. So o(Lg—1,—2) = 1. The
system

Lo.—1,—2[b]" = [rot(K,) rot(Ky) rot(Ks) rot(K,) rot(Ks)]" =[1 1 0 0 0]"

has the solution [b] =[0 0 —1 0 0] which yields c? = 0. Also we have X(Xo —1,—2) = 4
and s = 3. So we get d3(§p—1,—2) = 5/4 B 1/4 = d3(n2). Therefore, &, —1,—2 is not
isotopic to n2, and so bn(§y,—1,—2) = 3 by Theorem 1.1.

e If p=—1,q = 2,r = —2, then the contact structure {_; 5 —> on L(4,1) and the link
L_; 2 —o describing X_; 2 —o are given in Figure 17. We compute that ¢;(§—1 2 —2) = 0,
so we need to find ds(§—1 2 —2).

(a)

Figure 17. (a) The contact structure &, o _» on L(4, 1),
(b) The corresponding framed link L_; o _s.

The corresponding linking matrix is

L1 1 L1
-1 -2 -1 -1 -1 2 0 0 0O
p -1 -1 -1 -1 H —1 0 0O
L—1,2’—2 = 1 -1 -2 0 0 + 0 0 -1 0O
=1 -1 0 0 -1 ¢4 0 010
-1 -1 0 -1 0 0 0 0 0 2

We diagonalize L_; 5 —5, and obtain the matrix on the right. So o(L—12—2) = 1. The
system

L1 9—o[b]" = [rot(K;) rot(Ks) rot(Ks) rot(K,) rot(Ks)]" =[1 1 0 0 0]"
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has the solution [b] = [1/2 1/2 —1/2 —1 —1], so we compute c? = 1. Moreover,
X(X<1,2,—2) =6 and s = 4. Then we get d3(§—1,2,—2) = 1/2 E —1/4 = d3(n4). Therefore,

&_1,2,—2 is not isotopic to ng4, and so bn(§—; 2,—2) = 3 by Theorem 1.1.

P q resulting M ()| e1(€) CH?(M) dz(€)
S0 Leno=1) 8 | otz | (r+1/4
e A T s 2oy |12
2 ] Lr=2-1) | 3 | 20Z, |(?=3r+6)/(4r—8)

2t or2— P —r2— g —r

THes-Lermemn et D |3 e Dy | TSR
—_—y — — 2 r2—q2—r2—6qr+5q+5r

ez [Hermamnma D) | 3 B, | PR
0l 0 Stx SPL(,-1) | 3 | oLZACZY | (r=D/4
o1 S#Le,-Y) |2 | oA | (cr+3)/4
0 jg=—2| Llgl, D#LC. - | 3 | 007, £Z1 | o (@+r+2)/4
0 |g¢=2 | L@ -D#L(n-D) | 3 | oz, CZ] | | (g+r—=4/4
T e 2 Lr+2-1) | 3 | rZp | (P+r+2)/(4r+8)
T L@r+1,=2) | 3 | r[Zhss | (P=2r=1)/(4r+2)
1|g=—3|Lar+a+r=q=1) | 3 |r [Zgpujyy | LI glrrtarSorde

1l qg=2 Ligr+q+r,—qg—1) 3 r EZl]r+q+7‘ q2r+qr2-23jizz:izr—3q—3r

Table 7. Thecaser > 2 (Jp| <2or|q] <2).

In Table 7, we do not need any computation to find bn(§): For any row, we can use
Remark 3.1. For example, in the 15t row, we have an overtwisted contact structure on
the lens space L(m, —1) for some m = 1. Therefore, the resulting contact manifold is not
listed in Theorem 1.1, and hence we must have bn(§) = 3.

In Table 8, we need to compute the binding number bn(¢) for the rows 1, 3, 7, and 10.
For the other rows, see Remark 3.1.

elfp=1,9g=—-2,r <—2,& —o is an overtwisted contact structure on L(|r +2|,1). Itis
not hard to see that ¢;(&1,—2,r) = 2 [Z;—. Therefore, we immediately get bn(&; q,—2) =
3 because ¢1(Njr42)) = 0.
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p| q resulting M [bn(®)| ¢:(§) CH*(M) ds (®)
T e B Ldr+2lD) ] 3 | 20An- | (2 +7r+14)/(4r +8)
T e DU s pzloommy v2
1] o L(Irl. 1) 2 | oz, (=r| +3)/4

—— 2r+qr24+q2+r2410qr+9q+9r
1 jg=-3 L@ +ag+r—a-11 3 ||[r] CZq)r|—jg—rt| T2 Zfqr+4q+4rq ;

