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Brief introduction to tropical geometry
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ABSTRACT. The paper consists of lecture notes for a mini-course given by the authors
at the Gokova Geometry & Topology conference in May 2014. We start the exposi-
tion with tropical curves in the plane and their applications to problems in classical
enumerative geometry, and continue with a look at more general tropical varieties and
their homology theories.
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The goal of these lectures is to give a basic introduction to tropical geometry focusing
on some of its particularly simple and visual aspects. The first section is devoted to
tropical arithmetic and its relations to classical arithmetic. The second section reviews
tropical curves in R?. The content of these two sections is quite standard, and we refer to
[Bru09, Brul2, BS14a] for their extended versions. Section 3 contains a tropical version
of the combinatorial patchworking construction for plane curves, as well as a tropical
reformulation of Haas’ theorem. Section 4 presents some enumerative applications of
tropical geometry, as well as the floor diagram technique. Section 5 looks at general
tropical subvarieties of R™ and their approximation by complex algebraic varieties. Section
6 is devoted to a basic study of tropical curves inside non-singular affine tropical surfaces.
Finally, in Section 7 we define abstract tropical manifolds and review their homology
theories.

For other introductions to tropical geometry one can look, for example, at [BPS08,
RGSTO05, IM12, Vir08, Virll, Gat06, MS15] and references therein. A more advanced
reader may refer to [Mik06, Mik04a, IMS07].

Acknowledgements: The authors are grateful to Matteo Ruggiero for providing
helpful comments on a preliminary version of these notes.



Brief introduction to tropical geometry

1. Tropical algebra
1.1. Tropical semi-field

The set of tropical numbers is defined as T = Ru{-oco}. We endow T with the following
operations, called tropical addition and multiplication:

“r+y”" = max{z,y} “exy’=x+y
with the usual conventions:
VeeT, “z+(-00)” =max(z,-o0)=2 and “zx(-00)"=2z+(-00)=—-00.

In the entire text, tropical operations will be placed under quotation marks. Just as
in classical algebra we often abbreviate “x xy” to “xy”. The tropical numbers along with
these two operations form a semi-field, i.e., they satisfy all the axioms of a field except
the existence of an inverse for the law “+7.

To familiarize ourselves with these two operations, let us do some simple calculations:

“U+17=1, “1+27=2, “1+2+37 =3, “I1x2" =3, “I1x(2+(-1))" =3,
“Ux(=2)" =1, “(5+3)% =10, “(z+y)"" =“a" +y".

Be careful when writing tropical formulas! As, “2z” # “z+z” but “2x” = x+2, similarly
“la” # x but “l2” =x + 1, and again “0z” =z and “(-1)a” =z - 1.

A very important feature of the tropical semi-field is that it is idempotent, which
means that “z + x” = x for all z in T. This implies, in particular, that one cannot solve
the problem of non-existence of tropical substraction by adding more elements to T (see
Exercise 1(1)).

1.2. Maslov Dequantization

Let us explain how the tropical semi-field arises naturally as the limit of some classical
semi-fields. This procedure, studied by V. Maslov and his collaborators, is known as
dequantization of positive real numbers.

The non-negative real numbers form a semi-field R,y under the usual addition and
multiplication. If ¢ is a real number greater than 1, then the logarithm of base ¢ provides
a bijection between the sets Rsg and T. This bijection induces a semi-field structure on

T with the operations denoted by “+;” and “x;”:

“x+py” =log,(t* +tY) and “xx;y” =log,(t°tY) =z +y.

The equation on the right-hand side already shows classical addition arising from the
multiplication on (Ryg, +, x). Notice that by construction, all semi-fields (T, “+,”, “x;”)
are isomorphic to (Rsg,+,x). The inequalities max(x,y) < z +y < 2max(z,y) on Ryg
together with the fact that the logarithm of base ¢t > 1 is an increasing function gives us
the following bounds for “+;”:

Vi>1, max(z,y) < “z+:y” <max(z,y) +log, 2.
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If we let ¢ tend to infinity, log, 2 tends to 0, and the operation “+;” therefore tends to the
tropical addition “+”! Hence the tropical semi-field comes naturally from degenerating
the classical semi-field (Ryg,+,x). From an alternative perspective, we can view the
classical semi-field (Ryp,+,x) as a deformation of the tropical semi-field. This explains
the use of the term dequantization.

1.3. Tropical polynomials

i

As in classical algebra, a tropical polynomial expression P(z) = ¢ Z?:o a;x?” induces a

tropical polynomial function, still denoted by P, on T:
pP: T — T
z —  “Y%oai” =max?d | (a; +ix)

Note that the map which associates a tropical polynomial function to a tropical poly-
nomial is surjective, by definition, but is not injective. In the whole text, tropical poly-
nomials have to be understood as tropical polynomial functions.

Let us look at some examples of tropical polynomials:
29

[1Pee)

2’ =z, “l+2” =max(l,z), “l+z+32"" =max(l,z,2z+3),

“L+x+ 32+ (-2)2% = max(1,z,2x + 3,3z - 2).

Now define the roots of a tropical polynomial. For this, let us take a geometric point
of view of the problem. A tropical polynomial is a convex piecewise affine function and
each piece has an integer slope (see Figure 1). We call tropical roots of the polynomial
P(z) all points xg of T for which the graph of P(x) has a corner at xo. Notice, this is
equivalent to P(xg) being equal to the value of at least two of its monomials evaluated
at xg. Moreover, the difference in the slopes of the two pieces adjacent to a corner gives
the order of the corresponding root.

Definition 1.1. The roots of a tropical polynomial P(x) = “Zio a;x"” are the trop-
ical numbers ¢ for which either P(xzy) = —oco, or there exists a pair ¢ # j such that
P(l’o) — “aixé” — cnajx%w.

The order of a root ¢ is the maximum of |i—j| for all possible such pairs 7, j if zg # —o0,
and is the minimal 7 such that a; # —oco if 2y = —oo.

Thus, the polynomial “0+x” has a simple root at xy = 0, the polynomial “0+z+(-1)z>”

has simple roots 0 and 1, and the polynomial “0+ 22" has a double root at 0.

Proposition 1.2. The tropical semi-field is algebraically closed. In other words, every
tropical polynomial of degree d > 0 has exactly d roots when counted with multiplicities.
Example 1.3. We have the following factorizations:

“Wtz+(-1)z? = “(~-1)(z+0)(z+1)” and <0+ = “(z+0)*.
Once again the equalities hold in terms of polynomial functions and not on the level of

the polynomial expressions. For example, “0+z2” and “(0+x)?” are equal as polynomial
functions but not as polynomials.
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(—00,—00) 0 (=00, —00) 0 1

a) P(z)=“0+a” b) P(x) = “0+z + (-1)2*”

(—oo,—oo) 0

c) P(x) = “0+2*
FIGURE 1. The graphs of some tropical polynomials

1.4. Relation to classical algebra

Let Pi(2) = ¥ a;(t)z" be a family of complex polynomials parameterized by ¢ which we
assume to be a sufficiently large positive number. We make the assumption that

Vi, Elai € T, Hﬂz € (C, Oli(t) ~Nistoo Bitai.
Then, we define the tropical polynomial, called the tropical limit of the family P;, by
Ptrop(x) = Z aixi” .

We also define the map
Log,: C — T
z > log(l2])
The following theorem can be seen as a dual version of Newton-Puiseux method.

Theorem 1.4. One has
Log, ({roots of P;}) v {roots of Pirop}.
—+00
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Moreover, the order of any tropical root xo of Pirop is exactly the number of roots of P
whose logarithms converge to xy.

Exercises 1. (1) Why does the idempotent property of tropical addition prevent the

existence of additive inverses?

(2) Draw the graphs of the tropical polynomials P(x) = “z3 + 222 + 3z + (-1)” and
Q(z) = “z% + (-2)2? + 2z + (-1)”, and determine their tropical roots.

(3) Prove that the only root of the tropical polynomial P(z) = “z” is —oo.

(4) Prove that x¢ is a root of order k of a tropical polynomial P(z) if and only if there
exists a tropical polynomial Q(z) such that P(z) = “(z+x0)*Q(x)” and z is not
a root of Q(x). (Note that a factor z —xq in classical algebra gets transformed to
the factor “z + x¢”, since the root of the polynomial “x +x¢” is ¢ and not —xg.)

(5) Prove Proposition 1.2.

(6) Let a € R and b,c,d € T. Determine the roots of the polynomials “az? + bx + ¢”
and “az® + bz + cx + d”.

2. Tropical curves in R?

Let us now extend the preceding notions to the case of tropical polynomials in two
variables. Since this makes all definitions, statements and drawings simpler, we restrict
ourselves to tropical curves in R? instead of T2.

2.1. Definition

A tropical polynomial in two variables is

P(x,y)=* Z ai,jxiyj” = max (a;; + iz + jy),
(i,5)€A (i,5)eA

where A is a finite subset of (Zso)?. Thus, a tropical polynomial is a convex piecewise
affine function, and we denote by V' (P) the corner locus of this function. That is to say,

V(P) = {(x0,y0) € R? | 3(i,5) # (k,1),  P(w0,90) = “asjwbyl)’ = “aniziyb’} -

Example 2.1. Let us look at the tropical line defined by the polynomial P(x,y) =
“r+y+0”. We must find the points (z¢,yo) in R? that satisfy one of the following three
conditions:

zo =02 yo, yo =02 zo, To=yYo 20

We see that the set V(P) is made of three standard half-lines (see Figure 2a):
{(0,y) eR? | y <0}, {(x,0) eR?* | <0}, and {(z,2) e R* | = > 0}.

The set \7(P) is a piecewise linear graph in R? : it is a finite union of possibly infinite
straight edges in R%. As in the case of polynomials in one variable, we take into account
the difference in the slopes of P(z,y) on the two sides of an edge.
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a) “x+y+0” b) “3+2x+2y+3zy+y*>+22" c) “O+z+y?+(-1)z?”

FIGURE 2. A tropical line and two tropical conics.

Definition 2.2. The weight of an edge of V(P) is defined as the maximum of the greatest
common divisor (ged) of the numbers |i — k| and |j - {| for all pairs (i,5) and (k,) such
that the value of P(x,y) on this edge is given by the corresponding monomials.

The tropical curve defined by P(x,y) is the graph V(P) equipped with this weight
function on the edges.

Example 2.3. Figures 2a,b,c depict tropical curves in R2. The weight of an edge is
assumed to be 1, unless indicated otherwise. For example, in the case of the tropical line,
all edges are of weight 1.

2.2. Dual subdivision

A polynomial P(z,y) over any field or semi-field always comes with a Newton polygon.
Let P(z,y) = “%;; ai ;jx'y’” be a tropical polynomial. The Newton polygon of P(z,y),
denoted by A(P), is defined by

A(P) = Conv{(i,j) € (Zs0)* | a; j # —00} c R%.

In classical algebra, one just replaces —oo by 0 in the definition of A(P).
A tropical polynomial also determines a subdivision of A(P), called its dual subdivision.
Given (z0,%0) € R?, let

A(wo,yo) = COTLU{(’L,]) € (ZZO)2 | P($0,y0) = “ai,jxéyé”} c A(P)

The tropical curve C' defined by P(z,y) induces a polyhedral decomposition of R?, and
the polygon A, .,y only depends on the cell F'> (zo,yo) of the decomposition given by
C. Thus, we define Ap = Ay, 4) for (zo,%0) € F.

Example 2.4. Let us go back to the tropical line L defined by the polynomial P(z,y) =
“r+y+0" (see Figure 2a). On the 2-cell F; = {max(z,y) < 0}, the value of P(x,y) is
given by the monomial 0, and so Ap, = {(0,0)}. Similarly, we have Ap, = {(1,0)} and
Ap, ={(0,1)} for the cells F» = {z > max(y,0)} and F3 = {y > max(x,0)}.
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Along the horizontal edge e; of L the value of P(x,y) is given by the monomials 0
and y, and so A, is the the vertical edge of A(P). In the same way, A., is the the
horizontal edge of A(P) for the vertical edge ez of L, and A., is the the edge of A(P)
with endpoints (1,0) and (0, 1) for the diagonal edge e3 of L.

The point (0,0) is the vertex v of the line C. This is where the three monomials 0, x
and y take the same value, and so A, = A(P), (see Figure 3a).

All polyhedra Ap form a subdivision of the Newton polygon A(P). This subdivision
is dual to the tropical curve defined by P(z,y) in the following sense.

Proposition 2.5. One has

e A(P)=UrAp, where the union is taken over all cells F' of the polyhedral subdi-
vision of R? induced by the tropical curve defined by P(x,y);

dim F' = codim Ap;

Ap and F are orthogonal;

Ap c Aprif and only if F' ¢ F; furthermore, in this case Ap is a face of Apr;
Ap c OA(P) if and only if F is unbounded.

Example 2.6. The dual subdivisions of the tropical curves in Figure 2 are drawn in
Figure 3 (the black points represent the points of A(P) which have integer coordinates;
note that these points are not necessarily vertices of the dual subdivision).

AN -

a) b) ¢)

FI1GURE 3. Subdivisions dual to the tropical curves depicted in Figure 2

The weight of an edge of a tropical curve can be read off from the dual subdivision.

Proposition 2.7. An edge e of a tropical curve has weight w if and only if the integer
length of A, is w, i.e., Card(A.nZ2) -1 =w.

2.3. Balanced graphs and tropical curves.

Let v be a vertex of a tropical curve C, and let eq,...,e; be the edges adjacent to v.
Denote by w1, ..., w, the weights of eq,...,ex. Let v;, i =1, ..., k, be the primitive integer
vector (i.e., having mutually prime Z-coordinates) in the direction of e; and pointing
outward from v, see Figure 4a. The vectors wiv1,...,w,v; are obtained from the sides of
the closed polygon A, (oriented counter-clockwise) via rotation by 7/2, (see Figure 4b).
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Hence, the tropical curve C' satisfies the so called balancing condition at each of its
vertices v.

a) b)

FI1GURE 4. Balancing condition.

Proposition 2.8 (Balancing condition). One has

E
Z Ww;v; = 0.
i=1
A rectilinear graph I' c¢ R? whose edges have rational slopes and are equipped with
positive integer weights is called a balanced graph if T' satisfies the balancing condition
at each vertex. We have just seen that every tropical curve is a balanced graph. The
converse is also true.

Theorem 2.9 ([Mik04b)). Any balanced graph in R? is a tropical curve.

For example, there exist tropical polynomials of degree 3 whose tropical curves are the
weighted graphs depicted in Figure 5. The figure also contains the dual subdivisions of
these curves.

2.4. Tropical curves as limits of amoebas

As in the case of polynomials in one variable, tropical curves can be approximated, via
the logarithm map, by algebraic curves in (C*)?. For this, we need the following map
(where ¢ > 1):

Log,: (C*)? — R?
(z,w) — (log,|z],log; [wl) *

Definition 2.10 (Gelfand-Kapranov-Zelevinsky [GKZ94]). The amoeba (in base t) of
V c (C*)? is Log, (V).
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c)
FIGURE 5. Some tropical cubics and their dual subdivisions

For example, the amoeba of the line £ defined by z+w +1=0 in (C*)? is depicted in
Figure 6a. This amoeba has three asymptotic directions: (-1,0), (0,-1), and (1,1).

The amoeba of £ in base ¢ is a contraction by a factor logt of the amoeba of £ in base
e (see Figures 6b, ¢). Hence, when t goes to +oco, the amoeba is contracted to the origin,
only the three asymptotic directions remain. In other words, what we see at the limit in
Figure 6d is a tropical line!

Of course, the same strategy applied to any complex curve in (C*)? produces a similar
picture at the limit: a collection of rays emerging from the origin in the asymptotic
directions of the amoeba. To get a more interesting limit, one can look at the family of
amoebas, Log,(C;), where (C;)¢er,, is a non-trivial family of complex curves.

Example 2.11. Figure 7 depicts the amoeba of the complex curve given by the equation
1-z-w+t22% —t"tzw+ t~2w? = 0 for ¢ sufficiently large, and the limiting object which
is... a tropical conic.

The following statement is the two-dimensional counterpart of Theorem 1.4.

10
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a) Log(L) b) Log,, (£)

c) Log,, (L) d) lim;—, o Log, (L)

FIGURE 6. Dequantization of a line (e < t; < t2)

Theorem 2.12. (cf. [Kap00, Mik04b]) Let Py(z,w) = ¥, ; o j(t)z'w? be a polynomial
whose coefficients are functions «; ; : R - C, and suppose that o ;(t) ~ i jt%7 when t
goes to +oo with v; j € C* and a; j € T.

If C; denotes the curve in (C*)? defined by the polynomial P;(z,w), then the amoebas
Log,(Cy) converge to the tropical curve defined by the tropical polynomial Piyop(x,y) =
“Zi,j ai,szyj ”.

It remains to explain the relation between amoebas and weights of a tropical curve.
Let Py(z,w) and P/(z,w) be two families of complex polynomials, defining two families of
complex algebraic curves (Ct)ter,, and (C)ier,,, respectively. As in Theorem 2.12, these
two families of polynomials induce two tropical polynomials Py.op(z,y) and Py, (z,y),
which in turn define two tropical curves C and C’.

Proposition 2.13 (cf. [Mik04a, PRO4]). Let pe C'nC’ be a point which is not a vertex
of C or C'. Assume that the edges of C and C' which contain p are not parallel. Then,

11
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Log,(Ct) lim;-, 400 Log, (Ct)

FIGURE 7. Ci:l—z—w+t 222 -t zw+t2w? =0

the number of intersection points of Cy and C; whose image under Log, converges to p is
equal to the Euclidean area of the polygon A, dual to p in the subdivision dual to CuC'.

