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Wave fronts and caustics in the tropical plane

Grigory Mikhalkin, Mikhail Shkolnikov

ABSTRACT. The paper studies intrinsic geometry in the tropical plane. Tropical struc-
ture in the real affine n-space is determined by the integer tangent vectors. Tropical
isomorphisms are affine transformations preserving the integer lattice of the tangent
space, they may be identified with the group GLn(Z) extended by arbitrary real
translations. This geometric structure allows one to define wave front propagation
for boundaries of convex domains. Interestingly enough, an arbitrary compact convex
domain in the tropical plane evolves to a finite polygon after an arbitrarily small time.
The caustic of a wave front evolution is a tropical analytic curve. The paper studies
geometry of the tropical wave fronts and caustics. In particular, we relate the caustic
of a tropical angle to the continued fraction expression of its slope, and treat it as a
tropical trigonometry notion.

1. Introduction

Recall that the Riemannian metric is the geometric structure consisting of distinguish-
ing the unit vectors in each tangent space T, X of a smooth manifold X,p € X. If X = R?
then T, X = R2, and the equation 22 + y? = 1 defines the sphere of unit vectors in each
tangent space in a translation-invariant way. Using this data we can introduce the norm
of tangent vectors, the distance between points, and the angles between directions from
the same point. The resulting geometric space is the classical Euclidean plane EZ2.

What happens if instead of distinguishing the sphere of unit vectors we distinguish the
lattice of integer vectors in each T, X7 This encodes the so-called tropical structure on X L
In particular, we can do it for R? by distinguishing the tangent vectors with both integer
coordinates. The result is called the tropical plane E% ~ R2. The tropical structure in
[E2 is invariant with respect to any translation as well as by the action of GLy(Z) in R?.
Translations and GLa(Z) generate the group of tropical isomorphisms Iso(E2). Clearly,
all tropical isomorphisms conserve the area.

Consider some geometric objects in E2. All lines of rational slope in E2 are equiva-
lent. At the same time, there are different equivalent classes of lines of irrational slopes.
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IWe can speak of almost tropical structure where the lattice varies smoothly when p varies, and of
just tropical structure if it is integrable in the sense that locally it comes from some R™.
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In fact, it is easy to see that these equivalence classes are detected by the (infinite) tails
of the continued fractions of their slopes.

Suppose that L C E2 is a line of rational slope, and pi,ps € L. We may define the
tropical distance between p; and ps as the Euclidean distance divided by the Euclidean
length of the primitive integer vector in the direction of L. Clearly, this distance is
conserved under tropical isomorphisms.

Suppose that Lq, Ly C EZ are two parallel lines of rational slope. We may measure
the distance between L, and Lo as follows. Consider the parallelogram spanned by two
unit (in the sense of tropical distance) intervals, one on L; and one on Ly. Its area is
the distance between L; and Ls. Once again, this distance is invariant by the action of
Iso(E2). This distance allows us to define the evolution of tropical half-plane of rational
slope by (6) and thus the evolution of convex domains in E2 in Definition 6.2.

It is instructive to compare the resulting tropical wave front evolution with the classical
wave front evolution defined by the Eikonal equation as well as its caustic, see [1], [2].
Given a smooth arc « in E? with a choice of a side of a (i.e. its coorientation), we may
define its time t evolution by taking all tangent lines to «, moving the line by Euclidean
distance ¢ in the direction of the coorientation, and defining the result of time ¢ evolution
of a as the common tangent curve to all the moved lines. Clearly, in this definition we do
not need to consider the tangent lines at all points of «, it is sufficient to do it in a dense set
of points. Definition 6.2 does this, but moves the lines according to the tropical distance
we defined above, thus using tropical instead of Euclidean structure. In this paper, we do
it only in the case when « is convex. It is interesting that, as shown in Theorem 7.1, the
arbitrary small time tropical wave front evolution of an admissible domain is a polygonal
domain, even if the initial front is smooth. Note that in the Euclidean case we have the
opposite phenomenon: the arbitrary small time Euclidean wave front evolution is smooth,
even if the initial front is polygonal.

The tropical caustic is traced by the vertices of the tropical wave fronts in all times
just like the Euclidean caustic is traced by singular points of the Euclidean wave fronts
in all times, but in addition, it contains the final locus of the tropical wave front that can
be a point, an interval, a ray or a line (see Proposition 13.5) in the case if the domain
evolves to an empty set in finite time. In this case, the final locus is the evolution of the
wave front in final time ¢¢ that is the maximal time when the result of the evolution is
non-empty.