1 |g=1|L@r+a+r=a=1) 3 ||r| CZyr|—qur] q°r+qr’+9°+r’+4qr439+3r

IqrAgtar
0| 0 | stxsmqry | 3| orArZy | (Irl+S/4
L e S#L(rLD) | 3 | 0CAq | Irf+n/4
0 Ja=—2 L. D#LArLD | 3 | 0 CZg 2 | @Q+r+g74
0 Ja=2| L@-D#FLALD | 3 | orCZy CZy | @+r+2)/4
2 LAr=2.1 | 3 | Il Ednsz (=12 =3r+6)/(—4r +8)
11 =1 L(—2r+1,2) 3 [r| CZbjr41 |(—r? — 6r +3)/(—4r +2)

o 2r+qr2—g®—r?+6qr—79—7r
—llg=-2 L@ —a-r—=4+D| 3 |Ir| Caririgi| = mgr—tgen

2 2_~N2__ 2
-1|9g=3 L@r—q—r—q+1) 3 Ir] LZhiri4q—1r] 4 r+(jl[:|r—(ilq—ilr =

Table 8. Thecase r <—2 (|p| <2 or |q| <2).

e Ifp=1,q9=0,r < —2, the contact structure &, o on L(|r|,1) and the link L, o , are
given in Figure 18. It is easy to see that ¢,(&;,0,r) =0 [Z, so we need d3(&1,0,r): The
corresponding linking matrix is on the left below. Diagonalize L; o to get the matrix on
the right. Therefore, o(L; o) = |r| — 1.

(—1-2-2 ... —2:—1) 10 0 0 0
—2-1-2 ... -21—1 020 0:0
—2-2-1 L 002
L]_’O,r et : ‘ diaitii)ze : °
—1-2: . 2 0
—2-2 —-2-1-1 00 0 1/2:0
-1-1 ... -1.0 | oo ... 0 =3

The system
Llyolr[b]T = [I’Ot(Kl) rOt(Kg) s rOt(K|q|+1)]T = [1 ) O]T
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(a) (b)

each
framing

Kir S|

Irl &
(=]

copics

Kir+1

+1

Figure 18. (a) The contact structure & o, on L(|Jr|,1) for r < —2,
(b) The corresponding framed link L g r.

has the solution [b] =[0---0 —1], and so we obtain c? = 0. Moreover, X(X10.r) = |r|+2,
and s = |r| + 1. So we compute d3(&1,0,r) = (—|r| + 3)/4 = ds(n;) which implies that
&1,0,r is isotopic to ny on L(|r|,1). Thus, bn(&; 0,r) =2 by Theorem 1.1.

e Ifp=0,9 =—1,r < —2, the contact structure & —; » on L(|r|, 1) and the link Ly —;  are
given in Figure 19. Again we have ¢;(§o,—1,r) = 0 [CZ, so we need to find d3(&o,—1,r):
We diagonalize Lo —;r and get the matrix on the right below. So, we conclude that
o(Lo—1,r) =1Ir|—1.

(-1-2-2 ... -2 -1-1-1) (1. 00 00 0 0)

-2-1-2...-2:-1-1-1 2 0 0 .0 0 O

—2-2-1 - 0 0 2 Co

. B : T B . |diagonalize| , : :
LO,—l,r: . . —1 _23 —_ |- . 2 0

-2 -2 —2-1'-1-1-1 00 0 1/2:0 0 O

-1-1 ... -1:0 0 0 00 ... 0 =30 0

-1-1 -1:0 0 -1 00 00 2 0

~1-1 ~1°0 -1 0 0 0 0 ‘0 0-1/2
The system

Lo,—1,r[b]" = [rot(K:) rot(Kz) - rot(Kjq3)]" =[1---1000]"
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(a)

Kir|

Irl [3
copies =

Figure 19. (a) The contact structure &, —; r on L(|r|, 1) for r < —2,
(b) The corresponding framed link Iy —1 .

has the solution [b] = [0--- 0 1 0 0], so we get ¢ = 0. Also X(Xj,q,—2) = |r| + 4, and
s =|r| + 3. So we compute d3(&o,—1,r) = (—[r| + 7)/4 8 (—|r| + 3)/4 = d3(n}r) implying
that &, —1,r 2 Ny, On L(Jr], 1). Hence, bn(&y,—1,r) = 3 by Theorem 1.1.

elfp=-1,9=2r <-2, we have bn(§—1,2,r) = 3 because ¢1({—1,2,r) = || [Z} ;2. We
compute ¢, (§—1 2,r) as follows: We use the linking matrix L_; 5  to get the representation

Hi(M) = Ol Mo, Hyrpesl |——1,2,r[l-1]|Tr|+3 = [0]ﬁf|+3 tJ
= Ol (r]+2)p =0 B2 .
Moreover, using the relations given by L—; >, we have gy = Mo+ = Wy (Wi’s are the

meridians as before). Therefore, we obtain
C1(E-12,) =PD7 (W +-- - + Hirp) = PD(Ir|uy) = Ir| CZr) 42

To finish the proof, in each table above we find each particular case for (p,q,r) such
that the corresponding contact structure &, 4, has binding number 2. Note that the
conditions on p, g, r given in the statement of the theorem excludes exactly these cases.
This completes the proof. —1