The above number is denoted by (C'-C"), and is called the multiplicity of the inter-
section point p of C' and C’. It is worth noting that the number of intersection points
which converge to p depends only on C and C’, that is, only on the order at infinity of
the coefficients of Pi(z,w) and P;(z,w).

If e is an edge of a tropical curve C, and p is an interior point of e, then the weight of
e is equal to the minimal multiplicity (C'-C"),, for all possible tropical curves C’ 3 p such
that (C-C"), is defined.

Example 2.14. Figures 8a,c depict different mutual positions of a tropical line and a
tropical conic. The corresponding dual subdivisions of the union of the two curves are
depicted in Figures 8b,d.

In Figure 8a (respectively, Figure 8c), the tropical line intersects the tropical conic in
two points of multiplicity 1 (respectively, in one point of multiplicity 2).

The combination of Theorem 2.12 and Proposition 2.13 allows one, for example, to
deduce the Bernstein Theorem [Ber75] in classical algebraic geometry from the tropical
Bernstein Theorem (see Exercise 2(4)).

Exercises 2.

(1) Draw the tropical curves defined by the tropical polynomials P(z,y) = “5 + 5z +
5y +4xy + 1y* + 22”7 and Q(x,y) = “T+4x +y + 4y + 3y> + (-3)2>”, as well as the
dual subdivisions of these tropical curves.

12
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c) d)
FiGURE 8. Tropical intersections

Show that a tropical curve defined by a polynomial of degree d has at most d?
vertices.

Find an equation for each of the tropical curves in Figure 5. The following
reminder might be helpful: if v is a vertex of a tropical curve defined by a tropical
polynomial P(z,y), then the value of P(x,y) in a neighborhood of v is given
uniquely by the monomials corresponding to the polygon dual to v.

Prove the tropical Bernstein Theorem: let C' and C” be two tropical curves such
that C' n C’ does not contain any vertex of C' or C'; then, the sum of the mul-
tiplicities of all intersection points of C' and C’ is equal to the mixed volume of

A(C1) and A(Cy), i.e. to
Area(A(CuC")) - Area(A(C)) - Area(A(C")).

Here, Area(A(C)) is the Euclidean area of the Newton polygon of C. Deduce
the classical Bernstein Theorem from its tropical counterpart.

. Patchworking

In this section, we present a first application of the material discussed above to real

algebraic geometry. The patchworking technique invented by O. Viro at the end of the
1970’s constitutes one the roots of tropical geometry. At that time the formalism of
tropical geometry did not exist yet, and the original formulation of patchworking is dual to

13
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the presentation we give here. Tropical formulation of patchworking became natural with
the introduction of amoebas due to I.M. Gelfand, M.M. Kapranov and A.V. Zelevinsky
[GKZ94], further relations between amoebas and real algebraic curves were found by
O. Viro and G. Mikhalkin (see [Vir01] and [Mik00]). We discuss here only a particular
case of the general patchworking theorem. This case, called combinatorial patchworking,
turned out to be a powerful tool to construct plane real algebraic curves (and, more
generally, real algebraic hypersurfaces of toric varieties).

A real algebraic curve in (C*)? is an algebraic curve defined by a polynomial with real
coefficients. Given such a real algebraic curve C, we denote by RC the set of real points
of C, i.e. RC =Cn (R*)%

3.1. Patchworking of a line

Let us start by looking more closely at the amoeba of the real algebraic line £ c (R*)?
given by the equation az+bw+c =0 with a, b, c € R*. The whole amoeba A(L) is depicted
in Figure 6a, and the amoeba of RL is depicted in Figure 9¢. Note that A(L) does not
depend on a,b, and ¢ up to translation in R?, and that JA(L) = A(RL).

We can label each arc of A(RL) by the pair of signs corresponding to the quadrant
of (R*)? through which the corresponding arc of RL passes (see Figure 6d, where ()
denotes the sign of ). This labeling only depends on the signs of a,b, and c¢. Moreover,
if two arcs of A(RL) have an asymptotic direction (u,v) in common, then these pairs of
signs differ by a factor ((-1)%, (-1)").

We may recover from A(RL) the isotopy class (up to axial symmetries) of RL in
(R*)2. To do this, we assign a pair of signs to some arc of A(RL) (Figure 10a). As we
have seen, this determines a pair of signs for the two other arcs of A(RL) (Figure 10b).
For an arc A c¢ A(RL) labeled by ((-1)°',(-1)%?) we draw its image under the map
defined by (z,y) = ((-1)%1e®, (-1)°2¢¥) in (R*)2. Clearly, the image of A is contained
in the ((-1)%*,(-1)%2)-quadrant. The union of the images of the three arcs (shown on
Figure 10c) is isotopic to a straight line (shown on Figure 9a).

3.2. Patchworking of non-singular tropical curves

Viro’s patchworking theorem is a generalization of the previous observations, in the
case of an approximation of a non-singular tropical curve by a family of amoebas of real
algebraic curves.

Definition 3.1. A tropical curve in R? is non-singular if its dual subdivision is formed

by triangles of Euclidean area %

Equivalently, a tropical curve is non-singular if and only if it has exactly 2 Area(A(C))
vertices. Recall that a triangle with vertices in Z? and having Euclidean area % can be
mapped, via the composition of a translation and an element of SLs(Z), to the triangle
with vertices (0,0), (1,0), (1,1). In other words, an algebraic curve in (C*)? with Newton
polygon of Euclidean area 1 is nothing else but a line in suitable coordinates. We use

2
this observation in the following construction.

14
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a)Liz-w+1=0 b)

(e(ac), —e(be))
/ /

(~e(ac), —e(bc)) (~e(ac),e(be))

c) A(RL) d) A(RL) with signs

FIGURE 9. Amoeba of a real line

(+:+)

F1GURE 10. Patchworking of a line

Let C be a non-singular tropical curve in R%. Let (C;)¢cr,, be a family of real algebraic
curves whose amoebas approximate C' in the sense of Theorem 2.12. Then, one can show
that when ¢ is sufficiently large, the following hold:

15
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e for any vertex a of C, in a small neighborhood U, of a the amoeba A;(RC;) nU,
is made of three arcs as depicted in Figure 1la, corresponding to three arcs on
RCy;

e for each bounded edge e of C, in a small neighborhood U, of e the amoeba
A (RC;)nU, is made of four arcs, corresponding to four arcs on RC;. The position
of the arcs with respect to the edge is as depicted in either Figure 11b or ¢. More-
over, if e has primitive integer direction (u,v), then the two arcs of the amoeba
A (RC;) nU, converging to e correspond to arcs of RC; contained in quadrants of
(R*)? whose corresponding pairs of signs differ by a factor ((-1)%, (-1)?).

-/—/

/

: ((-1)"e1, (-1)"=2)
a)

b)

(e1,€2) 4

((-1)%e1,(-1)"e2)
0

FIGURE 11. A¢(RC;) nU for large ¢

The above two properties imply that the position of RC; in (R*)? up to the action of
(Z/27)? by axial symmetries (z,w) + (2, +w) is entirely determined by the partition of
the edges of C' between the two types of edges depicted in Figures 11b, c.

Definition 3.2. An edge of C as in Figure 11c is said to be twisted.

Not any subset of the edges of C' may arise as the set of twisted edges. Nevertheless,
the possible distributions of twists are easy to describe.

Definition 3.3. A subset T of the set of bounded edges of C' is called twist-admissible if
they satisfy the following condition:

16
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for any cycle v of C, if ey, ..., e are the edges in ynT', and if (u;,v;) is a primitive integer
vector in the direction of e;, then
k
> (ui,v;) =0 mod 2. (1)
i=1

The Viro patchworking theorem [Vir01] may be reformulated in terms of twist-admissible
sets as follows.

Theorem 3.4. For any twist-admissible set T in a non-singular tropical curve C in
R?, there exists a family of non-singular real algebraic curves (Ct)ser., in (C)? which
converges to C in the sense of Theorem 2.12 and such that the corresponding set of twisted
edges is T'.

Example 3.5. One may choose T to be empty as the empty set clearly satisfies (1). The
resulting curve corresponds to the construction of simple Harnack curves described in
[Mik00] via Harnack distribution of signs, see [IV96].

Example 3.6. If C is a tree then any set of edges is twist-admissible.

Example 3.7. Consider the tropical cubic depicted in Figure 5a, and choose two subsets
T of the set of edges (marked by a cross) of C as depicted in Figures 12a, b. The first
one is twist-admissible, while the second is not.

a) Twist-admissible set b) Not a twist-admissible set

FIGURE 12

Below is a summary of the procedure recovering the isotopy type of RC; c (R*)? (up
to axial symmetries) from a smooth tropical curve C ¢ R and a twist-admissible set T' of
edges in C.

17
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o At each vertex of C', we draw three arcs as depicted in Figure 11a.

e For each bounded edge e adjacent to the vertices v and v" we join the two corre-
sponding arcs at v to the corresponding ones for v’ in the following way: if e ¢ T,
then join these arcs as depicted in Figure 11b; if e € T', then join these arcs as
depicted in Figure 11c; denote by P the curve obtained.

e We choose arbitrarily a connected component of P and a pair of signs for it.
(Different choices produce the same isotopy type in (R*)? up to axial symmetries.)

o We associate pairs of signs to all connected components of P using the follow-
ing rule. Given an edge e with primitive integer direction (u,v), the pairs of
signs of the two connected components of P corresponding to e differ by a factor
((-1)*,(-1)?). (The compatibility condition (1) ensures that this rule is consis-
tent.)

e We map each connected component A of P to (R*)? by (x,y) = (£1€%,e2eY),
where (€1,£2) is the pair of signs associated to A. The resulting curve is the
union of these images over all connected components of P.

Example 3.8. Figures 13, 14, 15, and 16 depict tropical curves of degree 3, 4, and 6
enhanced with twist-admissible collections of edges, and the isotopy types of the corre-
sponding real algebraic curves in both (R*)? and RP?.

Qﬂ
7/) o -

a) c) d)

7

FIGURE 13. A Harnack cubic

A real algebraic curve of degree 6 which realizes the isotopy type in RP? depicted in
Figure 16d was first constructed by D. A. Gudkov in 1960’s by a different technique. This
answered one of the questions posed by D. Hilbert in 1900.

Remark 3.9. We may find an explicit equation for a family (C;)¢cr,, from Theorem 3.4 as
follows. Suppose that the tropical curve C'is given by the tropical polynomial Piyop(x,y) =
“Yijairty’”. We define the family (Ct)ter,, by a family of real polynomials P;(z,w) =
Yij Vit 2 w?, with «; ; € R*. For any choice of v; ; the resulting family will converge

18
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/& N
My
: -
) ]l

C

FIGURE 14. Another patchworking of a cubic

#F

F1cURE 15. A hyperbolic quartic

///r

to C' in the sense of Theorem 2.12. In turn the set of twisted edges only depends on the
signs of v; ;, as described below.

For each bounded edge e of C, denote by pj and p§ the two vertices of the segment
A, dual to e. The segment A, is adjacent to exactly two other triangles of the dual
subdivision. Let p§ and pj denote the vertices of these two triangles not equal to p§, ps.
Then, the set of twisted edges of the family (Ct)ser,, is exactly T if and only if for each
bounded edge e of the dual subdivision, the following holds:

e if the coordinates modulo 2 of p§ and p§ are distinct, (see Figure 17a), then e is
twisted if and only if ypeYpe Vps1ps > 0

e if the coordinates modulo 2 of p§ and p§ coincide (see Figure 17b), then e is
twisted if and only if ypeype < 0.

Remark 3.10. We may also determine the topological type of the surface C;/conj for
sufficiently large ¢, where conj is the restriction on C; of the complex conjugation in (C*)2.
Start with a small tubular neighborhood S of C in R2. For each twisted edge e of C, we
cut S along a fiber at some point inside e and glue it back with a half-twist. In other
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FIGURE 16. Gudkov’s sextic

words, we start with the amoeba A¢(C;) (for large ¢) and add a half-twist wherever we
see a double point of A;(RC;).

The result is a surface with boundary (and punctures) diffeomorphic to Ci/conj for
t large enough. For example, the surface Ci/conj corresponding to the patchworking
depicted in Figure 18a is depicted in Figure 18¢ (compare with Figure 18b).

Recall that a non-singular real curve RC; is said to be of type Iif Cy/conj is orientable.

Proposition 3.11 ([Haa97]). Let C c R? be a smooth tropical curve, and let (Cy)ter.,
be a family of non-singular real curves converging to C' in the sense of Theorem 2.12, so
that the corresponding set of twisted edges is T. A curve RC; is of type I for sufficiently
large t if and only if each cycle in C' contains an even number of edges from T.
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P5 5 2
5 Py P4 j21 j2
a) b)

F1GURE 17. The dual subdivision surrounding A, from Remark 3.9.

—

—
wnﬂ all
a) b) ¢) The surface Cy/conjj

FIGURE 18

Accordingly, we say that a twist-admissible set T is of type I if each cycle in C' contains
an even number of edges from T'.

3.3. Haas Theorem

Let C be a non-singular real algebraic curve in (C*)2. Denote by A(C) the Newton
polygon of C, that is, the Newton polygon of a polynomial defining C; the polygon A(C)
is defined up to translation by a vector with integer coordinates. Topologically, the
curve C may be obtained from a closed Riemann surface C by removing a finite number
of points (corresponding to the ends of C). We denote by RC the topological closure
of RC in C. By Harnack’s inequality, the maximal number of connected components
of RC is equal to g(C) + 1, where g(C) is the genus of C; this genus in turn equals to
Card(Z*nInt(A(C))). We say that RC' is an M -curve, or a mazimal curve, if the number
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of connected components of RC is equal to ¢g(C) + 1. The maximal curves constitute
extremal objects in real algebraic geometry; their study goes back to A. Harnack and
F. Klein in the XIXth century. We refer to [Vir] for an introduction to the subject.

B. Haas in [Haa97] found a nice criterion for a curve obtained by the combinatorial
patchworking to be an M-curve.

Definition 3.12. Let C be a non-singular tropical curve in R?, and let T be a twist-
admissible set of edges in C. We say that T is maximal if it is of type I, and for any edge
e €T, either C \ e is disconnected or there exists an edge e’ € T such that C'\ e and C'\ ¢’
are connected, but C' \ (eue’) is disconnected.

For example, an empty collection T' is not only twist-admissible, but also maximal.

Theorem 3.13 ([Haa97]). Let C be a non-singular tropical curve in R?, and let T be a
twist-admissible set of edges in C. Suppose that (Ci)ier,, is a family of non-singular real
algebraic curves in (C*)? such that (C¢)ier,, converges to C in the sense of Theorem 2.12
and T is the corresponding set of twisted edges. Then, the real curve C; is mazimal for
sufficiently large t if and only if T is mazimal.

Example 3.14. If T is a twist-admissible set of edges in a non-singular tropical curve
C, and T contains an edge which is not adjacent to an unbounded connected component
of R? \ C, then T is not maximal (cf. Figure 15).

Exercises 3.

(1) Show that the first Betti number of a non-singular tropical curve in R? is equal
to the number of integer points contained in the interior of the Newton polygon
of this curve.

(2) Let C be a non-singular tropical curve, and let (Ci)ter,, be a family of non-
singular real algebraic curves converging to C' so that there are no twisted edges.
Prove that, for sufficiently large values of ¢, the isotopy type of C; in (R*)? is
determined (up to the action of (Z/2Z)% by axial symmetries) by the Newton
polygon A(C) of C and does not depend on the choice of a particular tropical
curve with given Newton polygon.

(3) Show that any twist-admissible set of edges in the tropical cubic depicted at
Figure 5a produces an M-cubic. Find another tropical cubic together with a
twist-admissible set for it such that they produce a connected real cubic in RP?.

(4) Following Remark 3.9, write equations of families of non-singular real algebraic
curves (Ct)ter,, corresponding to tropical curves and twisted edges in Example
3.8.

4. Applications in enumerative geometry

4.1. Complex and real enumerative problems

Tropical geometry has various applications in enumerative geometry. We restrict our
attention here to one of the classical enumerative problems: enumeration of curves of
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given degree d > 0 and (geometric) genus g > 0 that pass through the appropriate number
(equal to 3d—1+g) of points in general position in the projective plane. This problem can
be considered over different fields (and even semi-fields). The easiest and the most studied
framework is the one of complex geometry. Consider a collection w of 3d — 1 + g points
in general position in the complex projective plane CP2. The number Ng 4 of irreducible
complex algebraic curves of degree d and genus g which pass through the points of w
depends only on d and ¢g and not on the choice of points as long as this choice is generic:
as we will see later, this number can be interpreted as the degree of certain algebraic
variety.

A non-singular algebraic curve in CP? of degree d has genus

if9>W'

The case g = (d_lgﬁ is also easy. If d = 1 and g = 0, we are counting straight
lines which pass through two points, so Nj o is equal to 1. In the case d =2 and g = 0,

we are counting conics which pass through five points in general position, so N g is

d(d+3)
2

CP?, there exists exactly one curve of degree d in CP? and genus g = %2(‘172) which

(‘171)2&, so we obtain

Ngg=0

also equal to 1. More generally, for any choice of points in general position in
passes through these points. Indeed, the space CCy of all curves of degree d in CP?
can be identified with a projective space CPY of dimension N = @: the coefficients
of a polynomial ¥ a; jz'w’ u?"J defining a given curve can be taken for homogeneous
coordinates [0 : o1 :Q1,0: ... aqo] of the corresponding point in CCy. The condition
to pass through a given point [zo : wg : ug] in CP? gives rise to the linear condition

Z ozi,jzéwgug_i_j =0
on the coefficients a; ; of a polynomial defining the curve, and thus defines a hyperplane in
CCy. If the collection of the d(dTJrg') chosen points is sufficiently generic, the corresponding
@ hyperplanes in CC,; have exactly one common point, and this point corresponds

to a non-singular curve. Hence, we proved the following statement.

