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An introduction to reduced volume

Peng Lu

ABSTRACT. In these lecture notes we give an introduction to Perelman’s theory of
reduced distance and reduced volume. We begin with a quick introduction to some
classical results about Riemannian manifolds with nonnegative Ricci curvature, and
we end with two applications of the monotonicity of reduced volume.

1. Introduction

In Riemannian geometry we study the geometric properties of Riemannian manifolds,
such as the relation between curvature and topology, the existence of metrics satisfying
certain curvature conditions, and properties of various other geometric quantities. Such a
study often requires us to consider collections of Riemannian manifolds, one such example
is the Cheeger-Gromov compactness theorem and its applications. A special case of
collections of Riemannian manifolds is a one-parameter family of Riemannian metrics
g(s) on a given manifold M, this is used by S.T. Yau in his celebrated proof of the
existence of Ricci flat Kéhler metrics using the continuity method. Ricci flow, introduced
by R. Hamilton, is a one-parameter family of metrics §(¢), t € (a,T), which satisfies
the flow equation 2 §(t) = —2Rc(g(t)) where Re(g(t)) stands for the Ricci curvature of
g(t). We hasten to add that Ricci flow is a very special one-parameter family of metrics.
Through the work of G. Perelman on smooth Ricci flow we clearly see that there is an
organic relation between the time variable ¢ and the space variables in Ricci flow, which
suggests some kind of space-time geometry. In these notes of a mini-course we give an
introduction to two key notions which support the space-time viewpoint: reduced distance
and reduced volume.

Because of the analogy between Ricci flow and the geometry of Riemannian manifolds
with nonnegative Ricci curvature, we begin the lectures with a quick review of some
classical global results which hold on any Riemannian manifolds with nonnegative Ricci
curvature. The purpose of §2 is to help the reader to understand the results and calcula-
tions that appear later in §3 and §4 about the reduced distance and the reduced volume,
respectively. In §5 we give two applications of reduced volume, in particular, the no local
collapsing theorem.
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As always going back to the source (original article(s)) fundamentally helps one’s un-
derstanding of math, for reduced distance and reduced volume we strongly suggest that
the reader consults Perelman’s paper [Pe02], in particular, §7, §8, and §6.

We assume that the reader has some exposure to Riemannian geometry and Ricci flow
before.

We end this introduction with a warning and a list. In these notes we have swept
under the rug the issue about how to do calculus at cut-locus points where distance
function r(-) is not smooth. There are standard procedures to handle it: Calabi trick or
barrier functions. In the calculation below we pretend that r(-) is smooth. Similar issue
exists for the reduced distance (e.g., §3.2A) and the issue can be solved using barrier
functions, again in the calculation below we pretend that the reduced distance is smooth.

Conventions and notations:

We adopt Einstein summation convention

g(x,t): the inner product on the tangent space at point  defined by metric g(t)
R: scalar curvature

R(x,t): scalar curvature of metric g(t) at «

Re: Ricci curvature. R;; = Ryprj = R’,jij

Re(zx, t): Ricci curvature of metric g(t) at x

Rm: Riemann curvature tensor; Rm (52, 52 ) 52 Rl]kazl and Rijri = gip Ry,
Rm(x,t): Riemann curvature tensor of metric g(t) at =

Distance function: r(z) = d(p,z) for some point p

Lapalace-Beltrami operator: A = f L (\/|g|gij%) where |g| = det(g;;)
Volume form: du, = +/|g|dz!

2. Riemannian manifolds with nonnegative Ricci curvature

Throughout this section (M™, g) denotes a smooth n dimensional complete connected
oriented Riemannian manifold with Rc > 0. Mainly this section is about the distance
function.

2.1. First variation of length
2.1A. Length. Given a smooth path v : [a,b] — M, its length is defined by

/ | (w)|du (2.1)

where |¥(u)| is the length of the tangent vector ¥(u) = %. Given two points z,y € M
the distance between them is defined by

d(z,y) = inf L
(@y) {vv(a)=2z,7(b)=y} ™

where v runs through smooth paths.
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2.1B. First variation of length. Now we compute the first variation of length.

Let vs(u), s € (—¢,€) be a smooth family of smooth paths with vy = v parametrized by

arc-length parameter v (i.e., |¥(u)| = 1). Denote Y = %‘ to be the variation vector
s=0

field. Then using Vy 4, — V5, Y = [V, 4] = 0 and integrating by parts we get

d

b
e IRTCAR A TNORNCI R S

2

s=0 s=0

b b
- / (5, V5Y) du = / (3((3,Y)) — (V4 V) du

b
— (3,Y) (b) - (3,Y) () - / (V44,Y) du.

Hence the critical point equation of the length functional L on the space of smooth
paths with fixed end points is

Vi =0. (2.2)

This is the equation of geodesics. Any path that satisfies (2.2) is called a geodesic.
In local coordinates = (z%) the equation is the following system of ordinary differential
equations (ode)

' - de?  dz®

IR e S 2.3
S+ Ta() S S =0, (23)
where F;k = 19" (8;91k + Orgji — Dug;x) is the Christoffel symbol.

2.1C. Jacobi field. Consider the set of all geodesics defined on [a,b] and call it the
moduli space of geodesics, the tangent directions of this space satisfy a second order

linear ode. Let v4(u), s € (—€,€) be a smooth family of geodesics with v9 = 7. Let
Y = % be the variation vector field of «4. Taking the Vy-derivative of the geodesic

s=
equation V4, s = 0, we have

0= VYV"YS'VS = V%VY'VS + Rm (Yv '75) '75.

Using [Y, 5] = 0 and evaluating at s = 0, we get the Jacobi equation
V5V45Y +Rm (Y,4)4 =0. (2.4)

Any vector field Y along a geodesic v which satisfies (2.4) is called a Jacobi field.

2.1D. Exponential map and Jacobian under geodesic spherical coordinates.
Consider the initial value problem of second order ode (2.2) by choosing a point p € M
(corresponding to the value of {z°(0)} in (2.3)) and a unit vector V € T,M (corre-
sponding to the value of {%(O)} in (2.3)). This defines the so-called exponential map
exp,(uV) = v(u). There is a star-shaped open connected subset 0 € €2, C T;, M such that
exp,, : 2, — M \ Cut,, is a diffeomorphism. Here Cut, is the so-called cut locus of p in



LU

Let r(z) = d(z,p) and let (6',---,6"1 r) be local spherical coordinates on T, M —{0}.
Then the inverse map exp;, ! M\({p}UCut ) — ,\{0} defines the geodesic spherical

coordinates of M. By Gauss lemma g( B> 87“) =1 and g( 597> 8T) 0,a=1,--- ,n—1,
and hence the metric can be written as

g = dr® + g.,dfde®. (2.5)
The volume form can be written as
dp = /det(gqp) dO* - - - do™dr.