4. Remarks on the remaining cases

Assume that r = 0,1, |p| = 2,|q| = 2. We list all possible contact structures in Table 9.
These are the only remaining cases from which we still get lens spaces or their connected
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sums. Notice that we have already considered the cases (—2,q, 1), and (2,q, —1) in Tables
3 and 4, so we do not list them here.

r P q resulting M c1(€) CH?(M) dz(€)
Olp=2 | q=2| Lp,-D#L(e,71) | 0CA LZ | bra=4/4
Olp=2 j¢=72 Llp,7D#L>gl,1) | 002 L2 | pra+2)/4
O p=7219=72 L(p,1)#L(ql, 1) | O CZp CZh | prg+8)/4

1| p=2|q=2|La+p+aq—a=1)| —p [Zhgrprg "z“pqziﬁﬁﬂfﬁiﬁq*apfgq

1| p=2|g<—2|Lpa+p+4¢,=9—1)|—p [Zhq_p+i —p2q+pq2;)zi:%i:tpq+3p+3q

L |p<—2)q < =2| Lpa+p+q.=0 = D)|p CZpjiqaprig | TP Pt e o0
1 p>2|0>2 | Lo pma et ) op (2 poq | PR
TUp>2 o2 H00mrme et Doy D | PR
“llp=-2lg= -2/ Lpg—p— ¢ =0+ 1)|p CZpiq/+p|+a| pzq+pq2;g::i:izq—7p—7q

Table 9. Thecaser =0,%1, |p| =2, |q| = 2 (bn(§) = 3 in each row).

As we remarked in Section 1 (after Theorem 1.3) that one can obtain the complete list
without any repetition: We first simply find all distinct homeomorphism types of the
manifolds which we found in Table 2 through Table 9. Then on a fixed homeomorphism
type we compare the pairs (¢q,ds) coming from the tables to distinguish the contact
structures.

Suppose now that M is a prime Seifert fibered manifold which is not a lens space. Then
as we remarked before we have |p| = 2,|q] = 2, and |[r| = 2. Then two such triples
(P, 9, 1), (P5a5rY give the same Seifert manifold Y if and only if

1 . 1 1 1 1 1

p g r pY go r®
and (p5q5'rY is a permutation of (p, g, r) (see [IN], for instance). Notice that we can drop
the first condition in our case. Switching p and g does not change the contact manifold
as we mentioned before. On the other hand, if we switch r and p (or r and q), we might
have di [erent contact structures on the same underlying topological manifold.

Another issue is that there are some cases where the first homology group H: (Y (p,q,r))
is not finite. Indeed, consider the linking matrix L of the surgery diagram given on the
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right in Figure 2 as below.

L1 L1
0111
_FHFHp 00
L=Edo ¢ o
1 00 r
The determinant det(L) = —r(p+q) —pg = 0 implies that r = — 4. Thus, if r 8 — 2%,

then Hi (Y (p, g, r)) is finite, and so d3(&p.q,r) is still computable since ¢, (&p q,r) is torsion.
For instance, ifp=2,=2,r=20rp<—2,4 < —2,r < —2, than det(L) £ 0, and so we
can distinguish the corresponding &, 4,r by computing the pair (¢, ds). Whereas if the
sign of the one of p, q, r is dilerknt than the others’, then we might have det(L) = 0. For
instance, for the triples (4,4, —2), (3,6, —2) and each nonzero integer multiples of them,
det(A) = 0. So more care is needed for these cases.

We would like to end the article by a sample computation. Assume that det(L) & 0, and
that r <2,p = 2,q < 2 (similar calculations apply for the other cases). We compute the
first homology of M =Y (p,q,r) as

Hi(M) = O, M2, - Mpygtirl Lp,q,r[“];—+q+|r| = [0]g+q+|r| (.
= Ij“l‘llvl‘“llr|~i>11H-p«Hrll R11R21R3 I:I
where the relations of the presentation are

Ri: =@Irl=Dmi — (= DHyrir — 9l +DMpyyry = O

Ry : P Hyri+1 - 9] Hp+yr| =0

Rs: =l - PHr|+1 =0
While getting these relations, we also see that p; = s - - -y (recall p;’s are the meridians
to the surgery curves in the family corresponding to r for i = 1,--- ,|r|). Then using this

presentation, and knowing that ¢, (§pq.r) = PD™(|r|t1), we can evaluate (understand)
¢1(Ep.q.r) in H2 (M) EHL(M).
Now if ¢1(§p,q,r) CH?*(M) is a torsion class, then we can also compute ds(&p.q,r) as follows:
By solving the corresponding linear system we get
2= plallr] _
plal + plr| —lallr|
Moreover, we compute 0(Xp,q,r) = 0(Lpg,r) = —p+ || +|r[, X(Kp,q,r) =P+ a| +|r| + 1,
and s = |q| + |r| + 1. Hence, using Corollary 2.8, we obtain
8pqr + p2q + p2r +4pg? + 4qr2 —pr2 —g?r —pgq — pr —qr
dB(Ep,q,r) = 2 .
pq + 4pr + 4qr
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