Proposition 4.1. For any positive integer d, we have

Nd, (@-n(-z) = 1.
A more interesting situation arises in the cases g < w;d_z), as illustrated by the
following example.

Example 4.2. The number of rational cubic curves in CP? which pass through a collec-
tion w of 8 points in general position is equal to 12, i.e. N3¢ =12. Indeed, the collection
w determines a straight line P in CCj, that is, a pencil P of cubics. Since this pencil
is generated by any two of its elements, the intersections of all cubics of P consists of w
together with a ninth point. Let CP? be the projective plane CP? blown up at these 9
points. The Euler characteristic y(CP2) of CP? is then equal to 3+9 = 12. On the other
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hand, the pencil P induces a projection CP2 — P, which has two types of fibers: either a
smooth elliptic curve, or a nodal cubic. Since the former has Euler characteristic 0, and
the latter has Euler characteristic 1, we obtain that x(CP?) = N3 .

Example 4.2 generalizes to any degree.

Proposition 4.3. For any positive integer d, we have

N, wnas ; =3(d-1)

We may give another geometric interpretation of the numbers N PRCENCES T Consider
’ 2

the hypersurface D ¢ CCy formed by the points corresponding to singular curves of
degree d in CP2. This hypersurface is called the discriminant of CCy. The smooth part
of D is formed by the points corresponding to curves whose only singular point is a non-
degenerate double point. A generic collection of @ — 1 points determines a straight
line in CCy, and moreover, this line intersects the discriminant only in its smooth part

and transversally. Thus, the number N g (d=D@-2) coincides with the degree of D.
s 2
To reformulate in a similar way the general problem formulated in the beginning of the
section, choose a collection w of @ -6 =3d-1+g points in general position in CP?,

where § = Wléﬁ —g. The expression “in a general position” can be made precise in the
following way. Denote by S4(d) the subset of CCy formed by the points corresponding
to irreducible curves of degree d satisfying the following property: each of these curves
has 0 non-degenerate double points and no other singularities (such curves are called
nodal). The Severi variety S4(8) is the closure of Sq(d) in CCy. It is an algebraic variety
of codimension § in CCy. The smooth part of S4(5) contains Sq(d) (see, for example,
[Zar82]). We say that the points of w are in a general position (or that w is generic) if
the following hold,

e the dimension of the projective subspace II(w) ¢ CC, defined by the points of w
is equal to d;

e the intersection II(w) N .S4(8) is contained in Sq(6);

e and the above intersection is transverse.
It can be proved (see, for example, [KP99]) that the generic collections form an open
dense subset in the space of all collections of d(d’TJr?’) —§ points in CP2. If w is generic, any
irreducible curve of degree d and genus ¢ in CP? which passes through the points of w
corresponds to a point of II(w) N .S4(8). Thus, the number N, 4 coincides with the degree

of the Severi variety Sq(6).

Remark 4.4. Since we consider generic collections w ¢ CP?, we can restrict ourselves
to the situation where all points of w are contained in the complex torus (C*)? ¢ CP?;
then, Ng, becomes the number of irreducible nodal curves in (C*)? which pass through
the points of w, are defined by polynomials of degree d in two variables and have ¢ =
(@-1(d-2) _ . double points

5 g double points.
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The numbers Ny, are Gromov- Witten invariants of CP?. The number N, = Ny, is
the number of rational curves of degree d which pass through a generic collection of 3d -1
points in CP2. A recursive formula for the numbers Ny, was found by M. Kontsevich
(see [KM94]). A recursive formula that allows one to calculate all numbers Ny, was
obtained by L. Caporaso and J. Harris [CH98].

The enumerative problem discussed above can as well be considered over the real
numbers. Consider a collection w of 3d — 1 + g points in general position in the real
projective plane RP2. This time, the number Rg 4(w) of irreducible real curves of degree
d and genus g which pass through the points of w, in general, depends on w. For example,
for d = 3 and g = 0, the number Rg4(w) can take values 8, 10, and 12 (see [DKO00], or
Example 4.8).

J.-Y. Welschinger suggested to treat real curves differently for enumeration, so that
some real curves are counted with multiplicity +1 and some with multiplicity —1. He
proved that the result is invariant on the choice of points in general position in the case
g = 0 (see [Wel05]). To define the Welschinger signs, recall that all the curves under
enumeration are nodal. A real non-degenerate double point of a nodal real curve C can
be

e hyperbolic (i.e., intersection of two real branches of the curve, see Figure 19a),
e or elliptic (i.e., intersection of two imaginary conjugated branches, see Figure
19b).

Denote by s(C) the number of elliptic double points of C.

a) hyperbolic b) elliptic

FiGUrE 19. Two types of real nodes

Theorem 4.5 (Welschinger, [Wel05]). Let w be a collection of 3d — 1 points in general
position in RP2. The number

Wa(w) = Y (-1)*,
C

where the sum runs over all real rational curves of degree d in RP? which pass through
the points of w, does not depend on the choice of (generic) collection w.

The number Wy(w) is denoted by Wy, and is called Welschinger invariant. Notice
that the absolute value of Wy provides a lower bound for the numbers Ry o(w).
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Remark 4.6. More generally we could have chosen a real collection of points in CP?,
i.e. a collection made of real points and pairs of complex conjugated points. In this
more general situation, Welschinger proved in [Wel05] that the signed enumeration of
real rational curves given in Theorem 4.5 only depends on d and on the number of real
points in w. For the sake of simplicity, we consider here only the case w c RP2.

Example 4.7. Since rational curves of degree 1 and 2 in CP? are non-singular, we have
Wy =Wy =1.

Example 4.8. Adapting to the real setting the calculation performed in Example 4.2,
we can compute Ws3. A collection w of 8 points in general position in RP? defines a pencil
RP of real cubics which pass through all the points of w. In particular, the 9 intersection
points of all cubics in P are real. Let RP? be the real _projective plane RP? blown up
at these 9 points. The Euler characteristic X(RPQ) of RP? is equal to 1-9 = -8. On
the other hand, the calculation of the Euler characteristic of RP? via the pencil RP gives
Y(RP?) = —W5. Thus W3 =8

The lower bound 8 for the number of real rational cubics passing through 8 points in
general position in RP? is sharp and was proved by V. Kharlamov before the discovery of
the Welschinger invariants (see, for example, [DK00]). Using floor diagrams (see Section
4.4), E. Rey showed that the lower bound provided by the Welschinger invariant Wy is
also sharp. It is not known whether the lower bounds provided by Wy, d > 5 are sharp.

The values of W, with d > 4 are more difficult to calculate; the first calculation of the
numbers Wy for d > 4 was obtained via tropical geometry.

Note that the enumeration of real curves with Welschinger signs does not give rise to
an invariant count if g > 0 (see [Wel05, IKS03]).

4.2. Enumeration of tropical curves

The above enumerative problem can be also considered over the tropical semi-field.
Since we did not yet introduce the notion of tropical projective plane, as well as the notion
of genus for tropical curves (these notions are respectively introduced in Section 7.3 and in
Definition 7.7), we reformulate our problem similarly to Remark 4.4 and consider tropical
curves in the tropical torus R? = (T*)2.

A tropical curve C' in R? is said to be irreducible if it is not a union of two tropical
curves, both different from C. A tropical curve C in R? is called nodal if each unbounded
edge of C' is of weight 1 and each polygon of the subdivision dual to C is either a triangle
or a parallelogram. We define the number of double points of a nodal tropical curve C' of
degree d in R? to be equal to I(C) + P(C), where I(C) is the number of integer points
of the triangle Conv{(0,0),(d,0),(0,d)} c R? which are not vertices of the subdivision
dual to C, and P(C) is the number of parallelograms in the dual subdivision. For any
irreducible nodal tropical curve C having exactly § double points in R?, we can define the
genus g of C' putting g = %2@_2) — 0 (cf. the definition of genus of a tropical curve at
the end of Section 7.1). In the case of genus 0, we speak about rational tropical curves.
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Example 4.9. A non-singular tropical curve whose Newton polygon is the triangle with
vertices (0,0), (d,0), and (0,d) has genus W (compare with Exercise 3(1)).

Example 4.10. The tropical curves depicted in Figures 2a, b are irreducible, nodal, and
rational. This is also the case for the tropical curves in Figures 5b,c. The tropical curve
depicted in Figure 5a is irreducible, nodal, and has genus 1.

For different choices of 3d -1+ g = @ — § points in general position in R?, the

numbers of irreducible nodal tropical curves of degree d which pass through these points
and have ¢ double points can be different. Nevertheless, these tropical curves may be
prescribed multiplicities in such a way that the resulting numbers are invariant. Consider
a collection w of 3d-1+g = @ - § points in general position in R?. Let C be an
irreducible nodal tropical curve of degree d such that C' passes through the points of w
and has ¢ double points (i.e., has genus g). Each vertex of C is either trivalent (dual to
a triangle) or four-valent (dual to a parallelogram). To each trivalent vertex v of such a
tropical curve C' we associate two numbers:

e mc(v) equal to twice the Euclidean area of the dual triangle;
e mg(v) equal to 0 if mc(v) is even and (=1)"*) if me(v) is odd, where i(v) is the
number of integer points in the interior of the triangle dual to v.
Put

me(C) = [[me(v),
mR(C) = HmR(U)7

where the products are taken over all trivalent vertices of C.

Theorem 4.11 (Mikhalkin’s correspondence theorem, [Mik05]). Let w be a collection of
3d -1+ g points in general position in R%2. Then,

(1) the number of irreducible nodal tropical curves C of degree d and genus g in R,
counted with multiplicities mc(C'), which pass through the points of w is equal to
Nd,g;

(2) if g =0, then the number of irreducible nodal rational tropical curves C of degree
d in R?, counted with multiplicities mr(C), which pass through the points of w is
equal to Wy.

Example 4.12. For each integer 1 < d < 3, we depicted in Figure 20 a generic collection

of 4d+3) points in R? and the unique nodal tropical curve C of degree d and genus
W@=2)(d=1) which passes through the points of the chosen collection. In each case we have

m((j(C) = mR(C’) = 1, and Theorem 4.11 giVGS Nl,O = N270 = N3,1 = W1 = WQ =1.

Example 4.13. We depicted in Figure 21 the rational nodal tropical cubics that pass
through the points of a given generic collection of 8 points in R2. For each curve, we
precise its real and complex multiplicities (as well as the multiplicity G which will be
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d=1 d=2 d=3
FIGURE 20

defined in Section 4.3). In particular, using Theorem 4.11, we obtain again N3 o = 12 and
W3 = 8.

4.3. Quantum enumeration of tropical curves

As we saw in the previous section, the numbers N; , and Wy can be expressed in terms
of certain tropical invariants. It turned out that there are many other enumerative tropical
invariants (and complex/real analogs for most of them are unknown). For example, in
the tropical world Welschinger invariants exist in arbitrary genus.

Theorem 4.14 ([IKS04]). Let w be a collection of 3d — 1 + g points in general position
in R?. Then, the number of irreducible nodal tropical curves C of degree d and genus g
in R?, counted with multiplicities mg(C'), which pass through the points of w does not
depend on the choice of a (generic) collection w.

Denote by W;T;p the invariant provided by Theorem 4.14. This theorem can be gen-
eralized in the following way.

F. Block and L. Géttsche [BG14] proposed a new type of multiplicities for tropical
curves (a motivation for these multiplicities is provided by a Caporaso-Harris type cal-
culation of the refined Severi degrees; the latter degrees were introduced by Gottsche in
connection with [KST11]). Consider again a collection w of 3d — 1 + g points in general
position in R?, and let C' be an irreducible nodal tropical curve of degree d and genus g

which pass through the points of w. To each trivalent vertex v of C' we associate
mg(v)/2 _ q—mc(v)/Z

g2 — g-1/2

G(v) =1

Put

G(C) =[] G(v).

where the product is taken over all trivalent vertices of C. The value of the Block-Gottsche
multiplicity G(C) at ¢ = 1 is mc(C). It is not difficult to check that the value of G(C)
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FIGURE 21

at ¢ = -1 is equal to mg(C), so the Block-Gottsche multiplicities interpolate between the
complex and real multiplicities for tropical curves.

Theorem 4.15 ([IM13]). Let w be a collection of 3d — 1 + g points in general position in
R2. Then, the sum of the Block-Géottsche multiplicities G(C) over the irreducible nodal
tropical curves C' of degree d and genus g in R? which pass through the points of w does
not depend on the choice of a (generic) collection w.

Denote by Gg,4 the invariant provided by Theorem 4.15. Again, we have Gg4 = 0

whenever g > W.

Example 4.16. We have G1 9 = G20 = G31 = 1 (see Figure 20). More generally, one
easily shows that
Gd (d-1)(@d-2) = 1.
) 2
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Example 4.17. We have (see Figure 21)
Gz = g t+10+q.

Example 4.18. Using the technique of floor diagrams, presented in the next section, one
can compute the invariants G4 4:

Gapo = 3¢71 +21 + 3¢,
Gu1=3¢%+33¢" +153+33q + 3¢%,
Gao=q 2 +13¢72+94q7" + 404 + 94q + 13¢* + ¢°.

Each coefficient of G4 is an integer valued tropical invariant. The sum of these
coefficients is equal to Ng 4, and the alternating sum of the coeflicients of G4 4 is equal
to WZ;” . It is not clear what is a complex enumerative interpretation of individual
coefficients of Gg,4.

Theorem 4.15 has the following corollary.

Corollary 4.19 (cf. [IM13]). Fiz a non-negative integer g and a positive integer k. Then,
for any sufficiently large integer d and any generic collection w of 3d—1+ g points in R2,
there exists an irreducible nodal tropical curve C of degree d and genus g in R? such that
C' passes through the points of w and mc(C) > k.

4.4. Floor diagrams

Theorem 4.11 reduces the problem of enumeration of complex (or real) curves to cal-
culation of the corresponding tropical invariants. One of the most efficient techniques for
computation of enumerative tropical invariants (and, in particular, Gromov-Witten in-
variants Ng 4 and Welschinger invariants Wy) is based on so-called floor diagrams. Floor
diagrams are related to the Caporaso-Harris approach [CH98]; we refer to [Brul4] for
more details.

Definition 4.20. A (plane) floor diagram of degree d and genus g is the data of a con-

nected oriented graph D (considered as a topological object; edges of D are not necessarily

compact) which satisfy the following conditions:

the oriented graph D is acyclic;

D has exactly d vertices;

the first Betti number by (D) of D is equal to g;

each edge has a weight which is a positive integer number;

there are exactly d non-compact edges of D; all of them are of weight 1 and are

oriented towards their unique adjacent vertex;

o for each vertex of D, the sum of weights of incoming edges is greater by 1 than
the sum of weights of outgoing edges.

A floor diagram inherits a partial ordering from its orientation. A map m between two
partially ordered sets is said to be increasing if

m(i) >m(j) =1> 7.
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Definition 4.21. A marking of a floor diagram D of degree d and genus ¢ is an increasing
map m: {1,...,3d -1+ g} - D such that for any edge or vertex x of D, the set m~'(x)
consists of exactly one element. A floor diagram enhanced with a marking is called a
marked floor diagram.

We consider the floor diagrams up to a natural equivalence: two floor diagrams D
and D’ are equivalent if there exists a homeomorphism of oriented graphs D and D’
which respects the weights of all edges. Similarly, two marked floor diagrams (D, m) and
(D', m') are equivalent if there exists a homeomorphism of oriented graphs ¢ : D — D’
which respects the weights of all edges and such that m’ = pom.

Example 4.22. Figure 22 shows all floor diagrams (up to equivalence) of degree at most
3 and indicates for each of them the number of possible markings. Similarly, Figures 23,
24, and 25 show all floor diagrams of degree 4.

We use the following convention to depict floor diagrams: vertices of D are represented
by white ellipses, edges are represented by vertical lines, and the orientation is implicitly
from down to up. We specify the weight of an edge only if this weight is at least 2.