J = y/det(gqp) is called the Jacobian of the exponential map. The area form on
the sphere S(p,ro) of radius ry and centered at p can be written as

do = Jdo' A ---do" . (2 6)

Recall Hessian Hess f of a smooth function f on M is defined by (Hess f)(X

X(Yf)— (VxY)f for any X,Y € T, M. It follows from (2.5) that | 2| =1, Vo
and (Hessr)(%, %) = 0. Hence |Hessr|*> > L (Ar)2

2.1E. Mean curvature of spheres. We continue to use geodesic spherical coordinates

(6',---,6""1,r). Let h denote the second fundamental form of S (p,ro). Note 2 is
the unit outward normal vector field to S (p,r¢). From equation (2.5) we have

o 0 o 0
h“"_h<aaa’aeb> - <V>

) ] . 10
=g Voegm) = T = g0

Hence the mean curvature H of S (p, ro) is given by

H = g%hy, = 5gabaa Gab = 1og Vdet (gap) = logJ (2.7)
On the other hand the mean curvature H can be computed as
g 0 a 0 o 0
H_<v02a67"39a>_<v32a87"’39a>+<v£a’r787’>_Ar (28)

2.2. Bochner formula for functions and its consequence

2.2A. Bochner formula. Let f be a smooth function on M. We compute the commu-
tator [A, V;]f as

AV f=V,ViV,; f =V, V;Vif =V,;ViVif — RijuVif = V;Af + RV, f. (2.9)
We also compute
AV =2V(Vif - ViV;f) =2V, Vif -V, Vi f +2V,;f -V, V,V;f.
Hence we get the Bochner formula for f

AV =2|VVF? 4+ 2R VifVif +2VifVi (Af). (2.10)
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2.2B. Laplacian comparison theorem. In (2.10) let f(xz) = r(z) be the distance
function. Using Re > 0, |Vr| = 1 and [Hessr|> > —L-(Ar)? we get

0 1 5
8T(AT)+n_1(AT) <0
n—1

Since Ar — asr — 0% and 2 (21) + L (2=1)2 = 0, from the differential inequal-

ity above and the ode comparison property we conclude the Laplacian comparison
theorem on complete manifolds with Rc > 0

n—1

Ar <

- (2.11)

2.2C. Bishop-Gromov volume comparison theorem. Let A (rg) be the area of
sphere S (p,79). Then by (2.6), (2.7), (2.8), and (2.11) we have

d d
ZA®r) :/ gt p - dgnt :/ HJdO' A ---do" " <
gn-1 S(p.r)

n—1

A(r).

dr T T

Integrating this differential inequality, we see that
A (1"2)7“?_1 <A (rl)rg_l for ro > r1 > 0.

Integrating again we get

T2 T1 2 1
nwn/ dTg/ Alra) r’ffldrl < nwn/ drg/ A(ry) rgfldrl,
0 0 0 0

where w,, is the volume of unit Euclidean ball.
Let B (p,ro) be the ball of radius r¢ and centered at p, and let Vol B (p, ) denote the
volume of the ball. Using Vol B (p, 7o) = [;° A (r) dr the inequality above can be written

as
Vol B (p, r2) < Vol B (p,r1)

wnTy - wn Tl

for ro > 171 >0, (2.12)

ie., %ﬁf’ﬂ is a monotone decreasing function (compare with (4.7)). (2.12) is the

Bishop-Gromov volume comparison theorem for complete manifolds with Rc > 0.

2.3. Differential Harnack inequality

2.3A. Li-Yau Harnack estimate. Now we discuss Li-Yau differential Harnack estimate
for positive solutions of heat equation %7; = Au defined on (M™,g). Let L = logu and

@ = AL. We compute the evolution equation of L as
oL 1

2 Au=AL L.
5 = u U +|VL|
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We compute the evolution equation of @) as

%? = A (gt ) = A (AL+ |VL|2)

= AQ+2(AVL,VL) +2|VVL|?
= AQ+2(VALVL) +2Re(VL, VL) + 2|VVL|?,

where we have used (2.9) to get the last equality. Hence, from Re > 0 and |[VVL|?
L(AL)? we have

ELQ > AQ+2(VL,VQ) + %QQ.

From this inequality and the maximum principle we may deduce the following Li-Yau
differential Harnack estimate for positive solutions of heat equation on complete
manifolds with Rc > 0

Q:AloguZ—%. (2.13)

|=|2

Note that the equality above is satisfied by the heat kernel u = ~7a on Euclidean

1
(@nt)yn/z €
space R".

2.3B. Harnack estimate for heat kernel. The following estimate is proved by Lei Ni
in 2004 (J. Geom. Anal. 14, 87-100). Let H = ~/ be a heat kernel of (M™, g)

with Rc > 0. Then for ¢t > 0

1
(471’25)"/2 €

t2Af — [VfI?) + f —n <0. (2.14)

This estimate is closely related to Perelman’s Harnack inequality ([Pe02], Corollary 9.3).

2.4. Second variation of length

2.4A. Second variation formula. Let v,(u), u € [a,b], s € (—¢,€) be a smooth family
of paths. Assume that vyo(u) = y(u) is a geodesic of unit speed (i.e., |¥(u)| = 1). Denote

_ Ovs
Y= %5

to be the variation field. We compute

s=

d2
ds?|,

/ [¥s(w)| ™ - (Ys, Vys) du
=0 s=0

/' (3, Vi)’ <vy1VwY>+¢mvyva0du

b
= [ (WY P = (93290 4 (R (V) V) + (3,9395 1))
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Hence the second variation of length at a unit speed geodesic 7 is given by

d2
@SZOL(%)
b
= [ (195 P = (95Y4)? - R (1)) ds + (Vy YAl (215)

2.4B. Index form. Let «y : [a,b] — M be a geodesic. The index form is defined by
b
IV,W) = [ (95, 95W) = (Ran(Vi4)3. W) du, (2.16)

where V' and W are vector fields along « vanishing at y(a), v(b) and perpendicular to 4.
Note that (V4Y,4) = 0 when Y in (2.15) is perpendicular to 4, hence as a quadratic form
of Y the right side of (2.15) gives rise to the bilinear form (2.16).

The Index lemma says the following. Suppose there is not any pair of conjugate
points on geodesic y(u), u € [a,b]. Given A € T, (oyM,B € T, M with (A,%(a)) =
(B,4(b)) = 0, the unique Jacobi field J along v with J(a) = A, J(b) = B, satisfies

1(J,J) < I(W,W). (2.17)

Here W is any the vector field along v which is perpendicular to 4 and satisfies W (a) =
A, W(b) = B.

2.5. Some other results

There are other theorems that hold for all complete manifolds with Rc > 0. Here we
give one example. Recall that a geodesic v : R — (M, g) is called a line if L(7|[a7b]) =
d(v(a),v(b)). The Cheeger-Gromoll splitting theorem says the following. Let
(M™,g) be a complete Riemannian manifold with Rc > 0. Suppose there is a line in
M, then (M, g) is isometric to R x (N"~! h) with the product metric. Here (N,h) is
a complete Riemannian manifold with Rc > 0. The proof uses Busemann function, an
important function in the study of noncompact Riemannian manifolds.

3. The reduced distance

The reduced distance and reduced volume are formally introduced by Perelman in
[Pe02], §7. The motivation he gives in §6 is both interesting and mysterious. From the
work of Perelman and others it is evident that the reduced distance and reduced volume
are fundamental tools in Ricci flow. It is desirable to find more applications of them.

In this section we establish various identities and inequalities about reduced dis-
tance. Some of these inequalities will be used in next section to show the finiteness
and monotonicity of reduced volume. Since formulae in this section come out of relatively
lengthy calculation, here we only provide glimpses of these calculation, readers can either
figure out the detail themselves or find the detailed calculation in the literature.
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Throughout this section N™ is a n-dimensional connected oriented manifold, and
(N™ g(1)), 7 € [0,T], is a solution to the backward Ricci flow %9(7’) = 2Re(g(7))
with bounded Riemann curvature sup;, (o )| Rm(z, 7)| < co. We assume that g(7) is
complete for each 7 € [0,7] (called complete solution). Below, the notation V, A, R,
Rec, Rm stand for connection, Lapalace-Beltrami operator and curvatures defined by g(7).

3.1. First variation formula of £-length

3.1A. Definition of reduced distance. Let v : [0,7] — N be a smooth path with
7 <T. The L-length of v is defined by
2
7 ) d7. (3.1)
9(7)

Fix a point p € N, the L-distance from (p,0) to (z,7) € N x (0,7 is defined by

L(x,7)= inf L .
(@) {yv(0)=p,y(r)=x} ™

We call (p,0) the basepoint. A minimizing path in the definition of L-distance is called
a minimal L-geodesic. The reduced distance is defined by

L(xz,7).