SRR

1 marking 1 marking 1 marking 1 marking 5 markings 3 markings

FIiGURE 22. Floor diagrams of degree < 3

To each floor diagram D of degree d and genus g we can associate its complex, real
and Block-Gottsche multiplicities putting, respectively,

me(D) = [](w(e))?,
mgr(D) = Hr(e),

w(e)f2 _ w(e)/2
q q 2
(D)= l:[ ( g2 — g2 )

where the products are taken over all edges e of D, the number w(e) is the weight of e,
and r(e) is equal to 0 if w(e) is even and is equal to 1 otherwise. Note that m¢(D) is the
value of G(D) at g =1, and mg(D) is the value of G(D) at ¢ = -1.
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3138

1 marking 7 markings 2 markings 5 markings 1 marking 3 markings
Ficure 23. Floor diagrams of degree 4 and genus 3 or 2

ARl

15 markings 1 marking 6 markings 26 markings 9 markings 4 markings

= 2k

7 marking 2 markings 21 markings 6 markings 21 markings

ZRARH)
=(slaig)
2Rk

=S HH)
=K
==K

= ()
=(aiB,
=5

FIGURE 24. Floor diagrams of degree 4 and genus 1

Let us relate floor diagrams to enumeration of tropical curves. A collection w of 3d—1+g
points in R? is said to be wvertically stretched if the absolute value of the difference between
the second coordinates of any two of these points is much larger than the absolute value of
the difference between the first coordinates of any two of the points considered (in other
words, all points of w are in a very narrow strip [a,a +¢] x R). Fix a vertically stretched
collection w of 3d -1+ g points in R?, and associate to the points of w the numbers 1, ...,
3d-1+g in such a way that higher point always has a larger number. Given an irreducible
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35 markings 40 markings 8 markings 15 markings 6 markings 1 marking

F=R v ag

45 marking 3 markings 18 markings 102 markings 15 markings 15 markings

Ficure 25. Floor diagrams of degree 4 and genus 0

nodal tropical curve of degree d and genus g in R? such that C passes through the points
of w, one can show that each vertical edge (an elevator) of C, as well as each connected
component (a floor) of the complement in C' of the union of interiors of elevators, contains
exactly one point of w (see Figures 20, 21, and 26).

Contracting each floor of C'; we obtain a weighted graph whose edges correspond to
vertical edges of C; orient these edges in the direction of increasing of the second coordi-
nate. As it was shown by E. Brugallé and Mikhalkin [BM08], the result is a floor diagram
of degree d and genus g, and the 3d — 1 + d points in w provide a marking of this floor
diagram (see Figure 26). Conversely, any marked floor diagram of degree d and genus
g corresponds to exactly one irreducible tropical curve of degree d and genus g passing
through the points of w. This leads to the following statement (which is an immediate
generalization of a theorem proved in [BMO08]).

Theorem 4.23 (cf. [BM08]). One has
Gag=Y.G(D),
D

where the sum is taken over all marked floor diagrams D of degree d and genus g.

Example 4.24. Combining Theorem 4.23 with the lists of Figures 22,23, 24, and 25, we
obtain the values of G4 4 given in Examples 4.16, 4.17, and 4.18.
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FI1GURE 26. From tropical curves to floor diagrams

Theorem 4.23 immediately implies the following formulas for Ny , and W;T;p :
Nag =Y me(D), W, 77 =% me(D),
D D

where the sums are again taken over all marked floor diagrams D of degree d and genus g.

Beyond providing an efficient tool for explicit computations of enumerative invariants,
floor diagrams also turned out to be a powerful technique in the study of (piecewise-)
polynomial behaviour of Gromov-Witten invariants of complex surfaces, see for example
[FM10, Blo11, AB13, LO14, AB14].

Exercises 4.

(1) Fix a positive integer d, and put g = (d_l)QM - 1. By adapting the approach

used in Examples 4.2 and 4.8, prove that
Nag=3(d-1)?
and that the quantity

> (-1
C
from Theorem 4.5 depends on w for d > 4.
(2) Fix a positive integer d. It is clear from the definition that the numbers Wy and
Ny are equal modulo 2. Prove that

W4 = Ng mod 4.
(3) Show that either 9 or 10 distinct rational tropical cubics pass through a given

generic configuration of 8 points in R2.
(4) With the help of Figures 23, 24, and 25, work out the computations of Example

4.18.
(5) Fix a positive integer d. Using floor diagrams, prove that

d-2 ]

2 1

d-2 _
Gd7(d—1)2(d—2) =1 and Gd7(d71)2(d72)_1=(d—1)~|:?'q Yyod-1+
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(6) Fix a positive integer d and an integer 0 < g < W. Prove that the highest

power of ¢ which appears in Gg 4 is M_I)QM — g, and that the coefficient of the
corresponding monomial of G4 4 is equal to

(d=1)(d=2)
2 .
()

5. Tropical subvarieties of R* and T"

We focused so far on plane tropical curves. In this section we define tropical subvarieties
of higher dimension and codimension in R™. We have seen three equivalent definitions of
a tropical curve in R2:

(1) an algebraic one via tropical polynomials;
(2) a combinatorial one via balanced graphs;
(3) a geometric one via limits of amoebas.

All these three definitions can be generalized to arbitrary dimensions. In the case of
tropical hypersurfaces of R", all these three definitions remain equivalent. Moreover, the
proof that these yield equivalent definitions is exactly the same as for tropical curves in
R2. However, these three definitions produce different objects in higher codimension.

5.1. Tropical hypersurfaces of R"

As stated above, the situation for tropical hypersurfaces is entirely similar to the case
of tropical curves in R?. Let n be a positive integer number. A tropical hypersurface in
R™ is defined by a tropical polynomial in n variables

P(mla ce ,Z'n) = “gaimi” = n;lea’AX{ai + <$7Z>}7
where A c (Zso)" is a finite subset, 2’ = xzf;v? ...xin and (z,i) denotes the standard
inner product in R™. As usual we are interested only in the function defined by P, and
not in the polynomial expression. Once again P is a piecewise integer affine function on
R"™, and the definition from Section 2.1 of the set V(P) for tropical curves generalizes

directly to higher dimensions:
V(P)={2zeR" | Jizj, P(x)="“az" ="“aa’"}.

The set V(P) is a finite union of convex polyhedral domains of dimension n — 1 forming
a polyhedral complex (see Section 5.2), and its facets are equipped with a weight in the
same way as in Definition 2.2. The tropical hypersurface defined by P, denoted by V (P),
is the set V(P) equipped with this weight function on the facets.

Example 5.1. The tropical hypersurface of R? defined by the tropical polynomial

P(z,y,z)=“c+2+0"
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is a cylinder in the y-direction. It is formed by the three facets

Fi: z=0and <0
Fo: x=0and 2<0
F3: z=zand >0

that meet along the line F with equation = = z = 0, and equipped with the constant
weight function equal to 1 (see Figure 27a).

Example 5.2. Consider the linear tropical polynomial
P(xy,...,2n) = “a121 + -+ + anTp + ag”.

The tropical hyperplane V' (P) is a fan of dimension n -1 equipped with weight one on all
of its facets. Any such facet has the point (ag-az,...,ap—ay) as vertex, and is generated
by n—1 of the vectors

(-1,0,...,0), (0,-1,0,...,0),..., (0,...,0,-1), (1,...,1).

Conversely, any n — 1 elements of this set of n+ 1 vectors define a facet of V/(P). If n =2,
we have again a tropical line in the plane (cf. Example 2.1). A tropical plane in R? is
depicted in Figure 27b. Such a tropical plane has 4 rays, in the directions

(_17070)7 (Oa_170)7 (0707_1)? (17171)7

and 6 top dimensional faces, one spanned by each pair of rays.

Example 5.3. A tropical quadric surface in R? is depicted in Figure 27c.

Just as described in Section 2.2 for tropical curves in R?, any tropical polynomial P
induces a subdivision of its Newton polygon

A(P)=Conv ({i € (Zso)" | a; #+ —o0}) c R".

The tropical hypersurface V (P) is dual to this subdivision in the sense of Proposition 2.5.
By this duality, a top dimensional face F' of V' (P) is dual to an edge e of the subdivision
of A(P), and the weight of F' is equal to the lattice length of e. As a result, the tropical
hypersurface satisfies a generalization of the balancing condition from Section 2.3 along
the faces of dimension n—2. Let E be a face of dimension n—2 of V(P), and let Fy,..., Fj
be the faces of dimensions n — 1 of V(P) that are adjacent to E. Denote by wy,...,wy
the weights of F,..., Fx. Let v;, i =1, ..., k, be the primitive integer vector orthogonal
to F and such that z +ev; € F; if x € E and 1 >>¢ > 0.

Proposition 5.4 (Balancing condition for tropical hypersurfaces). One has

k
Z W;v; = 0.
i=1

The converse holds, i.e., Theorem 2.9 generalizes to tropical hypersurfaces of R™.
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)

FIGURE 27. Two tropical planes in a) and b) and a tropical quadric in
T3 in c).

Example 5.5. For the tropical surfaces of Example 5.1 we have
U1 =(_170’0)a vy =(0,0,-1), 1)3:(1,0,1),

and vy +vg + vz = 0.

As in the case of curves, any tropical hypersurface of R™ is the limit of amoebas of
algebraic hypersurfaces of (C*)". The next theorem generalizes Theorem 2.12.

Theorem 5.6. (c¢f. [Kap00, Mik04b]) Let P;(z1,...,2n) = ;i (t)z" be a polynomial
whose coefficients are functions a; : R — C, and suppose that a;(t) ~ v;t% when t goes
to +o0 with v; € C* and a; € T. If V; denotes the hypersurface in (C*)™ defined by the
polynomial Py(z), then the amoeba Log,(V:) converges to the tropical hypersurface of R™
defined by the tropical polynomial Piop(x) = “¥; aiz’”.

A tropical hypersurface is said to be non-singular if any top dimensional cell of its
1

dual subdivision has Euclidean volume 7, as the standard simplex in R". Equivalently,
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a tropical hypersurface is non-singular if each vertex has a neighborhood which is the
same, up to translations and the action of GL,(Z), as a neighborhood of the tropical
hyperplane from Example 5.2. More generally, a non-singular tropical subvariety of R"
locally looks like a tropical linear space. We treat these objects in Section 5.4.

5.2. Tropical subvarieties of R"

A k-dimensional finite polyhedral complexr in R™ is the union of finitely many k-
dimensional convex polyhedral domains Fi,...,Fy ¢ R" (each F} is the intersection of
some half-spaces in R™) such that the intersection of two polyhedra F; and Fj is either
empty or a face of both F; and F};. We define tropical subvarieties of R" by generalizing
the above balancing condition to finite polyhedral complexes of any dimension in R™. A
finite polyhedral complex V' c R" is said to be

o rational if for each face F' c V the integer vectors tangent to F' form a lattice of
rank equal to dim F’;

o weighted if each of the top dimensional faces of V' is equipped with a weight that
is an integer.

Definition 5.7 (General balancing condition in R™). Let V' be a weighted rational finite
polyhedral complex of dimension & in R™, and let E c V' be a codimension one face of V.
Let F1,..., Fs be the facets adjacent to E, and let Ap, ¢ Z™ denote the lattice parallel to
F;, (analogously for Ag). Let v; be a primitive integer vector such that, together v; and
Ag generate Ap,, and for any x € E, one has = +¢cv; € F; for 1 >>¢ > 0. We say that V is
balanced along FE if the vector

s
Z WE,;V;
i=1

is in Ap, where wp, is the weight of the facet F;.
Using this we introduce the definition of a tropical subvariety of R™.

Definition 5.8. A tropical cycle V of R™ of dimension k is a k-dimensional weighted
rational finite polyhedral complex which is balanced along every codimension one face.

A tropical cycle of R™ equipped with non-negative integer weights is called effective,
or also a tropical subvariety of R™.

Example 5.9. A tropical curve in R? is precisely a balanced graph as defined in Section
2.3. Note that this definition from Section 2.3 generalizes immediately to any weighted
rectilinear graph in R™ with rational slopes, and this generalization is again equivalent to
Definition 5.8.

In the case of tropical subvarieties of R” of dimension n—1, Definition 5.8 is equivalent
to the definition of tropical hypersurfaces of R"™ we gave in Section 5.1.

Example 5.10. Consider again the tropical surface in R® from Example 5.1. This is
indeed a tropical surface in the sense of Definition 5.7, since we have

U1 = (_1’a70)7 Vg = (Ovba_l)a U3 = (17Ca 1)a
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and so
vy +ve +vg = (0,a+b+¢,0)

which is parallel to F.

5.3. Tropical limits of algebraic varieties

As in the case of hypersurfaces, families of algebraic subvarieties of (C*)" are related
to tropical subvarieties of R™. We briefly indicate below this relation and refer to [IKMZ]
for more details.

Let (Vi)tea be a family of proper complex analytic subvarieties of dimension & in
(C*)™. Here, A c (1,+00) is any subset not bounded from above (our main examples are
A= (1,+00) and A =Zn (1,+00)). The amoebas Log,(V;) c R form a family of closed
subsets.

Definition 5.11. We say that Log,(V;) uniformly converges to a closed subset V c RY
if V' is the limit of Log,(V;) with respect to the Hausdorff metric on closed subsets of the
metric space R"™.

We say that Log,(V;) converges to a closed subset V ¢ RY if it uniformly converges
on compacts in R™ i.e. for any compact K c R™ the family K nLog,(V;) uniformly
converges to K nV.

We write V' = limtrop V; for any of these convergences. It turns out that limtrop V;

t—+oo t—+o0

admits the structure of a rational finite polyhedral complex of dimension k.

Example 5.12. Any linear map M : Z™ - Z™ is the multiplicative character map for a
homomorphism @ : (C*)™ - (C*)". Also it is (additively) dual to a map ¢ : R™ — R™.
Amoebas Log, (P, ((C*)™)) c R" of the constant (independent of ) family ®,; coincide
with ¢ps (R™) for any ¢, so we have

¢u(R™) = limtrop (@ ((C*)™)).
In this case the tropical limit is a k-dimensional linear subspace of R".

Let V = tlimtrop V; for some family V, ¢ (C*)™ of k-dimensional varieties. Consider a
—+00

facet F c V. Since F is a k-dimensional affine subspace of R™ we may find an (n - k)-
dimensional affine subspace Y c R" intersecting F' transversely in a single generic point
p in the relative interior of F' and such that the integer vectors tangent to Y and those
tangent to F generate the entire lattice Z". We may find a linear map M : Z" — Z"*
such that Y = p+ ¢pr(R") so that Y = tggnlx‘grop PP ((C*)"F), where tP(z1,...,2,) =

(tplzl,...,tp"zn).

Definition 5.13. We say that the face F c tlimtrop (Vy) is of weight w if for any suffi-
—+o00
ciently small open set U 5 p in R™ the set

PP ((C)"F) 0V, nLog; (U)
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consists of w points (counted with the intersection multiplicities of cycles of complimen-
tary dimension) whenever ¢ is sufficiently large. It is a fact that this definition of weight
does not depend on the choice of a generic point p € F' or the subspace Y with properties
as above.

We say that V = tEglogrop V; is the tropical limit of the family V; if all the faces of V

acquire a well-defined weight. If the convergence of Log,(V;) is uniform then we say that
the tropical limit V = tlimtrop V; is uniform.
—+00

Example 5.14. Suppose that M : Z" - Z* is a homomorphism such that the cokernel
group ZF/Tm (M) is finite. Then the weight of the affine k-space tlimtrop @ ((CF)
—+00

from Example 5.12 coincides with the cardinality of Z*/Tm (M).
The following theorem generalizes Theorems 2.12 and 5.6.

Theorem 5.15 ([IKMZ]). The tropical limit tlimtrop V; is a tropical subvariety of R™.
—+00

Definition 5.16. A tropical subvariety V c R" is called approzimable if there exists a
family of complex algebraic subvarieties V; of (C*)™ such that tlimtrop Ve=V. Itis
—+00

called uniformly approzimable if the convergence can be made uniform.

The following example illustrates the difference between uniform and conventional
(that is uniform only on compacts) tropical convergence. If a family of hypersurfaces
V; c (C*)™ with the Newton polyhedron A has the tropical hypersurface V c RY as its
uniform tropical limit, then A(V) = A (up to translation). However, if the convergence
is uniform only on compacts, then it might happen that A(V') is strictly smaller than A
as a part of the hypersurface may escape to infinity.

Example 5.17. The tropical curve in R? defined by the tropical polynomial “0 + z” is
the tropical limit of the family (C;)ser., of curves in (C*)? with equation

l+z+tw=0,
but is not a uniform tropical limit of this family.

Remark 5.18. Specifying the weights of the facets in the tropical limit as in Definition
5.13 may be further refined. Namely, we can specify a finite covering of degree w for the
k-torus (S')* corresponding to each facet F' of weight w. This refined weight is essential
for consideration of tropical subvarieties, but for the sake of keeping it simple we ignore it
in this survey (replacing refined tropical subvarieties with effective tropical cycles). Note
though that there is no difference if the weights of all facets are 1.

The weight refinement can be incorporated to the notion of the tropical limit. This
refinement may force subdividing facets of the tropical limit to smaller subfacets with
different pattern of refined weights. There is a tropical compactness theorem ensuring
that any family of algebraic varieties admits a tropically converging subfamily. By passing
to a subfamily we can also ensure that the tropical limit in the refined sense exists.
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Not every tropical subvariety of R™ is approximable, as illustrated by the following
example. Determining which tropical subvarieties of codimension different from one are
approximable is quite difficult, even in the case of curves.

Example 5.19. Consider the plane tropical cubic C' of genus 1 depicted in Figure 5a,
and draw it in the affine plane with equation z = 0 in R®. On each of the three unbounded
edges in the direction (1,1,0), choose a point in such a way that these three points are
not contained in a tropical line in z = 0. Now at these three points, replace the unbounded
part of C in the direction (1,1,0) by two unbounded edges, one in the direction (0,0,-1)
and one in the direction (1,1,1) to obtain a spatial tropical cubic C' (see Figure 28).

FIGURE 28. A non-approximable tropical spatial cubic curve.

The choice we made of the three points ensure that C is not contained in any tropical
hyperplane; since as we saw in Example 5.2, the unbounded rays in the —es direction
contained in a tropical plane in R?® project to a tropical line on the plane z = 0. For the
sake of simplicity, we show that C is not uniformly approximable i.e. there does not exist
a family (Ct)ter,, of spatial elliptic cubics with tgrglogrop (C¢) = C. The tropical curve C is

not approximable even without requiring uniform convergence, however the proof is more
involved.

Any spatial algebraic elliptic cubic curve is planar. Hence if an appropriate family
(Ct)ter,, of elliptic cubics exists, each member C; would be necessarily contained in a plane
P:. After passing to a subfamily we may assume that limtrop P; exists. It is a tropical

t—+o00

plane that contains tlimtrop Ci. However our initial tropical curve is not contained in any
—+00

tropical plane.
Example 5.19 admits generalisations, see [Spel4, Nis09, BM].
5.4. Linear spaces and hyperplane arrangements

Now we turn to tropical limits of constant families of linear spaces, and more generally
to fan tropical linear spaces. These objects will make a reappearance in Section 7.1 where
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they will play the role of the local models for tropical manifolds. Regarding more general
tropical linear spaces which are not necessarily fans, we refer to [Spe08].

Let us start with an affine linear space £ c¢ C" of dimension k, and assume £ =
LN (C*)™ c (C*)™ is non-empty. We obtain a natural hyperplane arrangement A in CP*
by compactifying £ to £ =~ CP¥ ¢ CP". This arrangement consists of the intersection of
L with all coordinates hyperplanes in CP™. Here we give a description of the tropical
variety tl’gfrgrop L. In this case, it turns out that the weights of the top dimensional faces

of tlimtrop L are all equal to 1.

—+00

We already mentioned that given a complex curve C, the tropical limit tlimtrop C

—+00

has only one vertex and directions corresponding to the asymptotic directions of the
amoeba. The same is true for tlimtrop L. It can be equipped with the structure of a
—+00

finite polyhedral fan, and the faces record the asymptotic directions. This type of limit
for any V c (C*)™ is also known as the Bergman fan of the variety. These objects were
considered by G.M. Bergman before the birth of tropical geometry [Ber71].

Proposition 5.20. [Stu02] Let £ c (C*)™ be a linear space, then tlimtrop L depends
—>+00

only on the intersection properties of the hyperplanes in A.

Let us explain what do we mean by “intersection properties”. A hyperplane arrange-
ment A = {Hy,...,H,} in CP* is a stratified space, here we refer to the strata as flats.
Each flat can be indexed by the maximum subset I c A of hyperplanes which contains
it; label such a flat F;. See Figure 29 for a line arrangement where some of the flats are
labeled. The flats form a partially ordered set, the order being given by inclusion and is
known as the lattice of flats of the arrangement A. Now a more precise statement of the
above proposition is that for a linear space, the set tlimtrop L can be determined from

—+00
the lattice of flats of A and does not depend on the position of the hyperplanes.
Now we show how to construct the fan limtrop £ explicitly.

t—+o0

Construction 5.1 ([AKO06]). Set v; = —e; for i = 1,...,n and ey = Y1, e;, where e; are
the standard basis of R™. For any I c {0,...,n} let v; = X, v;. A chain of flats is a
collection of flats satisfying

FI1 [ F]2 Coeee CF‘IP1 CFIH
such that dim(Fy,) = dim(Fy,_,)—1. For every chain of flats, there is a cone in tlimtrop L
—+00
spanned by the vectors vy, ,...,vr,. Then, tlimtrop L is the underlying set which is the
—+o00

union of all such cones, every top dimensional face being equipped with weight 1.

Example 5.21. A linear space £ c (C*)™ is called O-transversal if the corresponding
hyperplane arrangement satisfies codim(n;erH;) = |I] for any subset I ¢ {0,...,n}. Such
a hyperplane arrangement is also known as uniform. The condition for a linear space to
be O-transversal implies that any subset I c {0,...,n} gives a flat F, just as any chain
of subsets of {0,...,n} gives a cone in limtrop L.

t—+oo
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To understand tlimtrop L as a set, notice that there are n + 1 one-dimensional rays
—+00

in directions vg,v1,...,v,. For every k-tuple {i1,...,ix} c {0,...,n}, there is a cone of
dimension k in tlimtrop L spanned by the vectors v;,,...,v;,. Any other cone from the
—+0o

construction above simply subdivides one of the above cones, thus does not add anything
to the set tlimtrop L.
—+00

In particular, the tropical limit of O-transversal hyperplane is exactly the standard
hyperplane from Example 5.2. The tropical limit of a J-transversal linear space of dimen-
sion k in (C*)™ is the k-skeleton of the standard tropical hyperplane, meaning it consists
of all faces of dimension less than or equal to k of the standard tropical hyperplane.

The special case k = 1 is particularly easy to describe: a O-transversal fan tropical
line in R™ is made of n + 1 rays emanating from the origin and going to infinity in the
directions

(-1,0,...,0), (0,-1,0,...,0),..., (0,...,0,-1), and (1,...,1).

4
3
) 1 0
4
5| 0
\ 9 S 9

FI1GURE 29. The braid arrangement of lines and the link of the vertex of
its tropical limit.

Example 5.22. Take the arrangement of six hyperplanes defined in CP? by
A={x=0,y=0,2=0,x=y,x =2,y = 2}.

This is the well known braid arrangement in dimension 2. The line arrangement is shown
on the left of Figure 29. The complement CP?\ A can be identified with the moduli space
My 5 of 5-marked rational curves up to automorphism. Moreover, the complement has
a linear embedding to (C*)°. As for the flats of this arrangement, there are the lines
themselves, there are 4 points which are the intersection of 3 lines, and 3 points which
are the intersection of just 2 lines. The link of the singularity of the tropical limit (i.e.,
the intersection of limtrop £ with a small sphere centered at the vertex of tginogrop L)

t—+oo

is the Petersen graph drawn on the right-hand side of Figure 29. This tropical space is
also the moduli space of 5-marked tropical rational curves (see [Mik07]).
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There is a combinatorial object, introduced by H. Whitney, which seeks to capture and
generalize the notion of independence coming from linear algebra and also graph theory.
This object is called a matroid. We refer, for example, to [0x192] for an introduction to
the rich theory of matroids.

The lattice of flats of a hyperplane arrangement in CP* encodes a matroid. Yet there
exists many matroids which are not realizable by the lattice of flats of a hyperplane
arrangement over a fixed field, and some which are not realizable over any field at all.
As examples, the Fano plane arrangement is only realizable in characteristic two, and the
“non-Pappus” matroid (which violates Pappus’ hexagon theorem) is not realizable over
any field.

The construction 5.1 above utilizes only the information from the intersection lattice
of the hyperplane arrangement. Any matroid comes with this data, thus we can construct
a finite polyhedral fan as above and moreover the resulting space is a tropical subvariety
of R™ [Stu02]. So in a sense, any matroid has a geometric representation as a tropical
object.

Definition 5.23. A fan tropical linear space L c R™ is a tropical subvariety of R"
obtained from the Construction 5.1 applied to a matroid.

Fan tropical linear spaces which come from a matroid non-realizable over C provide a
class of examples of tropical subvarieties of R" which are not uniformly approximable by
linear spaces in (C*)".

5.5. Tropical subvarieties of T"

The tropical affine space T is naturally a stratified space. For any I c [n]:={0,...,n}
let

T/ := {x e T" | 2; = —oo for all i ¢ J}.

Then T" is the union of T\ for all 1 <4 < n, and TV is of codimension one in T".
Notice that OT™ looks like n simple normal crossing divisors. The sedentarity I(x) of a
point x € T™ is the set of coordinates of x which are equal to —oo. For J = [n]\I denote
by R’ ¢ TY the subset of points of sedentarity I.

The coordinate-wise logarithm map (C*)™ — R™ has fibers (S1)™. We extend this map
to T™, by setting log(0) = —oo. Notice that different strata have different fibers. Over
a point in the interior of the boundary strata T the fiber is (S*)l. Over the tropical
origin (—o0,...,—00) there is only the point (0,...,0).

We can also extend our definitions of tropical subvarieties and tropical limits to T"
and C™.

Definition 5.24. A tropical subvariety V' of T™ of sedentarity I is the closure in T™ of
a tropical subvariety V° of R? for J = [n]\I. A tropical subvariety of T™ is a union of
tropical subvarieties of T" of possibly different sedentarities.

As algebraic curves in C”, tropical curves in T" also have a degree.
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Definition 5.25. The degree of a tropical curve C'c T" is defined as
deg(C) = Zwe max?=1{0, s;i(e)},
e

where the sum is taken over all unbounded edges of C, the vector (s1(e),...,s,(€)) is the
primitive integer vector of e in the outgoing direction, and w, is the weight of the edge
e. (By convention s;(e) =0 if j € I, where I is the sedentarity of C.)

The tropical and classical notions of degree are related by the following proposition.
Proposition 5.26. Let C c CN be a complex algebraic curve, and put C' = tgmrop C.
Then deg(C) = deg(C), where C is the closure of C in the compactification of C to CPYN.
5.6. Tropical modifications

From all the examples and pictures of tropical subvarieties of R” we provided so far, one
can observe a particular feature of tropical geometry: different tropical limits of the same
classical variety can have different topologies depending on the embedding of the classical
variety. There is a way to understand how to relate these different tropical models, it is
called tropical modification and was introduced in [Mik06].

Given a tropical subvariety V' of T" and a tropical polynomial P : T" — T, a tropical
modification is a map 7p : V — V, where V is a tropical subvariety of T"*! defined
below and 7p is simply the linear projection of T"*! — T" with kernel e,,,;. The tropical
modification is a space 1% along with the map 7p, so our notation is similar to that for
birational modifications in classical geometry.

Now we describe precisely how to obtain the space V. Firstly, consider the graph
I'p(V) of the piecewise integer affine function P restricted to V. The graph I'p(V) is
equipped with the weight function inherited from the weight function on V. In general,
this graph is not a tropical subvariety of T"*! as it may not be balanced in the e,.;
direction. Recall our first considerations of graphs of tropical polynomials: the graphs
shown in Figure 1 are not tropical curves. At every codimension one face of I'p (V') which
fails to satisfy the balancing condition, add a new top dimensional face in the —e, 1
direction equipped with the unique integer weight so that balancing condition is now
satisfied. This is what the dashed vertical line segments represent in Figure 1.

Definition 5.27. Let V be a tropical subvariety of T™ with sedentarity @, and P : T - T
a tropical polynomial. The map 7p : V — V described above is the tropical modification
of V along the function P.

The divisor divy (P) ¢ V of P restricted to V is the union of the set of the points
2 € V such that P(x) = —oo and of the projection of the corner locus of the graph of
Ip (V). The weight of a top dimensional face F' of divy (P) is described by the following
two cases.

e If F'is a face with empty sedentarity, the weight of F' is the unique integer weight
on
F: {(.IT,P(J})) _t6n+1 | reF and t > O}
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required to make I'p(V) U F balanced along I'p(F).

e If F'is a face with non-empty sedentarity (i.e. if P(F) = {-oo}), let Fy,...F}
denote the facets of V' adjacent to F', and let w;, ¢ =1, ..., k, denote the weight
of the facet F; of V. For each i =1, ..., k, there exists a unique primitive integer
vector v; € Z™ such that lim;_, . x; — tv; is contained in the relative interior of F'
if z; € F;. In a neighborhood of F', the value of P restricted to Fj is given by a
single monomial “a,,z“”, and the weight of F' in divy (P) is defined as

M=

W; (Oéi, (O ) .
i=1
The divisor divy (P) is a union of tropical subvarieties of T™ of possibly different seden-
tarities. Definition of divisors can be extended to tropical rational functions
R = “g” = P — @ which are tropical quotients of polynomials. In this case, a divisor
is a tropical cycle in the sense of Definition 5.8. When the divisor is effective, i.e., is a
tropical subvariety of T", the definition of a tropical modification can also be extended.

Example 5.28. Consider V = T? and P(x,y) = “z +y +0”. The function P has three
domains of linearity in T?,

x if z > max{y,0}
P(z,y) =<y if y>max{x,0}.
0 if 0> max{z,y}

Therefore, the graph of I'p has three one-dimensional faces, and div(P) is precisely the
tropical line defined by P. In addition, the surface V' is a tropical plane in T3, and the
tropical modification wp : V' — V is the vertical projection, see Figure 30.

Example 5.29. More generally, if V = T" and P(x1,...,2,) is a tropical polynor~nial7 the
divisor div(P) c T" is the tropical hypersurface defined by P(z1,...,x,), and V c T"*!
is the tropical hypersurface defined by the tropical polynomial “x,+1 + P(x1,...,2,)".

The next proposition relates tropical modifications and tropical limits of subvarieties

of C".

Proposition 5.30. Let V c T™ be the tropical limit of a family of complex algebraic
subvarieties (Vi)ter,, of C*, and P : T"™ - T be a tropical polynomial. Denote by
np : V. = V the tropical modification of V along P. Choose a family of complex poly-
nomials P; such that the tropical limit of this family is P, and denote by I'p, (V) c C**!
the graph of Vi along the function P;. Then, for a generic choice of the family P;, we
have 3

tgrglootrop Ip, (V) =V.

Upon taking the tropical limit, properties of varieties which may be of interest some-
times are no longer visible, and the tropical limit of a different embedding can reveal new
features. We make this vague remark explicit with two examples, returning to curves in
the plane.
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(t,t,t)

F1GURE 30. Tropical modification of the tropical affine plane T? along
“r+y+07.

a) b)

FIGURE 31. The two lines from Example 5.28 and the tropical limit of
the configuration in the modified tropical plane

Example 5.31. For a pair of planar tropical curves C' and C’ intersecting transversally,
Proposition 2.13 relates the tropical limit of the intersection points of the families (C;)er,,
and (C{)ter,, counted with multiplicities to the area of polygons in the subdivision dual
to CuC’. When C and C' do not intersect transversally, we cannot determine the precise
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location of the limit of the intersection points C; N C;. By embedding suitably C? to C3,
we may reveal the location of the tropical limit of C; nCj.
Consider the constant family C defined by P(z,w) = z+w + 1 and let C{ be defined by

Qi(z,w) = (t+1D)z+w+(1-t"") =0} with b<-1.

A simple substitution verifies that C and C; intersect at p, = (t*,-1 - t*) whose tropical
limit is to (b,0) € R?. In the tropical limit we obtain two tropical lines which intersect
along a real half line {(¢,0) | ¢t < -1}, thus the limit of the point p; is not visible in this
tropical limit (see Figure 31a). Consider the reembedding given by taking the graph along
P, i.e. the graph I'p : C? - C? of the function (z,w) + (z,w, P(z,w)). This graph is
simply a hyperplane in C? and tﬁﬁf},ﬁmp I'p(C?) is a tropical plane II from Example 5.2.

Moreover the projection II - T? is a tropical modification along the tropical function
“r+y+07.
The reembedding of the family of lines C; is

Cp(C) = {(z, " =1 (t+1)z,t"*" —t2) | ze C} c C3.

Denote the tropical limit of T'p(C;) by C’. Then C’ is a tropical curve which must
be contained in II and satisfy 7(C’) = C’. Moreover, the intersection point Ip(p:) =
(t°,-1 - t°,0) is sent to (b,0,-o00) in the tropical limit. This implies that the tropical
curve C’ must have an unbounded ray of the form (b,0,-s) for s >> 0. In the modified
picture the position of the intersection point of C and Cj is revealed (see Figure 31b). The
use of tropical modifications to study intersection points in the non-transverse case is a
technique used in [BLAM12].

Example 5.32. Consider the family of complex curves in C? defined by the polynomials

Pi(z1,22) =21 + 29 +t%21290 + zfzz + zlzg for a > 0. It can be checked that these curves are

smooth and of genus one. Then, tlimtrop C; is the tropical curve defined by the tropical
—+00

polynomial “xi + 29 + axixo + x%xz + xlm%”. This tropical curve is non-singular and has
a cycle of length 4a. The tropical curve and its dual subdivision are depicted in Figures
32a,b.

Now perform a linear coordinate change z3 = z; — at® for some complex number .
Then, we have

Pi(z3,20) =at® +z3+ (1 + at®® + a2t2“)22 + (" + 2at) 2923 + 2322 + 2523 + at“z%.

As long as « # -1 or —1/2 the tropical limit of this family is given by the tropical
polynomial

«“ 2 2 29
Pirop(x3,22) = “a + x3 + 202 + aT2T3 + T3X2 + ToT3 + AT

The tropical limit is dual to the subdivision of the Newton polygon depicted in Fig-
ures 32c,d. Therefore, the tropical curve defined by this change of coordinates contains
no cycle.
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a) b) In coordinates (z1,x2)
e
2 [
¢

c) d) In coordinates (z3,z2)

FIGURE 32. The two tropical limits of the curve in Example 5.32 with
respect to the two coordinate systems. Beside them are the respective
subdivisions of their Newton polygons.

Of the two tropical limits above the one we started with is arguably better. First of
all, the first Betti number of C is equal to the genus of a member of C;. Moreover, C'
is non-singular and this implies a relation between the integer length of the cycle of C
and the limit as t - +o0 under log, of the j-invariants of C; [KMMO09]. There is also a
tropical picture, which captures both of these tropical limits, it is obtained by a tropical
modification as follows. Consider the family of embeddings i; : C*> - C? given by taking
the graph along the function z; — at®. Taking the tropical limit, we obtain the tropical
modification of T2 along the vertical line ; = a. It consists of three 2-dimensional faces
intersecting in a line shown in Figure 33. Taking the tropical limit of i;(C;) ¢ C® we
obtain the tropical curve contained in the union of these three faces also depicted in the
same figure.