1
! =
(z,7) = 3 7
3.1B. First variation of L-length. Let 7,(7), 7 € [0,7], s € (—¢,€), be a smooth
family of smooth paths with 79 = . Let X =4, and let Y = %is‘ be the variation
0

s=

field. The first variation formula for £-length is given by

1d
idi 5(%)

= V7 YX /\fY ( R—iX VxX —2Re(X ))d%, (3.2)

where the covariant derivative V = V(z)
If ~ is a critical point of the £-length functional (3.1) among smooth paths with fixed
endpoints, then v is called an £-geodesic. From (3.2) we get the £-geodesic equation:

1 1
VxX — JVR+2Re(X) + =X =0. (3.3)

3.1C. Calculating (3.2). We compute in a way similar to the deduction of the first
variation formula for length (§2.1B).

d T (o N d |07 .| .
££(7s)=/0 ﬁ((%R(%( ), T )+% o7 (7) g(‘}")) dr
=/Tﬁ(<VR,Y>+2<va,X>)d%. (3.4)
0



An introduction to reduced volume

Using
(Vo X, X) = (VY X) = L g (¥, X)] (¥, Vx X) ~ 2Re (¥, X),
we get
33600 = [V (GIVRY) 4 L 00X) - (. VxX) - 2Re () ) a7

(3.2) follows from integration by parts

T d 1 /71 T
Vi, x d%:—f/ YV, X)dF+ V7 Y,X‘
| g wxa -3 [ ) v
3.1D. Other form of (3.1) and (3.3). Sometimes we need to use the following para-
metrization:

&=2V7 and B(5) =~ (5/4). (3.5)

Then we may rewrite L-length as

o=2/T 5_2 d 2
L(y)= / (4R (8(3),5%/4) + d—@ () ) dé, (3.6)
0 7 lga2/4)
and L-geodesic equation as
5_2

VzZ — §VR+5RC (Z) =0, (3.7)

where Z (6) = dﬁg}) = VX (7). A simple consequence of (3.7) is that solutions to the
initial value problem for § exist. Consequently the minimal £-geodesic between any two
points exists.

3.2. First order derivatives of L-distance
In this subsection we give some consequences of the first variation formula of £-length.
Below L-distance is defined using the basepoint (p,0).

3.2A. Spatial derivative VL. Given Y € T,N, by choosing a family of minimal
L-geodesics v5(7), T € [0,7], s € (—¢,¢€) such that v5(0) = p, d%‘s:o vs(T) =Y, and
L(vs) = L(vs(7),7), we get from the first variation formula (3.2)

d

(VL (z,7),Y) = o B

L(v) = (2V7X (1),Y).

Hence the spatial derivative of the L-distance function
VL(x,7)=2J7X (1), (3.8)

where X is the tangent vector field of the minimal £-geodesic v = 7 from (p,0) to (z, 7).



LU

3.2B. Time derivative —gf. We compute, using the chain rule and (3.8),
OL OL (v (7),7) d
i =——— 7 = _ (L - VL - X

_ % [/OTﬁ<R(7(%),%)+‘;ZZ(%)
=7 (Ri@,7) +IX (]7) = 2v71X (7).

Hence the time-derivative of the L-distance function
OL

o @.1) = =7 (Rl@.n) +1X (1)) +2V7R (@,7), (3.9)

where X is the tangent vector field of the minimal £-geodesic v from (p, 0) to (x, 7).

) d%] —2V7|X (7))

3.3. Second variation formula of L-length

For the purpose of getting information about the second order derivatives of L-distance,
in this subsection we compute the second variation of L-length.
3.3A. Second variation formula of L-length. Using (3.4) and the notation in calcu-
lating the first variation formula we have

FLO)| / V7 (Y (Y (R)) + 2 (VyVy X, X) +2 |VyX|2) d7.
ds? |, 0
From
(VyVy X, X) = (VyVxY, X) = (Rm (Y, X) Y, X) + (VxVy Y, X),
it follows
d*L (s)
ds? |,

- / V7 (y (Y (R)) +2 (Rm (Y, X) Y, X) +2(VxVyY, X) +2 |VYX|2) dr.
0

To get a better form for the term 2 (VxVyY, X), we have

d 17) 0

L AVYY, X) = (VxVyY, X) + (Vy Y, Vx X) + 2 (VyV, X) 4+ ( (=V) v, X)),
dar or ot )y

this is because both the inner product and the connection in (VyY,X) depend on 7.
Using

<< 2 v)yY,X> =2(Vy Re) (Y, X) — (VxRe) (Y,Y)

o
(derived from the formula for Christoffel symbols), we get
d
pE (VyY, X) =(VxVyY, X) +(VyY,VxX) +2Rc(VyY, X)
+2(VyRe) (Y, X) - (VxRe) (Y)Y). (3.10)

10
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Hence
d*L (7s)
ds?

= [T VE(Y (@) +2 R (V) V. X) + 2y X a7
0

T 4 7Y, X)) —(VyY.VxX)—2Rc(VyY, X
+2/\/;<d7—<y7><yvx> C(Y’)d%
0

s=0

—2(Vy Re) (Y, X) + (Vx Re) (Y, Y)

= [ VE(Y (@) +2 R (V) V. X) + 2 X a7
0

T —(VyY,VxX)—-2Rc(VyY, X) .
+2/0 ﬁ( —2(Vy Re) (Y, X) + (Vx Re) (V,Y) )dT

T T 1
+ 2VF (VyY, X)‘O —/ 2Ty X)dn
0

Assume g is an £-geodesic and

Y (0) =0, (3.11)
we compute using integration by parts,
d2£ s T Y(Y (R)) —VnyR
(27‘) :2ﬁ<VyY,X>+/ V7 , | d7
ds* =g 0 +2(Rm (Y, X)Y, X) + 2|Vy X]|

T —(VyY,[VxX +2Rc(X) - LVR+ £X]) \ _
+2/0 ﬂ( —2(Vy Re) (Y, X) + (Vx Re) (V. Y) )dT

=27 (VyY, X) + /T V7 (V%YR +2(Rm (Y, X)Y, X) +2 |VYX|2) d7
0
+ /T V7 (—4(Vy Re) (Y, X) + 2(Vx Re) (Y, Y)) dF,
0

where V3 R denotes the Hessian (Hess R)(Y,Y).
We have derived formula (7.7) in [Pe02].

Lemma 3.1. Let v : [0,7] — N be an L-geodesic and let vs be a smooth variation of
v = 9. Assume the variation field Y = %% satisfies Y (0) = 0. The second variation of
L-length is given by

TLC)| —ayr(wyv.x) ()
S s=0
T~ ViyR+2Rm(Y,X)Y,X)+2|VyX[" ) _
" /0 Vi ( —4(Vy Re) (Y, X) +2(Vx Re) (Y, V) ) ar. (3.12)

3.3B. Another form of the second variation formula of L-length. To write the
second variation formula of L-length in a better form (relating to Hamilton’s matrix

11
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Harnack quantity), we need to introduce a term (22 Rc) (Y,Y) into (3.12). Note that
Re (YY) = Re(y(7),7) (Y (7),Y (7)), we have

i% [Re (Y,Y)] = <§% Rc) (Y,Y) + (Vx Re) (Y, Y) + 2Re (Vy Y, Y) .

It follows
_/Off(;TRc) (Y,Y)d7 fRC(Yy)‘ N
+ /OT N (2~ Re(Y,Y) + (Vx Re) (Y,Y) 4+ 2Re (VxY, y)) 7.