Both tropical limits above can be seen from this picture. Indeed we obtain the first
curve if we project onto the (x1,z5) coordinates and we obtain the second picture if
we project onto the (x3,x2) coordinates. We could imagine that had we started with a
curve defined by a polynomial in the second set of coordinates, we would wish to find the
change of coordinates which produces a smooth tropical curve. “Repairing” tropical limit
of curves using tropical modifications is the subject of [CM14].
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N T2

— T

~N

FIGURE 33. The tropical modification of T? which captures the tropical
limit of the family of curves (C;)ter,, from Example 5.32 with respect to
both systems of coordinates.

Exercises 5.

a0

(1)

(2)

Prove that a tropical hypersurface V' in R” with Newton polytope the standard
n-simplex of size d has at most d™ vertices, and that V is non-singular if and only
if equality holds (compare with Exercise 2(2)).

Let S be a non-singular tropical surface in R® with Newton polytope the stan-
dard 3-dimensional simplex of size 2. Show that S has a unique compact facet.
(Hint: one has to prove that the dual subdivision of the simplex has a unique
edge not contained on the boundary; use the fact that the tetrahedron has Fuler
characteristic 1).

For a O-transversal linear space £ c (C*)" of dimension k, show that limtrop £

t—+o0

is the k-skeleton of the hyperplane in T" from Example 5.2.

Verify that the braid arrangement from 5.22 produces the cone over the Petersen
graph from Figure 29.

Let £ c (C*)"™ be a 2-dimensional linear space. Find a formula for the Euler
characteristic of £ in terms of tginogrop L.

Let £ c (C*)" be a linear space. Using Construction 5.1, show that tlimtrop L
—+00

satisfies the balancing condition.

Let II c T? be the tropical plane from Example 5.2 with vertex at the origin, and
let L ={(x,2,0) | x € T} cII, equipped with weight one on each of its two edges.
Find a function P such that div(P) = L. Can P be a tropical polynomial?
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(8) Find the image of the tropical limit of the curve from Example 5.32 when o = -1
and —1.
2

6. Tropical curves in tropical surfaces

We have had quite an in-depth look at the applications of tropical geometry in several
questions related to curves in CP?, or more generally in toric surfaces. The patchworking
construction allows one to construct real algebraic curves with prescribed topology. The
correspondence theorem 4.11 tells us how to count tropical curves with multiplicities in
order to obtain both Gromov-Witten and Welschinger invariants.

Here we take a look at what happens with tropical curves in more general tropical
surfaces in R™ or T", and simultaneous approximation of curves and surfaces. We mainly
restrict to approximations by constant families of pairs of fan tropical curves (i.e. tropical
curves with at most one vertex, at the origin) in tropical planes. This is not only an
easier particular case of the approximation problem, instead it constitutes also a local
approximation problem needed to further study of any global approximation. We provide
more details in Section 6.3.

6.1. Approximation of pairs

We are interested in the following problem: given C ¢ S ¢ T" (or C' c S ¢ R™) a tropical
curve C contained in a tropical surface S, does there exists two families C; ¢ S; ¢ C" (or
Ci ¢ St c (C*)™) of complex algebraic curves and surfaces such that tlimtrop C: = C and

—+00

limtrop &; = .57
t—+oo

It turns out that even if C' and S are both approximable by families (C;)ser,, and
(St)ter,,, it might not be possible to find families satisfying the extra condition that
Ct c St-

In the next section we will focus only on approximation of pairs by constant families
C c P c (C*)", where C is an algebraic curves and P is a plane. Recall that the tropical
limits of C and P must both be fans in this case.

Example 6.1. Consider the tropical plane II ¢ T? centered at the origin, and the tropical
curve C' made of three rays in the directions

(-2,-3,0), (0,1,1), (2,2,-1),
each ray being equipped with weight 1. We already saw that II is approximable. The
tropical curve C' is also approximable, for example one can check that C = tlimtrop C
—+00

where

u? u?

C G e

However, we claim that there are no pairs C ¢ P c C3 for which

1), ueC}.

C = limtrop C and IT= limtrop P.

t—>+o0 t—+oo
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We give several (related) proofs of this fact further in the text, nevertheless we can already
explain the reason why such a pair C ¢ P c C? does not exist: if it did, the curve C should
have degree 3, and have two cusps singularities. This contradicts the fact that a plane
cubic curve cannot have more than one cusp singularity.

6.2. Intersection of fan tropical curves in fan tropical planes

As mentionned above, we restrict in this section to approximations by constant families
of pairs of fan tropical curves in fan tropical planes.

Intersection theory can be used to detect tropical curves in tropical surfaces which are
not approximable as pairs. For the sake of simplicity, we restrict to the intersection of
fan tropical curves in fan tropical planes. We refer to [Shal3, AR10] for more elaborate
tropical intersection theories. Also we will restrict to planes P c (C*)™ that are 0O-
transversal, i.e. no three lines in the corresponding line arrangement are concurrent. We
refer to [BS14b] for the general case.

Recall that in Proposition 2.13 we used the Euclidean area of subdivisions dual to
C u C" to determine the intersection multiplicities of curves C; and C;. This tool is no
longer available to us when the tropical curves are in general fan linear planes. However,
what is visible from a fan tropical curve tggnoct)rop Cc tggloct)rop ‘P are the Newton diagrams

of the curve in different coordinates given by the intersection points of the lines in the
arrangement A corresponding to P.
Let P(x,y) be a polynomial with Newton polygon A(P), and let

A(P) = Conv{A(P) U (0,0)} and A(P)" = A(P)\A(P).

The polygon A(P)¢ is the Newton diagram of the singularity in coordinates (z,y) at
the origin of the curve defined by P. For a different system of coordinates the curve has dif-
ferent Newton diagrams. For tropical curves in T? containing none of the coordinate axes,
by duality there is a correspondence between the unbounded rays of the tropical curve
heading toward (—oco,—o0) and the non vertical/horizontal edges of A¢. The unbounded
rays of the tropical limit tli)ﬁno;crop C of a curve C c (C*)" contained in a O-transversal

plane P provide an information on the Newton diagrams of the curve in CP? ~ P ¢ CP"
in the systems of coordinates coming from pairs of lines in the arrangement A defined by

P.

Example 6.2. Let P = C? equipped with some coordinate system, and let C ¢ P be a
complex algebraic curve. Then, A(C)€ is the triangle with vertices (0,0), (0,2), and (3,0)
if and only if tlimtrop C has a unique ray passing through (—oo0,—00), and this latter is
—+00
of weight 1 with direction (-2,-3). Note that this is also equivalent to the fact that the
curve C has a cusp at the origin, with the tangent at the origin being the abscissa axis.
Example 6.3. Returning to the curve from Example 6.1, each ray is contained in a
different face of the standard tropical plane II = tlimtrop P, where P is defined by the
—>+o00

equation z1+25+23 = 0. The ray in direction (-2,-3,0) is contained in the face spanned by
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—e1 and —es. It tells us that in coordinates given by lines £1 = {21 =0} and Ly = {25 = 0},
an approximating curve C must have the triangle with vertices (0,0), (0,2), and (3,0) as
Newton diagram. According to Example 6.2, the curve C must have a cusp at £1 N Ls.
Similarly, the ray in direction (2,2,-1) is contained in the face spanned by eg and —e3
since as this direction is (2,2,-1) = 2¢g — 3e3. Again, this indicates that C has a cusp at
the intersection of £3 = {z3 = 0} with the line at infinity. The last direction (0,1,1) tells
us that the curve is of multiplicity one at the point Lon L.

This along with the fact that an approximating curve must have degree three, tells us
that the tropical curve from Example 6.1 can not be approximated by a complex cubic
curve in P: each cusp singularity decreases the genus of a curve by one, and a degree
three curve in a plane has genus at most one.

Now we define the intersection of two fan tropical curves in a fan tropical plane. Recall
that if P ¢ C" is a O-transversal plane, each two-dimensional face of limtrop P is the cone

t—+oo

generated by two vectors v;,v; corresponding to a pair of lines of the line arrangement A
associated with P. Thus, the two-dimensional faces of tlimtrop P are in bijection with
—+00

pairs of lines £;, L; of A.

Definition 6.4. Let P c (C*)™ be a J-transversal plane. Given two fan tropical curves
C1,Cy c tlimtrop P c R", suppose that for a two-dimensional face Fj; of tlimtrop P
—+ 00 —>+00

spanned by v;,v;, the curves C1, Cy have each exactly one ray in its interior. Suppose the
ray of Cy has weight w; and is in direction p1v; + g1v; and the ray of C, has weight ws
and is in direction pov; + govj. Define the corner intersection multiplicity of C7 and Cy
in Fy; as
(C1-C2)ij = wrwe min{p1g2, q1p2}-
When the curves C7, Cy have several rays in the interior of a face, the above definition
is extended by distributivity.

Definition 6.5. Let P c (C*)™ be a J-transversal plane. Given two fan tropical curves
C1 and Cy in tlimtrop P, their tropical intersection multiplicity at the origin of tlimtrop P
—+00 —>+oo

is defined as

(C1-Cy)o = deg(Cy) - deg(C2) - > .(C1.Ca)45,

Fij
where the sum is taken over all two-dimensional faces of tlimtrop P.
—+00

Here deg(C') is the degree of the tropical curve considered in T™ (see Definition 5.25).
Notice that the above definition also applies to tropical curves which have edges in com-
mon, and even to self-intersections.

Example 6.6. Suppose that P = (C*)?2, and that C; and Cs are two fan tropical curves
in limtrop P = R? centered at the origin. Then (C} - Cs) is equal to the mixed volume

t—+o00

of A(Cl) and A(OQ), i.€.
(C1-C3) = Area(A(C U Cy)) — Area(A(CY)) - Area(A(Cy)),
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where Area(A(C)) is the Euclidean area of the Newton polygon of C' (compare with
Exercise 2(4)). In particular (Cy - C2)o 2 0.

Example 6.7. Let C be the degree 3 tropical curve from Example 6.1, and let
L={(z,2,0) | 7 <R}

be the degree 1 tropical curve equipped with weight one on its edges. Both tropical
curves are contained in the tropical plane II centered at the origin in R3, and we have the
following intersection numbers in II

(L2)0 =-1, (02)0 =-4, and (C-L)y=-1.

Classical and tropical intersections are related by the following theorem. Recall that
two complex algebraic curves intersect properly if they intersect in finitely many points.

Theorem 6.8 ([BS14b]). Let C1,C3 c (C*)™ be two complexr algebraic curves in a
O-transversal plane P c (C*)™. We denote respectively by C1 and Cs the tropical limits
of C1 and Cs, and by m(Cy - Co) their number of intersection points in P counted with
multiplicity. If C1 and Cq intersect properly, then we have

m(Cl CQ) < (Cl . 02)0.

If in addition the intersection of C1 and Cs is reduced to a point, then this inequality is
an equality.

Remark 6.9. A similar result holds without the assumption that P is O-transversal.

Recall that intersection points of two complex algebraic curves are always positive. As
a consequence, we deduce two immediate corollaries from Theorem 6.8.

Corollary 6.10 ([BS14b]). Let P c (C*)™ be a O-transversal plane. Suppose there exists
an irreducible and reduced complex algebraic curve C c P such that tligfntrop c=C. It

Dc tlimtrop P is another fan tropical curve such that D # C and (C.D)g <0, then D is

—+00

not the tropical limit of any irreducible complex algebraic curve D c P.

Example 6.11. It follows from Corollary 6.10 that at most one of the two tropical curves
from Example 6.7 can be the tropical limit of a complex algebraic curve contained in the
plane P with equation z; + z3 + 23 + 1 = 0. Since one easily sees that L is the tropical
limit of a line £ c P, this proves that the tropical curve C' is not the tropical limit of any
irreducible complex algebraic curve C c P.

Corollary 6.12 ([BS14b]). Let P c (C*)™ be a non-degenerate plane, and suppose that
there exists a reduced irreducible curve C c P such that tlimtrop C=C. If (C*) <0,
—+00

then C is the unique complex algebraic curve in P whose tropical limit is C.

Example 6.13. The tropical line L from Example 6.7 is approximable by a unique line
contained in the plane P with equation z; + 2o + z3 + 1 = 0.
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Combining Theorem 6.8 with classical results from algebraic geometry, one may obtain
further obstructions to the approximability of pairs. As an example, the following theorem
can be deduced from Theorem 6.8 together with the adjunction formula.

Theorem 6.14 ([BS14b]). Let P c (C*)™ be a O-transversal plane, and let C be a fan
tropical curve of degree d in tli{fntrop P c R™. If there exists an irreducible and reduced

complex algebraic curve C c P such that limtrop C = C, then

t—+o00

(C*)o+ (n-2)d- Y we +222g(C),

where the sum goes over all edges e of C, we 1s the weight of e, and g(C) is the geometric
genus of C. In particular, if the left hand side is negative, then C' is not approzimable by
a reduced and irreducible complex algebraic curve in P.

Example 6.15. We provide another proof of the fact that the tropical curve C' from
Example 6.1 does not form an approximable pair with the tropical plane II. Indeed, since
(C?)g = 4, the left hand side is equal to —2.

Another example of application of the techniques introduced in this section is the
classification of approximable trivalent fan tropical curves in fan tropical planes. The
next statement is a special case of this classification.

Theorem 6.16 ([BS14b]). Let P c (C*)? be a O-transversal plane, and C c tliintrop P

be a fan tropical curve made of at most three rays. Then, there exists an irreducible
and reduced complex curve C ¢ P such that tlimtrop C = C if and only if (C%)g =0 or
—+00

(C*)o =-1.
6.3. From local to global

So far we have mostly restricted to considering tropical limits of constant families
of planes and curves defined over C. This restriction always produces tropical spaces
which are fans. Considering these cases is still useful when we pass to tropical limits
of families of varieties due to a localization procedure. Suppose that a family (V;)ea in
(C*)™ has V as tropical limit. For any point x of the tropical variety V', we denote by
V(z) the fan composed of all vectors v € R™ such that z + ev is contained in V for a
sufficiently small positive real number ¢; this fan is equipped with the weight function
on its facets which is inherited from V. The localization procedure provides, for each
point z € V, a complex algebraic variety V(z) c (C*)™ such that tgirgrop V(z) = V(x).
This localization procedure extends to approximations of a pair (or any tuple) of tropical
varieties. Therefore, if a pair consisting of a tropical curve in a tropical surface is not
locally approximable at some point, this pair is not globally approximable. However,
there are also global obstructions to approximating tropical curves in surfaces.

Example 6.17. Let C be the tropical curve whose directions to infinity are
(_271a1)? (17_271)7 (0a07_1)7 and (1a17_1)7

%)



BRUGALLE, ITENBERG, MIKHALKIN, and SHAW

and which contains a bounded edge in direction (1,1,-2) (see Figure 34). The curve
C is contained in the tropical plane II centered at the origin, and the pair is locally
approximable (see Theorem 6.16). However global approximability by planar cubics would
imply the existence of an algebraic cubic in the projective plane together with a line
passing through exactly two of its inflection points. This contradicts the fact that a line
passing through two inflection points of a cubic actually intersects this cubic in three
inflection points.

FIGURE 34

Nevertheless, some situations only require the consideration of local obstructions. An
example is given by the generalization of the Correspondence Theorem 4.11 to the enumer-
ation of tropical curves in the tropical surface from Example 5.1 (see [BM14]). Another
example is provided by the study of tropical lines in tropical surfaces.

In [Vig09] and [Vig07], M. Vigeland exhibited generic non-singular tropical surfaces of
degree d > 4 containing tropical lines, and generic non-singular tropical surfaces of degree
d = 3 containing infinitely many tropical lines. The following theorem shows that when
we restrict our attention to the tropical lines which are approximable in the surface, the
situation turns out to be analogous to the case of complex algebraic surfaces.

Theorem 6.18 ([BS14b)). Let S be a generic non-singular tropical surface in T3 of degree
d. If d = 3, then there exist only finitely many tropical lines L ¢ S such that L and S form
an approximable pair.

If d > 4, then there exist no tropical lines L ¢ S such that L and S form an approzimable
pair.

Exercises 6.

(1) Show that the tropical curve from Example 6.1 is contained in II, and show that
it has degree 3.
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(2) Recheck the computation of (L-C) of Example 6.7.

(3) Show that the tropical curve L of Example 6.7 together with II form an approx-
imable pair.

(4) Let II ¢ R™ be the O-transversal tropical plane centered at the origin. Show
that the intersection number of the J-transversal tropical line in IT with any fan
tropical curve C in II is equal to deg(C).

7. Tropical manifolds and their homology groups
7.1. Abstract tropical manifolds

So far we have seen examples of tropical subvarieties in R™ and T™. In this section,
we introduce the notion of tropical manifold. The notion of abstract tropical variety was
first introduced in [Mik06]. Tropical manifolds have the restriction that they are locally
modeled on fan tropical linear spaces (defined in Section 5.4). Namely, we say that
M c RY xT* c TN*$ is a tropical smooth local model if M = L x T*, where L c RY is a fan
tropical linear space. The dimension of such a tropical smooth local model is dim L + s.

Definition 7.1. An n-dimensional tropical manifold X is a Hausdorff topological space
equipped with an atlas of charts {(Uy,®4)}, with @, : U, - X, ¢ TN, such that the
following hold:

(1) for every a, the map ®, : U, - X, c TVe is such that X, is an n-dimensional
tropical smooth model, and ®,, is an open embedding of U, in X;

(2) for every ay, s, the overlapping map @4, o®,!, defined on @, (Ua, NUy,), is the
restriction of an integer affine linear map TNe2 — TNea (i.e., of the continuous
extension of an integer affine linear map RVe2 —s RVe1);

(3) X is of finite type, i.e., there is a finite collection of open sets {W;}*; such that
U, W, = X and, for each 4, there exists « satisfying the conditions W; c U, and

@, (W;) c @,(Uy) c TNo.

As usual, two atlases on X are called equivalent if their union is again an atlas on X;
any equivalence class of atlases on X has a unique saturated (or maximal) representative.
We always implicitly consider a tropical manifold equipped with its maximal atlas, even
when defining its tropical structure using a non-maximal one.

Example 7.2. The set of tropical numbers T equipped with the identity chart Id: T — T
is a tropical manifold of dimension 1.

The tropical torus T* = R equipped with the unique chart Id : R - R is not a tropical
manifold since it does not satisfy the finite type condition. Nevertheless one can enlarge
this atlas with the two charts

(07+°°) — R (_Ooa]-) - R

and

which turn R into a tropical manifold of dimension 1.
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Analogously, the set R,o equipped with the inclusion chart R,y — R is not a tropical
manifold. However there is no way to complete this atlas to turn R, into a tropical
manifold.

Example 7.3. The product of two tropical manifolds, equipped with the product atlas,
is a tropical manifold. In particular, the affine tropical spaces T™ and the tropical torus
R™ = (T*)" for any n are tropical manifolds.

Example 7.4. Consider a tropical subvariety V of R", equipped with the atlas induced
by the one on R™. Then V is a k-dimensional tropical manifold if and only if the fan
V(z) defined in Section 6.3 is a tropical linear space for all points = of V.

Example 7.5. Consider a lattice A of rank &k in R”, and the atlas on R™ given by the
identity map Id: U — U on open sets U satisfying U n (U + A) = @. This atlas induces a
structure of tropical manifold of dimension n on the quotient space R™/A. Note that this
atlas also turns R"/A into a differentiable manifold diffeomorphic to (S1)* x R"7%.

It is also possible to think of a tropical manifold as a locally ringed space (X,Ox).
There is a sheaf of reqular functions on T", coming from the pre-sheaf of tropical poly-
nomials. By restricting the sheaf of regular functions on TV to X, for each chart we
obtain a sheaf Op_ . The condition on the overlapping maps in Definition 7.1 ensures that
the local sheaves are compatible, that is, the restrictions of Oy, and Oy, to Us, NUq,
agree. We direct the reader to [Mik06] or [MZ14] for more details.

If a tropical manifold X is compact, then X can be enhanced with a structure of a
finite polyhedral complex of pure dimension n.

7.2. Abstract tropical curves

Since GL1(Z) = O1(R) = {£1}, a compact smooth tropical curve gives rise to a finite
graph equipped with a complete metric on the complement of the set of 1-valent vertices.
Conversely, each finite graph (without isolated vertices) equipped with a complete inner
metric on the complement of the set of 1-valent vertices can be seen as a compact smooth
tropical curve: the interiors of edges can be identified by isometries with open intervals
in R (these intervals are unbounded for the edges adjacent to 1-valent vertices), and for
each vertex v with valence N, + 1 > 3, we choose a chart ®, : U, - X, c RN» ¢ TN,
where U, is a neighborhood of v, and X, is the d-transversal fan tropical line in R™> (see
Example 5.21).

Recall tropical modifications of subvarieties of T™ from Section 5.6. Let I' and I
be two abstract tropical curves, and let p be a point in the complement of the set of
1-valent vertices of I'. We say that IV is the elementary tropical modification of T' at
p if T' is obtained by gluing I' and [-o00,0] ¢ T at p and 0 (the metric considered on
(—00,0] is the standard Euclidean metric). Notice that this is equivalent to performing,
in a single chart, a tropical modification in the sense of Section 5.6. We say that I' is
a tropical modification of T if T' is obtained by a finite sequence of elementary tropical
modifications of I". Tropical modifications can also be performed on tropical manifolds
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of arbitrary dimension (see [Mik06]). However, unlike for tropical curves, it can be quite
difficult to determine if two tropical manifolds of higher dimension are related by this
operation.

One can introduce the notion of tropical morphism between tropical manifolds. For
the sake of brevity once again, we do it in this text only in the case of morphisms from a
tropical curve to R™. Let I' be a compact connected smooth tropical curve. As we already
noticed, the curve I' can be seen as a graph equipped with a complete inner metric on
the complement of the set of 1-valent vertices of I'.

Definition 7.6. Let I'° c T' be the complement of a subset of 1-valent vertices of I' (we
do not have to remove all 1-valent vertices from I', but only those sent to infinity by the
morphism). A tropical morphism from I'? to R™ is a proper continuous map f:I'0 - R"
subject to the following two properties.

Integrality: the restriction of f to each edge of I'C is integer affine linear. Equiv-
alently, the image of any unit tangent vector to I'° under the differential df is
integer, i.e. an element of Z™ c R".

Balancing: for each vertex v of I'°, we have

> u(e) =0,

e

where the sum is taken over all edges adjacent to v, and u(e) is the image under
df of the unit tangent vector to e such that this vector points outward of v.

Notice that an edge e of T'° is mapped to a point if and only if u(e) = 0. Since in
Definition 7.6 we required f to be proper we have the following property: an edge of '
adjacent to a 1-valent vertex v is mapped to a point by f if and only if v € T'.

If f:TY - R"™ is a tropical morphism, then f(I') gives rise to a tropical curve C' in R™.
For each edge e of T with u(e) # 0 (we may take u(e) with respect to any vertex adjacent

to e), the weight w(e) of f(e) is the positive integer such that Z((Z)) is a primitive integer

vector. If for several edges e1, ..., e, of I'° the intersection n!_, f(e;) is a segment, we put
the weight of this segment to be equal to }.i_; w(e;). We say that T is a parameterization
of C.

Definition 7.7. The genus of a tropical curve I' is defined as the first Betti number
b1(T') of T. The genus of an irreducible tropical curve C' in R™ is the minimal genus of
parameterizations of C.

One can easily check that in the case of irreducible nodal tropical curves in R?, this
definition of genus coincides with the definition given in Section 4.2. There exist tropical
curves whose only tropical morphisms to R™ are the constant maps. Nevertheless, up to
tropical modifications and after removing 1-valent vertices, any tropical curve admits a
non-constant tropical morphism to some R".

Example 7.8. Figure 35a shows an example of a tropical curve I' of genus 1. Clearly,
the curve I' does not admit any non-constant tropical morphism to R"”. By a sequence
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of nine elementary tropical modifications, one obtains the tropical curve I'' depicted in
Figure 35b, which parameterizes (after removing its nine 1-valent vertices) the tropical
cubic in R? depicted in Figure 35c.

—

a) b) c)

F1GURE 35. Tropical curve, tropical modification, and parameterization
from Example 7.8

7.3. Tropical toric varieties

The logarithm transforms multiplication to addition. As a consequence, any operation
performed in complex algebraic geometry using only monomial maps translates mutatis
mutandis in the tropical setting. In other words, non-singular tropical toric varieties are
constructed analogously as in complex geometry. Let us illustrate this in the case of
projective spaces.

The projective line CP! may be obtained by taking two copies of C, with coordinates
21 and 2z, and gluing these copies along C* via the identification zo = z;!. Similarly, the
projective plane CP? can be constructed by taking three copies of C2?, with coordinates
(21, w1), (22,w2), and (2z3,w3), and gluing them along (C*)? via the identifications

(ZQ,IUQ) = (Zl_lawlzl_l) and (Zj,wj) = (leI17wI1)'

Taking into account that “z™!” = —z, the above constructions over T also yield the

projective tropical line TP! and plane TP?. In particular, we see that TP! is a segment
(Figure 36a), and TP? is a triangle (Figure 36b). More generally, the projective space TP"
is a simplex of dimension n, each of its faces corresponding to a coordinate hyperplane.
For example, the tropical 3-space TP? is a tetrahedron (Figure 36c). Note that tropical
toric varieties have more structure than just a bare topological space. Since all gluing
maps are classical linear maps with integer coefficients, each open face of dimension g can
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Te (x-y,y)
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a) TP! b) TP?

c) TP3 d) a line in T P2

F1GURE 36. Tropical projective spaces

be identified with R? together with the lattice Z? inside. As usual, the affine space T"
embeds naturally into TP™, and any tropical subvariety of T™ has a closure in TP™. For
example, we depicted in Figure 36d the closure in TP? of a tropical line in T2.

7.4. Tropical homology

This section delivers an introduction to tropical homology and cohomology. For a more
in depth look the reader is referred to [IKMZ] and [MZ14]. One of the main interests of
tropical homology comes from its connection to the Hodge theory of complex algebraic
varieties. As in the case of tropical subvarieties of R™, some abstract tropical manifolds
appear as a tropical limit of a family (AX;) of complex algebraic varieties of the same
dimension. It turns out that if the varieties X; are projective and under certain additional
conditions, the Hodge numbers of X; are encoded in the tropical limit as ranks of the
tropical (p, ¢)-homology groups, (see Theorem 7.34 or [IKMZ]).

Let M c RY x T® ¢ TN*% be a tropical smooth local model, and let z € M be a point.
Recall the sedentarity I(z) of = from Section 5.6, and set J(x) ={1,2,...,N + s}~ I(z).
Consider the stratum T7(*) ¢ TN** and its relative interior R’(*). Let T, (R7(*)) be the
vector space tangent to R7(*) at z. For a face E ¢ M nRR’(*) adjacent to z, denote by
T.(E) c T,(R’()) the cone formed by the tangent vectors to E that are directed towards
FE from zx.
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Definition 7.9. The tropical tangent space Fi(x) is the linear subspace of Tj(R”(*))
generated by T, (E) c T,(R”7()) for all faces E adjacent to x.

Let X be a tropical manifold, and let z € X be a point. Different charts at = exhibit
neighborhoods of z as tropical smooth local models in various tropical spaces T™V (perhaps
even of different dimensions N). However, the differentials of overlapping maps at x
provide canonical isomorphisms among the corresponding tangent spaces Fi(x). Thus,
the tangent space Fp(x) of X at z is well defined since it does not depend on the choice
of a chart. In addition to the tangent space we have multitangent spaces F,(z) that are
spanned by multivectors tangent to the same face adjacent to x.

Definition 7.10. For any integer p > 0, the multitangent space F,(x) c AP(T,(R’®)))
of X at z is the linear subspace generated by the p-vectors of the type Ay A---A A, where
A,...,Ap € Tp(E) for a face E c X (in a tropical smooth local model) adjacent to .

In particular, Fo(x) = R.

Example 7.11. Let X = T", and let ¢ T" be a point of sedentarity I c {1,2,...,n}.
Then, F,(x) is isomorphic to AP(RJ(m))'

Example 7.12. Consider the tropical line in T? depicted in Figure 37. The tangent
spaces Fi(x5) and Fj(xg) are null. The tangent space F;(z2) c R? is generated by the
vector (1,0), and so is isomorphic to R. Analogously, the tangent spaces Fi(x3) and
Fi(x4) are isomorphic to R. The tangent space Fi(x;) c R? is generated by the vectors

(-1,0), (0,-1), and (1,1),

and so is isomorphic to R2.

The multitangent space Fa(x2) ¢ A%(R?) is equal to A2(R(1,0)) = {0}. Analogously,
the multitangent spaces Fa(x3) and Fa(x4) are null. Since the multitangent space
Fo(z1) ¢ A%2(R?) is generated by Fa(wa), Fa(xs), and Fa(xs), we obtain that Fp(xp)
is null as well.

Note that a tropical smooth local model M c T¥ is naturally stratified by maximal
linear subspaces of R’ ¢ TY ¢ TV locally contained in M. Namely, for z € M the union of
the cones T, (E), for E adjacent to x, is the fan V(z) c T (R’(*)) described in Section
6.3. A priori, there might be several maximal linear subspaces contained inside the fan
V(z). Let W, c V(z) be the intersection of all such maximal subspaces. The intersection
W, itself is a linear subspace of T}, (R7(*)). Note that z+ W, is locally (near x) contained
in M by the balancing condition.

Definition 7.13 (cf. [MZ14]). A tropical stratum is a subset F ¢ X that locally looks
like = + W, in charts.

Any tropical stratum E is a differentiable manifold by construction. Tropical strata of
X are partially ordered: we say that E is dominated by E’ if the topological closure E’
of E' in X contains E. Since an n-dimensional tropical manifold X admits a structure
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FIGURE 37. Multitangent spaces of an affine tropical line.

of (a pure) n-dimensional polyhedral complex, any tropical stratum is dominated by a
n-dimensional tropical stratum. These strata are called open facets of X.

Example 7.14. Let X be a non-singular tropical hypersurface of R". Tropical duality
provides a correspondence between tropical strata of dimension k of X and cells of di-
mension n — k of the subdivision of A(X) dual to X. In particular, open facets of X
correspond to edges of this subdivision.

Example 7.15. If x is a point in an open facet of X, then F,(z) is isomorphic to

AP(RI™X)Y " Indeed, in this case we have W, = T,(R’(®)) which is isomorphic to
Rdim(X).

Notice that if F is a tropical stratum of X, any path v : [0,1] — E gives rise to an
identification (by parallel translation) of the multitangent spaces F,((t)), t € [0,1], for
each p. Let E be a tropical stratum of X, and let E’ be a tropical stratum such that
E is dominated by E’. Consider a path 7 :[0,1] - (E’uU E) such that v([0,1)) ¢ E’
and v(1) € E. Put « = 4(0) and y = v(1). For each p, the identifications by parallel
translations of F,(y(t)), for t € [0,1), extend to a map

pp(7) : Fp(x) = Fp(y)- (2)
If the points = and y have the same sedentarity, then p,(7y) : Fp(z) - F,(y) is a monomor-
phism, since by definition the tangent space Fi((t)) is a subspace of F;(y) when ~(¢) is
contained in a tropical smooth local model of X at y. If I(x) # I(y), then since E' domi-
nates E we have I(x) c I(y). Then p,(7y) : Fp(z) - F,(y) is given by the composition of
the projection along the directions indexed by I(y) \ I(z), with the same monomorphism
as in the case of equal sedentarity. We obtain immediately the following statement.

Proposition 7.16. Let E' 3 x and E > y be tropical strata of X such that E is dominated
by E'. Consider two paths 1 and o to EUE' such that

e 71(0) =72(0) =z and 71 (1) =2(1) =y,
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e 11([0,1)) ¢ E" and 72([0,1)) ¢ E,
e v and 72 are homotopic among paths satisfying the two above conditions.

Then, for each p, the maps p,(7v1) and p,(7y2) coincide.

Example 7.17. Let I; c I, c {1,...,n}. Then, the tropical stratum F = R’ is dominated
by the tropical stratum E’ = R’ inside the tropical manifold T". The map

AP(R™IITy o AP(R2])

induced by any path as above is given by the projection R™ 11l — R7I2l along the
directions indexed by I \ I;.

Example 7.18. For the tropical line of Example 7.12; the morphisms Fj (z2) - Fi(z5)
and Fj(x3) - Fi(x¢) are null. The tangent space F;(z1) is naturally identified with R2.
We identify the tangent spaces Fi(x2), F1(x3), and Fi(z4) with R by respectively choos-
ing (0,1), (1,0), and (-1,-1) as directing vectors. Then, paths from x5, (respectively,
x3 or z4) to z1 induce the morphisms

pa: Fi(x2) — Fi(z1) ps: Fi(xs) — Fi(z)
x —  (0,2) T —  (z,0)

and
pa: Fi(zy) —  Fi(xy)
x —  (—z,-x)
Notice that
p2(1) + p3(1) + pa(1) =0 € Fi(x1).

The multitangent spaces F,(x) can be thought of as a kind of coefficient system pa-
rameterized by points of X. However, this coefficient system is not locally constant as
its value may jump at smaller-dimensional strata. But, as we saw, the coefficient groups
Fp(x) at different points x are related via the morphisms p, described above. Such coef-
ficient systems are known as constructible cosheaves, and can be used as coefficients for
homology groups of X.

Let us review, for example, the construction from [ITKMZ, MZ14] of singular homology,
with coefficients in F,, of a tropical manifold X. Given a closed standard g-dimensional
simplex oy, we say that a singular simplex f: o, = X is compatible with tropical stratifica-
tion if for each open face ¢’ c o, there exists a tropical stratum E, such that f(o’) c Eg.
The singular simplex f : o, - X is then equipped with a coefficient ¢(f) in F,(f(c)),
where c is the barycenter of 4. The term ¢(f)- f is called a (p, ¢)-cell, and the coefficient
o(f) is often referred to as the framing of the (p,q)-cell ¢(f)- f.

We define the tropical chain group Cp 4(X) to be the direct sum of F,(f(c)) over all
g-dimensional singular simplicies f which are compatible with the tropical stratification
of X. Note that due to Proposition 7.16 we have a well-defined boundary map

9: Cpg(X) > Cp g-1(X).
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This map is the usual simplicial boundary map along with the restrictions of the coeffi-
cients given by the maps p described above. It is well defined since the homotopy class of
the path from the barycenter of a simplex to the barycenter of any of its faces is unique.
Furthermore, we have 900 = 0 by the same argument as in the case of singular homology
groups with constant coefficients.

Definition 7.19 (Tropical homology, cf. [IKMZ]). The tropical homology group H, ,(X)
of X is the ¢-th homology group of the complex

o= Cp g1 (X) = Cpg(X) > Cp g1 (X) — ...