Hence we can rewrite (3.12) as

d2£ (%) — 27 (VyY, X) + 27 Re (Y, Y)

=0

<<28~ Re 4 Rc) (Y,Y)+V2,R—2|Re (Y)|2> dF
or T ’
(2(

/ V7 (2(Rm (Y, X)Y, X) —4(Vy Re) (Y, X) + 4 (Vx Re) (Y, Y)) d7
+/ 2T |VxY +Re(Y)| d7.
0

In the above formula by substituting Hamilton’s matrix Harnack quantity

H(X,Y)= ((g Rc> (YY) = ViyR+2[Re(Y)]> - %RC (Y,Y)
—2(Rm (Y, X)Y,X) —4(VxRc)(Y,Y) +4(Vy Re) (Y, X), (3.13)
we obtain
% 9T (VY. X) 4 207 Re (Y, Y)
$ s=0
_/T VFH (X,Y) di——i—/T 2V7 |VxY +Re (V)] d7. (3.14)
0 0

By a little calculation we have

17 Y (1)]?
%VXY—I-RC(Y)—EY d%+| \(/;) .

/TQﬁ\VXY+Rc(Y)|2d%: /T

0 0

Hence we have proved

12
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Lemma 3.2. Let v : [0,7] — N be an L-geodesic and let vs be a smooth variation of
v = 9. Assume the variation field Y = %75 satisfies that Y (0) = 0 when s = 0. Then

TEQ) VAR (1) + 2RV ()
_ [ - Ly Y oF
= /OWH(X,Y)d +/O 2V7 |VxY + Re (V) Y| di+ N (3.15)

where H(X,Y) is defined by (3.13).
3.4. Estimate of second derivatives of L-distance
In this subsection we give some consequences of the second variation formula of £-length.

Below L-distance is defined using the basepoint (p,0).

3.4A. Estimate of Hessian of L-distance. Given (z,7) € N x (0,T], let v : [0,7] — N
be a minimal £-geodesic from p to z. Fix a vector Y € T; N and define a vector field
Y (7) along « by solving the following ode along ~:

. . 1 -
ViV = —Re (Y) +5:¥, Fell, (3.16a)

Y (1) =Y. (3.16b)

A direct computation gives %|5~/|2 = %|5~/|27 which implies that

o L, F
Y (F) o) = V7P = IV (3.17)
Hence from (3.15) we have
d? s
TEOI aym(vyy ) + 2y Re (1Y)
s=0
T _ _ B |Y|2
- VFH (X, Y) di+ (3.18)

for any v, with variation field being Y (7).
Let v : [0,7] = N, s € (—¢,¢), be a smooth family of paths with

(7) =Y () and <Va‘;,; 887;)

(r)=0.

ds s=0

s=0
Since L (75) is an upper barrier function for the L-distance function L (v,(7),7) at s = 0,
we have

d2
(Hess(g“) L) Y)Y)< —

d52 ﬁ(’YS)

s=0

From (VyY) (7) = 0 and (3.18) we get

13
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Theorem 3.3 (Hessian Comparison for L-distance). Let y be a minimal L-geodesic
from (p,0) to (x,7). GivenY € T, N, let Y(T) be a solution of (3.16a) and (3.16b). Then

T B V2
(Hess(z. ) L) (Y,Y) < 7/ VFH (X, Y) d7 + |f| —2TRe(Y,Y), (3.19)

0 T
where X is the tangent vector field of v and H(Xj/) is defined by (3.13). Equality in
(3.19) holds when L (-,7) is C? at x and Y (7) is the variation vector field of a family of

manimal L-geodesics vs satisfying (V LER %) ‘5:0 (1) =0.

3.4B. Laplacian comparison theorem for L-distance. Given (z,7) € N x (0,71, let
v :]0,7] — N be a minimal £-geodesic from p to = and let X = 4. Fix an orthonormal
basis {E;};_, of (I,N,g(z,7)). For each i we define the vector field E; (7) along 7 to

be the solution of (3.16a) with E; (1) = E;. A direct computation gives % <Ei E_j> =
% <Ei, ~j>, which implies that

o=\ T T
(BiBy) () = L (B, Ej) = Lo (3.20)
Hence the matrix Harnack expression
zn:H (X(). Ei(7)) = zn:H X(7), (| ZE(7)) = ZH (%) (3.21)
i=1 , i=1 VT T ’
where H(X) is the trace Harnack quantity
OR R
H(X):—a%—2VR-X+2RC(X,X)—;. (3.22)

Taking Y = E; in (3.19) and summing over ¢, we have

T

n

AL (l’, 7') = Z (Hess(:c,T)) L (Ela El)

i=1

< _/OT\F%XH:H(X(%),E,» (%)) d%+\%—2ﬁzn:RC(Ei,Ei)

T 73/2 . n
— Ikt arR( ),
SN
where K is the trace Harnack integral
K=K y,7)= / P2H (X)) dF. (3.23)
0

We have proven

14
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Theorem 3.4 (Laplacian comparison for L-distance). For any (z,7) € N x (0,T]
the L-distance satisfies

n

\/7,

where K is defined by (5.23) using a minimal L-geodesic v : [0,7] = N from p to x.

AL (z,7) < —%K + 2VTR (z,7), (3.24)

3.5. Equalities and inequalities satisfied by L and /

In this subsection L-distance and reduced distance ¢ are defined using basepoint (p, 0).

3.5A. A formula for K in (3.23). We need a better formula for K in (3.23). Let
v :[0,7] — N be an L-geodesic from p to = and let X = 4. Using the £-geodesic equation
(3.3), we compute the evolution of the £-length integrand for ~

d ~ ~ ~
= (RO®.D+1X A
:gf+VR-X+2RC(X,X)+2<VXX,X>
OR 1
= 5= + VR X +2Rc(X,X) + (VR —4Re(X) - X, X
T T
1
=a]?+2VR~X—2Rc(X,X)—j|X|2.
or z
Hence
4 (R+ |X|2> - _H(X)- 1 (R+ |X|2)
dt 7 :

Multiplying the above equation by 73/2 and integrating by parts, we get

T d
_ _ ~3/2 @ 2 ~1/2 2 ~
K (7,7) /0 {T = (R4 1XP) + 717 (R o+ 1X] )} a7
1 T
_ 3/2 2y 1 ~1/2 2\ =
T (R(’y(T),T)+|X(T)|) 2/0 7 <R+|X|)d7'
1
=72 (Riw,7) +1X (D) = 5£().
2
We have proved that for any minimal £-geodesic v : [0,7] — N from p to x, we have

2 (R(a,7) +|X (1)) = K (3.7) + %L (2,7). (3.25)
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3.5B. Equalities and inequalities satisfied by L-distance. Using (3.25), we can
rewrite (3.9) and (3.8), and (3.24) as the following: At (z,7),

L 1 1
OL lp_ L.y 2V7R, (3.26a)
or 7 27

IVL|> = —47R Ll ) (3.26b)

= —4THR — — — .
VT VT
1 n
AL ——K+ — -2 .2
<K+ VTR, (3.26¢)

where K = K (v, 7) is given by (5.23) and ~ : [0,7] — N is a minimal £-geodesic from p
to x.

3.5C. Equalities and inequalities satisfied by reduced distance ¢. Recall that the
reduced distance ¢ (z,7) = #L (x,7). We have at (x,7),

or 1 /
E = 727_3/2_[( — ; + R, (3273,)
f
Ve = — 3—/21( + - (3.27b)
1 n

where K = K (y,7) is given by (8.23) and v : [0,7] — N is a minimal £-geodesic from p
to x.

Note that in (3.27a), (3.27b) and (3.27¢) the trace Harnack integral K depends on the
path 7 which is not favorable. However, from (3.27a), (3.27b) and (3.27c) we have the
following four partial differential inequalities or equality which do not involve K.