Remark 7.20. The differentials of overlapping maps in the atlas of a tropical manifold are
integer linear maps. In particular, each tangent space F;(x) contains a full rank lattice,
and one could consider integer multitangent spaces ZF,(x) ¢ AP(T,(Z'(*))) instead of
the multitangent spaces F,(x) as above. The corresponding homology groups of X are
called tropical integer homology groups of X.

7.5. Some examples of homology computations

Example 7.21. Since Fq is locally constant with stalk R, any tropical manifold X
satisfies
HO,q(X) = Hq(XQR)-

Example 7.22. The contraction ¢(f) -tf by a factor t € [0,1] of a (p,q)-cell ¢(f) - f
in R™ is again a (p,q)-cell in R™. Moreover, the boundary map clearly commutes with
the contraction. As a consequence, any (p,q)-cycle in R™ is homologous to a (p, g)-cycle
supported at the origin of R™, and so

H,o(R")=AP(R") and H,,(R")=0 for any ¢ >1.
Example 7.23. Given t € T, consider the map
Ty ™ — T™
(X1, yxn) — “t(x1,..,20)" =(z1+t,...,xp+1)
The boundary map commutes with 7, and ¢(f) - (7o f) is a (p,¢)-cell in T™ for any

t € T and any (p,q)-cell ¢(f)- f in T™. Hence, any (p,q)-cycle in T™ is homologous to a
(p, q)-cycle supported at (—oo,...,—00), and so

Hoo(T")=R and H,,(T")=0 ifp+g>1.
Example 7.24. We compute the tropical homology of the affine tropical line L of Ex-
ample 7.12. By Example 7.21 we have
HQQ(L) =R and HO,l(L) =0.
We use the same identifications of Fi(z2), Fi(xs), and Fi(z4) with R as in Example
7.18. The group Hy (L) is clearly generated by 1-z4, 1-x3, and 1-x4. The obvious path

from x5 to x5 equipped with the framing 1 gives 1-z5 =0 in H;y o(L). Analogously, we
have 1-z3 =0 in Hy o(L). It follows from Example 7.18 that the obvious path from x4
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to x1 equipped with the framing 1 gives 1-x4 =-1-29 —1-23 in Hy o(L). Altogether we
obtain
H,y (L) =0.

Analogously, one sees that any (1, 1)-cycle is homologous to a cycle with support disjoint
from the open edge containing x4, implying that

Hy1(L)=0.
Example 7.25. Let us consider the tropical line L’ in R? obtained by removing the

vertices x5 and zg from the affine line of Example 7.12. The same computations as in
Example 7.24 give

Hoo(L') =R, Ho1(L")y=H1 (L") =0,
and
Hio(L')=R(1-z9) ®R(1-23) ® R(1 - 24)/Rv = R?
where v=1-zo+1-23+1-x4.
Example 7.26. Since TP! is contractible as a topological space, we have
Hyo(TP') =R and Hy,(TP') =0.
Moreover as in Example 7.24, any (1,0)-cell is a boundary, and so
H, o(TP") = 0.

Let ¢ be a non-zero element of F;(R). The (1,1)-cell ¢-TP! is clearly a (1,1)-cycle, and
any (1,1)-cycle is a multiple of ¢- TP!. Thus we have

H, (TP') =R(¢-TP') ~R.

Example 7.27. Consider a point x € R? ¢ TP? and a simplicial subdivision of TP? into
three triangles T, T, and T3, induced by the point 2 and the three vertices of TP2.
Suppose that ¢1, ¢2, and ¢3 are three elements of }',,(RQ) such that at least one of them
is not zero. Note that

0(p1-Ti+pa-To+¢3-T3) =0 <> ¢y = 2 = ¢p3 and p = 2,
from which we deduce that
Hy5(TP?) = A*>(R*) =R and Hyo(TP?) = Hy 2(TP?) =0.

As in the classical case, there are homogeneous coordinates [x : y : z] on the tropical
projective plane TP2. Any (p,q)-cycle in TP? with p < 2 is homologous to a (p,¢)-cycle
in TP? whose support does not contain the point [-oco : —co0 : 0]. As in Examples 7.22
and 7.23, the maps

']I‘PQ\{[—oo:—oo:()]} — ']I‘PQ\{[—oo:—oo:()]}
[z:y: 2] — [z:y:z+t]
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can be used to show that any (p,q)-cycle in TP? \ {[~o00 : —00 : 0]} is homologous to a
(p, q)-cycle with support contained in {z = —oo}. Since this latter is a tropical projective
line, by Example 7.26 we have

Hoo(TP?) ~ H; 1(TP?) =R

(one sees easily that the generators of these groups remain non-homologous to zero when
we pass to TP?) and

Hy 1 (TP?) = Hy o(TP?) = Hy o(TP?) = Hy 1 (TP?) = 0.

7.6. Straight cycles

Let X be a tropical manifold, and suppose that Z c X is a finite weighted balanced
polyhedral subcomplex of dimension p in X. This means that Z is a weighted balanced
polyhedral subcomplex of pure dimension p of X in each chart of X, and the weight of a
point in a facet does not depend on a choice of the chart. A choice of an orientation on a
facet F' of Z produces a canonical framing in ZF,(X), equal to the weight of F' multiplied
by the primitive integer element of AP(F;(F")) that agrees with the chosen orientation of
F. (Recall that F1(F') comes with a lattice of full rank, see Remark 7.20.)

We form the fundamental class [Z] of Z as follows. Choose an orientation for each
facet of Z, subdivide each facet into singular p-simplices, and enhance each p-simplex with
the corresponding canonical framing in ZF,(X). The sum of all these (p,p)-cells is an
integer (p,p)-chain [Z]. The balancing condition is equivalent to the condition 9[Z] =0,
i.e. [Z] is a cycle (compare with Example 7.18). Note that the choice of orientation of
facets of Z, and their subdivision into singular p-simplices is irrelevant for the resulting
cycle class [Z] in H, ,(X). This is because the orientation of each facet is used in the
construction of [Z] twice: once in the orientation of the underlying facet, and once in the
choice of the p-framing.

Definition 7.28 (cf. [MZ14]). The (p,p)-cycles that can be presented as fundamental
class [Z] for some weighted balanced subcomplex Z c X are called straight cycles.

Straight cycles generate a subspace in Hy, ,(X) that behaves in a semicontinuous way
with respect to deformation of the tropical structure of X. The problem of detecting
whether a cycle in Hy, ,(X) is straight is a very interesting question related to the famous
Hodge conjecture.

7.7. Tropical cohomology
There is also a dual theory of tropical cohomology. We may consider the spaces
FP(x) = Hom(F,(z); R)
together with the morphisms
F(y) = Fr(x) 3)
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dual to morphisms (2). The coefficient system F? forms a constructible sheaf and we may
take cohomology groups with coefficients in FP. Namely, we form the cochain groups

CP(X) =Hom(C, 4(X),R).

An element of this group can be interpreted as a functional associating an element of
FP(f) =Hom(F,(f(c)),R) to each compatible singular g-simplex f : o, - X, where ¢ is
the barycenter of the ¢g-dimensional simplex o,. Accordingly, we have a coboundary map

§:CPI(X) - CPT(X)
with § o = 0.

Definition 7.29 (Tropical cohomology, cf. [IKMZ]). The tropical cohomology group
HP4(X) is the g-th cohomology group of the complex

= CPITL(X) 5 CPI(X) > CPIL(X) >

As usual, cohomology groups admit the cup product. It is based on the following
observation. Suppose that f; and f; are two singular simplices of dimensions ¢; and
q2, respectively, which are faces of a compatible singular simplex f. Then, we have the
composed homomorphism

FP(f1) @ F2(f2) = FPH(f) @ FP2(f) = FPP2(f).

The first homomorphism in this composition is obtained with the help of (3), while the
second homomorphism is given by the exterior product. This product in coefficients
descends to the cup product

HP 1 (X))@ HP»(X) - HP P20t a2 (X))
with the usual super-commutativity property
auf=(-1)nPrra2gy g
for « € HP»%(X) and 8 € HP>2(X).
Example 7.30. As for tropical homology, we have
H™ = HI(X;R).
Example 7.31. As in Examples 7.22 and 7.23 we compute
HPO(R™) = AP(R") and HPY(R™) =0 for any ¢ > 1,
and
H(T")=R and HPY(T")=0 ifp+qg>1.

Example 7.32. Let L be the tropical line from Example 7.12. Denote by e;,i=1, ..., 5,
the edge of L with vertices x; and x; oriented toward x1. We use the same identifications
of Fi(z2), Fi(3), and Fy(z4) with R as in Example 7.18. Given ®, € C*°(X), we have

3@ (e:)(1) = Do (1) (1) = o(:)(1),
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and
d®1(e5)(1) = @1(21)(0,1), P1(es)(1) = 1(21)(1,0),
0@ (eq)(1) = 1 (z1)(~1,-1) = D(24)(1).

From this we deduce
H*(L)=R and H"Y(L)=H"Y(L)=H"*(L)=0.
Whereas the cohomology groups of L' = L nR? are
HO(Ly=R, H"°(L)=R? and H"'(L')=H"'(L)=0.
The homology groups of L and L’ are calculated in Examples 7.24 and 7.25, respectively.

Next example generalizes the computation of the groups HP?(L’) for any tropical limit
of a linear space.

Example 7.33. Let a fan L c R™ be the tropical limit of a linear space £ c (C*)™ (see
Section 5.4). As in Example 7.31, we have

HP°(L) = FP(x) and HP9(L) =0 for any ¢ > 1,

where z is the vertex of the fan L. Along with the cup product, H*(L) is isomorphic to
the cohomology ring of £ which is known as an Orlik-Solomon algebra, cf. [Zhal3].

As seen in the last example, it turns out that tropical cohomology groups capture the
cohomology groups of complex varieties X; ¢ CP™ in the case when our tropical manifold
X c TP™ comes as the tropical limit of a family (X})+. Here for a parameterizing set U
we take a subset U c C such that C\U is bounded, i.e. U is a punctured neighborhood of
oo in CP! = Cu{oo}. The definition of tropical limit that we use here is a projective version
of Definition 5.16. This means that X is the limit of the subsets Log, X; c¢ TP" (called
amoebas of X;), where Log(zg:---: zn) = (log|zo| : -+ : log|zn]). As in Definition 5.16 the
tropical limit should be enhanced with weights. Given a tropical manifold X, we define

hP9(X) = dim H?*(X).

Theorem 7.34 ([IKMZ]). Let X be a tropical submanifold of TP™ (in particular, the
weights of facets of X are all equal to 1). If X is the tropical limit of a complex analytic
family (Xi)tev of projective varieties, then for sufficiently large |t| the complex variety
Xy ¢ CP™ is smooth. Furthermore, we have the following relation between the Hodge
numbers of Xy (for sufficiently large |t|) and the dimensions of tropical cohomology groups
of X:

WP (X)) = WU X).

As a consequence, if an n-dimensional tropical submanifold X of TP™ is the tropical
limit of a complex analytic family X; of projective varieties, then X must satisfy

hP9(X) = h"P(X) = K" P"79(X) for any p,q > 0.

69



BRUGALLE, ITENBERG, MIKHALKIN, and SHAW

7.8. Cohomology of tropical curves

Let T be a connected compact tropical curve (see Section 7.2). According to Exam-
ple 7.30, we have H*9(T') =R and H*!(T") ~ RY, where g = b;(T") is the genus of T

Consider the space H'0(T') = H(T'; F'). There is a map C19(I") — Cy 1(I") which
descends to an isomorphism between the cohomology and homology groups. To describe
this map, first fix an orientation of every edge of I'. For an oriented edge F of I', choose
a point z inside E and enhance z with the unit tangent vector in the direction of F
to produce a 0-chain with coefficients in Fj(x). Denote this chain by 77 € Cqo(I"). A
cochain [ € C’LO(F) can be evaluated at 7g, and we set

Zg = Z 5(7 E)E.
EcEdge(T")

The condition that § is a cocycle implies that Zg is a cycle, and thus we get both
dim H%0(T) = dim Hy 1(T) = g.

Finally, we compute the group H'!(I') = R directly from the sequence,

cH(r) - cHU(T) ~ 0,

along with the observation that it suffices to take C1:%(T") and CV1(T") as simplicial
cochains. Therefore, these groups are finite dimensional and we have explicitly,

01,0(1—\) — V@ Rval(’u)—l — R2E—V and 0171(F) — RE7
veVert(r)

where Vert(I') is the set of vertices of I', and V' (respectively, E) denotes the number of
vertices (respectively, edges) of T.

The kernel of the map C*%(T") - C11(T") is H9(T") ~ RY by our previous computation.
Thus H!(T") ~ R. Notice also that a (1,1)-cochain can be evaluated on the fundamental
(1,1)-cycle [I'] described in Section 7.6. One sees easily that the image of § is contained
in subspace {¢ | ¢([I']) =0} € C11(I"). Moreover, both subspaces are of codimension one
in C11(T), so they are equal. Therefore, we obtain a non-degenerate pairing between the
cohomology and homology groups H'!(T') x Hy 1(T") - R.

We have determined the tropical cohomology groups of the curve I'. Their dimensions
can be arranged in a diamond shape which is exactly the same as the Hodge diamond of
a Riemann surface of genus g:

g g
1

Remark 7.35 (Electric networks interpretation). We may think of the tropical curve
I' as an electric network, where each edge has resistance equal to its length. Note,
in particular, that resistance is additive, so it agrees with the length interpretation:
if an edge is subdivided into two smaller edges by a two-valent vertex, then its resis-
tance is the sum of two smaller resistances. Usual cohomology and homology of graphs

70



Brief introduction to tropical geometry

have interpretations in terms of electrical circuits, and tropical cohomology groups pro-
vide an even better framework for such interpretation. The measure of the magnitude
and direction of a stationary electrical current flowing through I' can be viewed as a
(1,0)-cochain I € C*°. Indeed, for a point x € ' that is not a vertex and a unit tangent
vector u at = (an element of F;(z)) we may insert the ammeter at z in the direction of u
and measure the current. It follows from Kirchhoff’s current law (divergence-free current)
that such a cochain I is a cocycle.

Similarly, with a voltmeter we can measure voltage between any two points of T'.
Measuring it at the endpoints of an oriented edge gives us a 1-cochain Vy € C%Y(T") =
CH(T;R). Note that V; must be a coboundary by Kirchhoff’s voltage law, which also
implies it is a cocycle. This reflects the fact that no stationary electric current can be
present in such networks. Since energy dissipates in resistance, to support a stationary
current we need power sources in our network. We may think of these power elements to
be localized in some edges. For an edge E c T" we define V(F) to be Vo(F) minus the
voltage of the power element (taken with sign).

Let F c T be an oriented edge disjoint from power elements. Suppose that R is the
resistance of E. Let I be a current through £ and V be the voltage drop at the endpoints
of E. Recall Ohm’s law: V = RI. This may be interpreted through the so-called eigenwave
of the tropical variety T', see [MZ14]. This is a particular 1-cochain ® with the coefficients
in Wy, the constructible sheaf with Wi (z) = T,,(E) if = is a point inside an edge E and
Wi(z) =0 if z is a vertex of I' (which we assume to have valence greater than 2). The
eigenwave ® is determined by

o(B) = [ w, (4)
E
where E c T' is an edge and w € Hom(W;(E),R) = T;(E) is the coefficient at the
1-simplex E. In (4) we interpret w as the (constant) 1-form on the edge E. Recall that
the length of F represents the resistance.

In this way Ohm’s law comes as taking the cup-product with ® producing the homo-
morphism

Hl,O(F) N HO,l(F)
responsible for the definition of the Jacobian of T, see [MZ08].

Exercises 7.

(1) Consider R, equipped with the inclusion chart R, < R. Prove that there is no
way to complete this atlas to turn R.g into a tropical manifold.

(2) Revise Example 7.8 by showing that three tropical modifications of the circle from
Figure 35a suffice to find a morphism to a cubic curve in R2.

(3) For each example of computation of tropical homology and cohomology performed
in Section 7.4, compute the corresponding tropical integral homology and coho-
mology (see Remark 7.20).

(4) Let X be the Klein bottle obtained by quotienting the unit square [0,1]* c R? by
the subgroup of O2(R) generated by (x,y) ~ (x,y+1) and (z,y) = (z+1,-y+1).
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Show that X inherits a tropical structure from the tropical structure of R?, and
compute tropical (real and integral) homology and cohomology of X.

Compute tropical homology and cohomology of TP™. In particular, show that the
tropical cohomology ring of TP™ is isomorphic to the cohomology ring of CP™.
Find explicit generators of the homology and cohomology groups of a compact
tropical curve.

Consider two tropical curves I and IV such that I' is a tropical modification of T'.
Show that the groups H) (T") and H, ,(I") are canonically isomorphic, as well
as the groups H?4(T") and HP1(T").

Express the energy loss (the Joule-Lenz law) in terms of the cup product in
tropical cohomology (followed by evaluation on the fundamental class) on an
electric network considered as a tropical curve.

Let X be the product of two compact tropical curves of genus 1 without 1-valent
vertices (i.e. as in Figure 35a). In particular X is diffeomorphic to S x St. Show
that all (1,1)-cycles in X are straight. Construct a deformation of X (i.e., a
tropical 3-fold Y and a tropical map h:Y — R with X = h71(0)) such that the
general fiber Z does not have a single straight (1,1)-cycle. Deduce that if Z’ is
a connected tropical manifold that admits a non-constant map Z’ — Z which is
given by affine maps in charts, then Z’ is not projective (i.e. is not embeddable
to TP™).
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