Lemma 3.5. At (z,7) the reduced distance £ satisfies

%—M+|W| —R+—>0 (3.28a)
or
oAl — VI + R+ g— <0, (3.28b)
1oJ4 14
LA VA 2
5o H AL — — o<, (3.28¢)
/ 12
22— +|ve? - R+ =0, (3.28d)
im g(x T) (3.28¢)
THO+ g(O /47’
f < — .28f
zlgNé(a: T) 5" (3.28f)
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We skip the proof of (3.28¢) but use it to give a proof of (3.28f). It follows from (3.28c)
that

(a(f" - A> (474(z,7) — 207) > 0.

—7)

It follows from the maximum principle that inf,en (47¢ (z,7) — 2n7) is a nondecreasing
function of —7. Note that (3.28¢) implies lim, o, 47¢(z,7) = (dy(0)(p, x))2 and hence
lim, o, infoen (470 (z,7) — 2n7) = 0. We get inf,cn (474 (2, 7) —2n7) < 0 and (3.28f)
follows.

3.6. L-Jacobi field
In this subsection we discuss the L-Jacobi field associated with L-length, which is
analogous to the Jacobi field associated with length.

3.6A. L-Jacobi field. Now we consider the moduli space of L-geodesics, the tangent
direction to this space satisfies a second order linear ode. Let v5 : [0,7] — N, s € (—¢,¢),
be a smooth family of £-geodesics. Denote 79 = v, X5 = %s, and Y, = %'ys. Taking
Vy,-derivative of the £-geodesic equation (3.3) for 75, we compute

VXS (VXSYS) = VXS (VYSXS) = Rm (X87Y9) Xs + VYS (VXSXS)

1 1
= Rm (X,,Y,) X, + Vy. (QVR —2Re(X,) — 2TXS) .

Set s =0, then Y (7) = Yy(7) satisfies the following ode called the £-Jacobi equation:
Vx (VxY)
1 1
= —2Re(VxY) = 5= Vx¥ +Rm (X,Y) X + ;Vy (VE) = 2(Vy Re) (X) . (3.29)

We call any solution of the above equation an £-Jacobi field.
Using the parametrization defined in (3.5) and Z(6) = % = V7X(7), we can rewrite
the £-Jacobi equation of Y (5) = Y (7) as

vz (V2Y)
=2
— 2 Re (VZY) +Rm (Z, Yf) Z+ %vy (VR) — 25 (Vg Re) (2). (3.30)

Hence the initial value problem of (3.30) is solvable.

3.6B. Estimate of £-Jacobi field. Let s be as in §3.6A. By the first variation formula
for the L-length,

d
s L(ys) = 2V/T (Xs, Ys) (7).
S 1s=0
We differentiate this again to get
d2
) L(7s) =2V (VxY,Y) (1) + 2VT (X, Vv, Yi| o) (7).
s=0
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Now we compute the derivative of the norm squared of the £-Jacobi field

d

e LAY (Plyer) = 2Re (YV,Y) (1) + 2(VxY,Y) (7)

1 [ d?
=2Rc (YY) (7 )+7 (ds

Let Y be a vector field along v which satisfies (3.16a) with Y (7) = Y (7), here we need
to assume Y (0) = 0. Let 4, : [0,7] — N be a variation of v with

c m) (X, Ty, Valoo) (7). (3.31)

0 - e - -
ds Vs =Y, (1) =7(7), and % (0)=1(0).
S1s=0
Note that the choice of 4, implies Vy, Y|, _ ( e )‘ (7). If we assume

that the «ys are all minimal £-geodesics, then ﬁ ('ys) L7 ) for all s and equality holds
at s = 0. Hence

d2
= ds?

d2

s E(’Ye)

s=0

C(%),

where equality holds if Y is an £-Jacobi field. Combining this with (3.31), we get

d 1 [ d?
i [Y]? <2Re(Y,Y) (1) + — (

< 2Re (Y. LG 20X TyY) (7).
i VT \ds? | _,
By (3.18), we have

(5] z6) -2 (x (v )| Ho

IY(T)I2
/\fﬂxy)d+ e T WTRYVY) (7).

Hence we have proved

Lemma 3.6. Let v : [0,7] — N be a smooth family of minimal L-geodesics with
vs (0) = p. Then for any 7 € (0,7] the L-Jacobi field Y (1) = dJ;‘ . (1) satisfies the

estimate

% V()2 < —% /0 ViH (X, Y) d7 + M, (3.32)

T

where X is the tangent vector field of v = ~o, Y () is a solution of (3.16a) on [0, 7] with
Y (1) =Y (1), and H(X,Y) is defined by (3.13).

18
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3.7. L-exponential map and L-Jacobian

In §2 we have seen the role played by the exponential map in considering the volume
of balls, in this subsection we consider the £-exponential map, in next section we will see
that it plays a similar role in reduced volume. In this subsection we use the basepoint
(p,0) to define the L-distance.

3.7TA. L-exponential map. Given 7, define the L-exponential map at time 7
Lrexp: T,N — N, L exp (V) =M (T) )

where vy (7) = ((5) is the £-geodesic obtained by solving (3.7) with %(0) =V el,N
and 3(0) = p.
3.7B. L-Jacobian. If we want to compute the tangent map D (L, exp(V)) of L, exp at
V € T,N, we need to consider a family of £-geodesics vy, (7) where V; is a variation of
V', and hence we need to consider the corresponding £-Jacobi field.

Given an orthonormal basis {Eio}?:l of (T,N,g(p,0)), let JY (7) = JY (5),
i=1,...,n, be L-Jacobi fields along vy where & = 2v/7 and .JY (&) is defined by solving
(3.30) with initial value

JV(0)=0 and (vzjy) (0) = EY.

Then D (£, exp(V)) (EY) = JY (1), and the Jacobian of the L-exponential map £, Jy € R
(called the £-Jacobian) is given by

v = \/det <<JZ‘V ()7 () y e, exp(V),T)) ' (3:33)

nxn

Note that the pull-back volume form is

(L7 exp(V) dig(c, exp(vy.r) = L7 Jv dy
where dy is the standard Euclidean volume form on (T, N, ¢g(p, 0)).

Let E;(7) be the parallel translation of E? along 7y (7) with respect to g(0). From
the definition of .J () we have |.J) (1) — 2y/TE;(T)|g(0) = 0(2y/T) and hence we get the
following asymptotic behavior of the £-Jacobian

lim ETIV g f”ﬂ\/det (2VTEi (1), 2V/TE; (7)) g(0)) = 2™ (3.34)

T—04 n/2 T—04

3.7C. Estimate of £-Jacobian. We have the following estimate of the time-derivative
of the £-Jacobian, which follows from the estimate of Jacobi fields.
Proposition 3.7. Fiz a V € T,N, let vy (7), T € [0,7], be a minimal L-geodesic with
Y (0) =p and limz_o, ﬁdgg’ =V. For any 7 € (0,7) the L-Jacobian L, Jy satisfies

d n 1

Logl, Iy ) <+ - —_K, 3.35

(d’l’ o8 V) 21 973 ( )

where K = K(yy,7) is defined by (3.23).
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Proof. Choose an orthonormal basis {E; (1)} of (T, (-yN,g(yv (7),7)). We can extend
E; (1) to an L-Jacobi field E; (7) along vy for 7 € [0, 7] with E; (0) = 0. Then there is a

matrix (AZ) € GL (n,R), such that

IV (7 = AR (7)

j=1

for all 7 € [0,7]. The reason for the existence of E; (7) and (Af ) is that there is no

nontrivial £-Jacobi field along 7y (7) which vanishes at the endpoints 7 =0, 7.
Now we compute the evolution of the £-Jacobian along vy using (3.33) and (3.32):

d - k ~ . ¢ ~
d?‘L_Tlogﬁ%Jvdf"%_Tlog det <kZlAiEk(T),;Ang(T)>

g(yv (7),7)
1 d _ d . 1 d ,
=5 7 - log det ((Ex, Ey) (7)) + 3 d%‘%_T log det (A}) + 37 . log det (Aj)
I~ d
——— e E. B (7
2; dr 7"—:7—< s z>(7')
L1 7 ey N e L B0
— H(x,B)di+ -
RIS P
- 1 T~3/2 ~ n
27-3/2/0 T H(X)d7+27_~

Here det ((E, £1) (7)) denotes the determinant of n x n matrix ((Ex, E) (7)), the E; (7)
are the vector fields along vy satisfying (3.16a) and FE; (1) = E;(7), and in the last
equality above we have used (3.21). O

4. Reduced volume

In this section we use the properties of reduced distance to prove the monotonicity of
reduced volume, in the next section we will see that this monotonicity has fundamental
consequences about the properties of Ricci flow.

Throughout this section N™ is an n-dimensional connected oriented manifold, and
(N™ g(1)), 7 € [0,T], is a complete solution to the backward Ricci flow a%g(T) =
2Re(g(7)) with bounded Riemann curvature sup,; o7 | Rm(z, 7)| < co. The reduced
distance ¢ is defined using the basepoint (p,0) for some p € N. Several claims in this
section will not be proved.
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4.1. Definition of reduced volume

The reduced volume function V : (0,7] — R is defined by
Vi) = [ ) e ) g (0), (41)

and V(0) is defined to be 1. We will see that the integral in (4.1) is finite in §4.2A.
Comment. 1) A simple exercise shows that on the Euclidean space where g(7) = gruc
we have l(z,7) = W and V(7) =1 for all 7.

2) There is some similarity between the reduced volume and the volume ratio %ﬁf’r)

which appeared in the Bishop-Gromov volume comparison theorem for complete manifolds
with Rc > 0.

In the rest of this subsection we give another formula for the integral in (4.1). The £-
cut-locus £, Cut), of the map L, exp consists of points L, exp(V') where either V € T,N
is a critical point of £, exp or there is V # V such that vy (as defined above (3.35)) is
a minimal £-geodesic over [0, 7] joins p and L, exp(V'). Note that £, Cut, has measure
zero in (N, g(7)) (claim).

Given V € T,N there is a unique 7v € (0,7] such that the L-geodesic yv |y  is

minimal when 7 < 7y and is not minimal when 7 > 7y (claim). We define Q,(7) = {V €
T,N,7 < 7y }. Then

Lrexp: Qp(1) — N\ L, Cut,

is a diffeomorphism (claim).
Let dy be the standard Euclidean volume form on (T,N, g(p,0)). Using L. exp and
Q,(7) we can rewrite the reduced volume as

V(r)= / (4:7T7')_"/2 exp [~ (z,7)] dug(r) (%)
N\Z, Cut,
- / (4mr) " 2e e DT Ly dy (V), (42)
Qp(7)

= / (4rr) "2~V (T L Ty dy (V) (4.3)
T,N

where we have used the formula after (3.33) to get (4.2) and the convention £, Jy = 0
for V ¢ Q,(7) to get (4.3).

4.2. The monotonicity of reduced volume

In this subsection we give two proofs of the monotonicity.
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4.2A. Monotonicity of reduced volume using L£-Jacobian. For any V € Q,(7),
from (3.8) we have 3y (7) = (V&) (yv (1), 7). We compute

dd [(4777) /2 o=t ()T Jv}
-
_ n/2 —Llyv ()T _n A — 76 7d
|:(47TT) C Jv]( 5y VI Ay 8T+d7’ log £, Jv
¢ d
= [(zm) M2 e—tv (g, JV] (——|V€|2—8 + o logLITJV>

<0

b

where the last inequality follows from (3.27a), (3.27b) and (3.35). Hence we have proved
(i) of the following.

Lemma 4.1. Using the notation from §4.1 we have

(i) for any V € Q,(1)

= |(amr) et JV] <0. (4.4)
(i1) For any V € T,M and 0 <7 <T,
(4rr) 2 e OV L gy < /2 IV l5w0 (4.5)
(#ii) The reduced volume is well defined and takes values in (0, 1].
Proof. (ii) Similar to (3.28¢) we have (claim)
Tlij& Llyw (m),7) = W@(p,o)
Hence from (3.34) we have

lim (drr) 2 tOvO L g = 267 Vw0 (4.6)

T—04
(ii) then follows from (i).
(iii) This follows from (4.3), (ii) and

/ ﬂ_"/Qe_‘Vl-?l(PvO)dy V)y=1
T,N

where dy is the standard Euclidean volume form on (T, N, g(p,0)). The above equality
and (4.6) indicates that defining V(0) = 1 is reasonable. O

The next theorem follows from (4.3) and (4.4).

Theorem 4.2 (Monotonicity of reduced volume). We have V(r2) < V(r) for
To > 71, i.e.,
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4.2B. Monotonicity of reduced volume without using £-Jacobian. We compute
formally

= [ 2 /2 —t(m)
—V(r)= /N o ((amr) 2 e D ap, ) (4.8)
- n 8€ ’I’L/ e( ,7_)
= /N ( E E + R) (4 ) (& dp, ()
< [ (1907 = 80) ()2 D g (19)
N
<0. (4.10)

Here (4.9) follows from (3.28a). To justify the switch of the order of differentiation
and integration to get (4.8) and the integration by parts to get (4.10), one need certain
estimates on the growth of reduced distance ¢(x,7) and its derivatives. These estimates
are not established in §3, we encourage the reader to find the details of proving (4.8) and
(4.10) in the literature.

5. Applications of monotonicity of reduced volume

In this section we give two applications of reduced distance and reduced volume to
justify their importance in the study of Ricci flow. The reader can find their other
applications in the literature.

5.1. No local collapsing theorem

Recall that if a Ricci flow solution does not exist up to time +o0, we say that it develops
a singularity in finite time. The no local collapsing theorem is used in the singularity
analysis of Ricci flow. When combined with the Hamilton’s Cheeger-Gromov-type
compactness theorem it implies the existence of singularity models for Ricci flow
developing singularities in finite time.

Throughout this subsection M™ is a n-dimensional connected oriented manifold, and
(M™,g(t),t € [0,T), is a complete solution to the Ricci flow with T' < oo, and we
assume sup o, 1,] |[Rmg (z,¢)| < oo for all Ty < 7.
5.1A. The statement of no local collapsing theorem. Before we state the theorem
we need a

Definition 5.1 (Strongly x-collapsed). Let x > 0 be a constant. We say that Ricci
flow (M™,g(t)), t € [0,T), is strongly x-collapsed at (z,Tp) € M x (0,T) at scale
r >0 if
(i) (curvature bound in a parabolic cylinder) |Rmg (z,t)| < 2 for all * € By(z,)(zo,7)
and t € [max {Ty — 2,0} ,Ty], and
(ii) (volume of ball is k-collapsed)

Voly(ry) By(ry) (20, 7)

n

< K.
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Given an r > 0, if for any Ty € [r?,T) and any z9 € M the solution g (¢) is not strongly
k-collapsed at (zg,Tp) at scale r, then we say that (M, g (t)) is weakly x-noncollapsed
at scale r.

The following is the so-called weakened no local collapsing theorem ([Pe02], §7.3).

Theorem 5.1. Let (M",§(t)), ¢t € [0,T), be a complete solution to the Ricci flow with
T < co. Suppose there exist r1 > 0 and vy > 0 such that

VOlg(o) Bg(o) (x,71) > vy for all z € M.

Then there exists k > 0 depending only onr1,v1,n, T, and sup ;o 1/2) Reg (x,t) such that

g (t) is weakly k-noncollapsed at any point (p,Ty) € M x (T/2,T) at any scale r < /T/2.
Here sup Reg (x,t) stands for the largest eigenvalue of Reg (z,t).

5.1B. Sketch of the proof of Theorem 5.1. Given a time Ty € (%T), let g(7) =
g(To — 7). Then (M™,g(7)), T € [0,Tp], is a complete solution to the backward Ricci flow
with initial metric g (0) = g (Zp) and with bounded Riemann curvature tensor. Given a
point p € M, then we can define reduced distance £(z, 7) and reduced volume V(1) using
the basepoint (p,0). The theorem follows easily from the following two lemmas.

On one hand, we have

Lemma 5.2. There exist ¢c; (n) > 0 depending only on n and a function ¢(e,n) satisfying
lime_o, ¢ (g,n) = 0 such that if for some K satisfying /™ < c1 (n), the solution § (t) is
strongly k-collapsed at some (p,Ty) at scale r, where Ty € (%T) and r < /Ty, then the
reduced volume V as defined above has the upper bound

V (er?) < 6 (e,n),
where € = K1/,
Sketch of the proof of Lemma 5.2. From (4.3) we can write the reduced volume
integral over T,M as V (er?) = Vi (er?) + Va (er?) where Vi (er?) and V5 (er?) are the
integrals over {V € T,M,|V|y0) < € /*} and {V € T,M,|V]yp0) > € /4}, respec-
tively. The lemma is proved by bounding Vi (57"2) and Vs (87’2) from above separately.

We have
Vi (87“2) < Cl(n)e”/2 for € < ¢1(n)

where C1(n) and ¢;(n) are positive constants depending only on n. Using the assumption
that the solution is strongly k-collapsed at (p,7p) at scale r, the upper bound estimate
is proved by showing the following two estimates: the L-geodesic vy (7) (as defined in
§3.7A) is contained in By (g, (p,/2) for some choice of ¢1(n); and when |V, 0) < e /4
l(yv (er?),er?) is bounded from below by a constant independent of e.

We have

~ 1

Vs (57“2) < Cs(n)e” 2ve
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where Ca(n) is a positive constant depending only on n. To see this estimate, by (4.5)
we have
(471'67‘2)7”/2 e_e(w(erz)’ETZ)sz Jy <72 Vieo,
Then
T (er?) < / 7126V dy
ViIgp.0y>e /4
where dy is the standard Euclidean volume form on (T}, N, g(p,0)). The estimate follows.

On the other hand, we have

Lemma 5.3. (i) Fiz an arbitrary ro > 0. There exists a constant C3 > 0, depending
only on o, n, T, and sup ;.12 Reg (z,t), and there exists xg € M such that reduced
distance
L(x,To) < Cs  for all x € By (0,70) -
(i) Suppose there exist 11 > 0 and vy > 0 such that
VOlg(O) Bg(o) (x,r1) >0

for all x € M. Then there exists a constant Cy > 0, depending only on r1, v1, n, T, and
Sup 0,172 Re g (@,1), such that reduced volume

V (Tp) > Ch.

Sketch of the proof of Lemma 5.3. (i) By (3.28f), there is zp € M and a min-

imal £-geodesic v1 : [0,Tp — %] — M joining p and zy such that Q\/ﬁﬁ(%) =

Uzo, To— L) < 2. Let B : [Ty — £,Ty] — (M, G(0)) be the constant speed path join-
ing xo and = € By (w0,70). Since 1 followed by (3 is a path joining (p,0) and (z, Tp),
1
/ (.23, To) <

W o[ >d%)
~ 2V o)
T

dr
Note that the metric g (7), 7 € [To — £,Ty], corresponds to the metric g (t), ¢t € [0, 2],
we can estimate the integral above to get (i).
(ii) We compute using o in (i)

To

(c<m+ ﬁ(R(ﬁ(%)ﬁH] #)

T
Tg—g

V (To) 2/ (47TT0)7%€72(I’T°)ng(0)(517)
Bg(o)(zo,rl)
> (47TT)_ge_Cav1.

Now we finish the proof of Theorem 5.1. Suppose the solution g(t) is strongly
r-collapsed at some (p,Tp) at scale r, where £/ < ¢; (n), Ty € (£,T) and r < /Tp.
Combining the two lemmas above about the upper and lower bound of reduced volume
and the monotonicity of reduced volume, we have

Cy <V (To) <V (er?) < ¢ (e,n).

This forces € = k" not going to zero. Hence the theorem is proved.
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5.1C. Type I solution and Lemma 5.3. Let (M™,§(t)),t € [0,T), be a complete
solution to the Ricci flow with T' < oco. Recall that g(t) is called a type-I solution if there
is a constant Cy such that (T'— ¢)| Rmg(z,t)| < Cp for all (z,t) € M x [0,T). For type-I
solutions we have the following modification of Lemma 5.3.

Lemma 5.4. Let (M™,g(t)),t € [0,T), be a complete solution to the Ricci flow with
T < 0o. Suppose for some constants Cy and a € [1, %) we have

(T —t)%|Reg(z,t)| < Co for all (z,t) € M x [0,T),
and suppose there exist x1 € M, r1 > 0, and v > 0 such that
Volg(o) Bg(()) (],‘1, T1) > 1.

Then for any A > 0 there exist two positive constants Cs and Cg, both depending only
on A,a,r1, v1, n, T, and Cy, such that for any p € Byoy(w1, A) and Ty € (T/2,T) the
reduced distance, defined by backward solution g(t) = §(Tp — 7) and basepoint (p,0),
satisfies

L(x,Ty) < C5 forallx e Bj(0) (x1,71),

and the reduced volume V (To) > Cé.

Sketch of the proof of Lemma 5.4. Define v : [0,75] — M to be a path joining
p and @ € By(g) (z1,m1) such that y(7) = x for 7 € [0,To — T/2] and |5 _7/91,) I8
a constant speed minimal geodesic with respect to metric §(0). By the Ricci curvature
bound assumption we have for any 7 € [Ty — T/2, Tp]

Y~ a l—a @ -« 4(A+711)2
YD) < e T @G =T ——

Since |Regy(z,7)] < Cor™®, we compute

1

= 2VFR T,Td7+/ WF|Y(F 2 ..dr | < Cs.
- ( TR @ e [ 2F R ) < 0

Hence

V (Ty) > / (AnTy) " 2e =10 dps o) (x) > (AnT) "% e™ oy,
B§(0) (wl,rl)

Following the same idea of the proof of Theorem 5.1 (see the paragraph above §5.1C),
we have

Lemma 5.5. Let (M™,§(t)),t € [0,T), be a complete solution to the Ricci flow with
T < 0o. Suppose for some constants Cy and « € [1, %) we have

(T —t)¥| Reg(z, t)| < Co for all (z,t) € M x [0,T),
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and suppose there exist x1 € M, r1 > 0, and v1 > 0 such that Volg ) By (o) (x1,71) > v1.
Then for any A > 0 there exists a positive constant k, depending only on A, o, 1, v1, n, T,
and Cy, such that at any scale v < /T/2, g (t) is weakly k-noncollapsed at any point
(p, To) c Bg(o)(l‘l, A) X (T/2,T)

Note that this lemma has a weaker volume assumption than that of Theorem 5.1.

5.2. Backward limits of k-solutions are shrinkers

A special family of singularity models is the so-called x-solutions. The main theo-
rem of this subsection shows that some blow-down limits of the solutions are even more
special: shrinking gradient Ricci solitons. This opens the door for possible classification of
singularity models in lower dimensions. A near classification knowledge about x-solutions
in dimension 3 enables us to perform surgeries on Ricci flow and eventually leads to the
longtime existence of the so-called surgical Ricci flow.

5.2A. k-solutions and the theorem. First we give a

Definition 5.2. Let x be a positive constant. A complete ancient solution (M™,g(t)),

t € (—00,0], of the Ricci flow is called a k-solution if it satisfies
(i) g(¢) is nonflat and has nonnegative curvature operator for each ¢ € (—o0, 0].
R; (z,t) < oo.

(ii) Scalar curvature satisfies Sup s, (— oo ]

(iii) g(¢) is k-noncollapsed on all scales for all ¢ € (—o0, 0]; i.e., for any r > 0 and for
any (p,t) € M x (—o0,0], if |Rmg (z,t)| < r=2 for all x € Bj (p,7), then

Volg) By (0.7)

rn -

Given a s-solution (M™, §(t)), t € (—o0, 0], we define a solution to the backward Ricci
flow (M",g(7)), 7 € [0,00), by
g(r)=g(-7).
Given a point p € M, we can define the reduced distance ¢ (x,7) and reduced volume
V(7) using basepoint (p,0). Let ¢, € M be a point such that £(¢,,7) < 5. The existence
of g, is guaranteed by (3.28f). For any 7 > 0, we define solutions to the backward Ricci
flow by parabolic scaling:

g-(0) =771 - g(r0), for 6 € [0,00). (5.1)
The following is Proposition 11.2 in [Pe02].

Theorem 5.6. For any sequence T; — 00, there exists a subsequence still denoted by 7;,
such that (M™, g-,(0),(gr;,1)), 60 € (0,00), converges in the Cheeger-Gromouv sense to a
complete nonflat shrinking gradient Ricci soliton (ML, goo(0), (400, 1))-

Below we give a sketch of the proof of Theorem 5.6.
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5.2B. Estimating reduced distance associated to x-solutions. The Hamilton’s
trace Harnack inequality says that for a backward Ricci flow solution on [0,7) with
nonegative curvature operator, the trace Harnack quantity as defined in (3.22) satisfies

H(X)(2,7) > — (} - ) R(z,7). (5.2)

T T-—-7

Here for g(7) we can take T' = co. By (3.23) we have

K> /0 CRRFIRG(E), AF > L) = ~2y/7H(, 7).

Plug this into (3.27b), we have the following estimate

1
Ve )P + R (7)< 20T (53)
for g (1) coming out of the x-solution g (¢). From (3.27a) and (3.27b) we have
ol 1., £ 1
or — Ve Rk
hence from (5.3) it follows
ol 2
< 2 A4
or|~— 7 (5:4)

Lemma 5.7. Given any € > 0 and A > 1, there exists 6(n,e, A) > 0 such that for any
7>0,
0(x,7) < 6(n,e, A" and TR (x,7) < (n,e, A)~!

for all (x,7) € By(ry (qT, \/5*17') X [A_lT, AT],

Sketch of the proof of Lemma 5.7. Note that the estimate of 7R (z,7) follows
from the estimate of ¢ (z,7) and (5.3). To see the estimate of ¢ (z,7), by (5.3) we have
IV, T)|gr) < §7_1/27 combining with £(¢,,7) < % we get an estimate of £(z, 7).
The estimate of ¢ (x,7) then follows from (5.4).

5.2C. The existence of the limit in Theorem 5.6. Fix an A > 1, for the sequence
7; — o0 in Theorem 5.6, we consider the sequence of pointed backward Ricci flow solutions

(M™, g7,(0),(gr,, 1)), 0€[A™" A].
For any ¢ > 0, after parabolic scaling of g (7) by 7;, Lemma 5.7 yields the curvature bound
|Rmy, (2,0)| < Ry, (,0) <075 (n,e,A)" < A6 (n,e, A)7" (5.5)
on By (1) (qn, \/5—1> X [A_l, A], here we have used that ¢g(7) has nonnegative curvature
operator. In particular taking ¢ = 1 and A = 2, we obtain that for some § (n,1,2) < 1
|ngn (z,1)] <26 (n,1, 27 forw e By ) (gr,1).
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Since g¢(f) is k-noncollapsed on all scales, we have g, (f) is k-noncollapsed on
By (1)(gr;, v/0(n,1,2) /2) and hence

Vol 1) By, 1) (qﬂ., 5 (n,1,2) /2) >k ( 5 (n,1,2) /2) .
By a theorem of Cheeger, Gromov and Taylor we have the injectivity radius estimate
inj, (1) (gr;) = 01 (n, K) (5.6)

for some positive constant d; (n, k) depending only on n and k.

(5.5) and (5.6) enable us to apply Hamilton’s Cheeger-Gromov-type compactness the-
orem to the sequence of solutions g, () of the backward Ricci flow to get a convergent
subsequence

(M",97,(0), (4, 1)) — (M%, 90(0), (40, 1)) for 6 € [AT A]. (5.7)

The limit go(f) is a complete solution to the backward Ricci flow. Since each g, (6)
satisfies the trace Harnack inequality, g, (6) satisfies the trace Harnack inequality (5.2)
with T = o0o. Also goo(f) is k-noncollapsed on all scales, has nonnegative curvature
operator, and satisfies inj,_ (1) (¢oo) > 61 (n,x). However because the curvature bound
Ab (n,e,A)"" in (5.5) depends on e and hence on the radius ve—1, we may not have
curvature bound sup,, |Rmy_(z,0)| < oo for each 0 € [A™1, A].

By choosing a sequence of A — oo and using a diagonalization argument, we may
assume that (M2, goo(0)) exists for € (0,00) and that the convergence in (5.7) holds
for 6 € (0,00).
5.2D. Finishing the proof of Theorem 5.6. To finish the proof of Theorem 5.6, we
need to show that for each 0, g () is a nonflat shrinking gradient Ricci soliton. Let
?; (z,0) denote the reduced distance of the solution g, () with respect to the basepoint
(p,0). After scaling, (5.3) and (5.4) give the derivative estimates of ¢;(z,0), by Arzela-
Ascoli theorem some subsequence ¢;(z,6) converges to a Lipschitz function o (z,6) on
M in the Cheeger-Gromov sense. Similar to the definition of reduced volume (4.1), we
use {oo (2, 0) to define

Voo (0) = /1» (47r9)7n/2 exp [~loo (7,0)] dpg_ 9y (z), 0 € (0,00). (5.8)

oo

By certain estimates on the growth of reduced distance ¢(x,7) (not covered in §3), one
can prove the convergence of the reduced volume (defined above (5.1))

lim V(7;6) = Vao (0) for each 6 > 0.

The monotonicity of reduced volume then implies that Voo (9) is a constant function.
Combining this and (3.28a) for ¢;(x, ), one can argue that

ot
00

n

0 (5.9)
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in weak sense (we suggest the reader to find the details of the argument in the literature).
Regularity theory of parabolic partial differential equations implies that /., is a smooth
function.
Define two functions on M, x (0,00) by us(2,0) = (470)~ 2 e~ (®:9) and
Voo = (0(28¢_ loo — |V loo|* + Ry..) 4 loo — ) Uox.

Let operator (0* = % — A,y + Ry . Equation (5.9) implies that O0*us, = 0. By some
calculation one can show
2

00 = —260 |Rc (goo) + Vg, Vg boo — %goo Uoo- (5.10)
Applying (3.28d) to l;(x,0) we have
2% + |V, 4" — Ry, + % =0.
It can be argued that when ¢ — oo the above equality implies
2% Vg lool® = Ry + %’" = 0.

Combining this with (5.9) we get vo = 0, and hence it follows from (5.10) that

1
RC (goo> + Vgoovgoogoo - @goo = O- (5.11)

We have proved that g (6) is a shrinking gradient Ricci soliton.

The last part that go.(f) is nonflat, is argued by contradiction. If it is flat, then
the soliton equation (5.11) gives enough information of g, and £, (Euclidean shrink-
ing solution) to conclude that Vi, () = 1. But the equation above (5.9) implies that
Voo (f) = lim, o V(1) < 1. We get a contradiction. Now we have finished the sketch of
the proof of Theorem 5.6.
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