While the wave front is polygonal for any time 0 < ¢ < t3, we may turn it into a
tropical curve if we attach to it the trajectories of the vertices of the wave fronts at all
times smaller than ¢. The length of the resulting tropical curve is subject to the tropical
version of Noether’s formula (Theorem 14.1). Note that for ¢ = t¢ this procedure recovers
the caustic, it is a tropical curve by Theorem 10.1.

Part I of the paper discusses the basic notions of tropical trigonometry. Part II intro-
duces and studies the tropical wave front evolution of the boundary of a closed convex
domain in the tropical plane. Part III introduces and studies the corresponding caustic.
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Finally, Part IV relates the caustic of a tropical angle (which consists of several rays) to
the continued fraction of its slope.

Study of tropical wave fronts and caustics was initiated in [3], where these notions were
introduced, particularly, in the case of Q-polygons. Theorems 9.2 and 10.1 are restate-
ments of results already obtained in [3], but we include their proofs for the convenience
of the reader. The formula (13) was found in [4]. In this paper we adapt an intrinsic
tropico-geometric viewpoint on the wave front propagation, and pay special attention to
the wave fronts and caustics of tropical angles (as a tool of tropical trigonometry).

Noticeably, tropical wave fronts appear as special cases of tropical curves that arise in
the study of the Bak-Tang-Wiesenfeld sandpile model in the plane. The sandpile model
itself is discrete and, accordingly, the evolution takes place at a regular lattice with a
small mesh size. Nevertheless, the scaling limit of the sandpile model is governed by the
laws of tropical geometry, see [5] and the references therein. We also refer to the paper
[6] where a certain wave operator is defined on tropical series.

There is another remarkable discretisation of the tropical wave front evolution. Given
a convex lattice polygon in the plane, we may consider the convex hull of the lattice
points in its interior, and then iterate the process (the so-called interior hull iteration or
onion skin peeling), see e.g. [7] and the reference therein. Proposition 8.2 asserts that this
process agrees with the tropical wave front evolution in integer time. Accordingly, certain
characteristics of convex lattice polygons based on the onion skin peeling evolution, such
as level or lifespan, agree with the corresponding notions, such as final time or age that
we introduce in this paper for more general closed convex domains in the plane.

In this paper we work with the tropical plane with a distinguished point (the origin).
It can be obtained from an abstract lattice N, i.e. an Abelian group isomorphic to Z?2,
by taking the tensor product Ng = N ® R. To obtain the abstract tropical plane E2 we
need to forget the origin (i.e. to consider the torsor over Ng). Presence of the origin in
Ng allow us to conveniently pass to the dual plane Mg by setting M = Hom(N,Z) and
Mp =M ®R.

Part I. Tropical trigonometry.

2. Tropical angles

Working in Ng is particularly convenient for tropical angles, also known as tropical
cones, as we can present them in terms of rays originating at the origin. The tropical
angle is a closed strictly convex cone ¥ C Ny considered up to the automorphisms of the
lattice V.

A tropical angle ¥ has two boundary rays. There is a number of positive integer
characteristic we may associate to X in the case when both of these rays are of rational
slope, i.e. parallel to primitive integer vectors v, w € N. Namely, the determinant of ¥ is
the absolute value of the area of v Aw. The width of ¥ is the tropical length of v —w € N
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i.e. the largest integer | € Z such that *5* € N. The height of ¥ is the determinant

divided by the width. Note that it is an integer.

Proposition 2.1. All tropical angles of determinant 1 are isomorphic. Also all tropical
angles of determinant 2 are isomorphic. For any integer d > 1 the angle of height 1 and
width d is unique (up to isomorphism). However, for any d > 3 there exist angles of
determinant d and height greater than 1. In particular, there exist non-isomorphic angles
of the same determinant.

Proof. Let ¥ C Ng be a tropical angle of determinant d. If d = 1 then X is generated
by a basis of N. All bases are isomorphic. If ¥ is of height 1 then we have v = e and
w = ey + dey for a basis {e1,ea} of N. Thus in this case, d determines the isomorphism
class of 3. If d = 2 then the width of ¥ cannot be 1 by a divisibility argument (both v
and w are non-divisible by two), so that its height is 1. If d > 3 then we can consider

v = —eg and w = ey +de;. The width of the corresponding angle is the greatest common
divisor of d and 2, and thus, at most, two. Thus the height of the corresponding angle is
at least d/2. O

Definition 2.1. We call an angle of determinant 1 the tropical right angle. More generally,
we call an angle of height 1 and width d the A;_1-angle (or, alternatively, the A4_1-cone).

By Proposition 2.1, all tropical right angles, and all A4_1-angles are isomorphic. Their
existence for any d € N is straightforward.

Definition 2.2. Given a tropical angle ¥ C Ng, the dual angle is
¥ ={q€ Mg | q(p)>0VpeX}C M.

Clearly, the determinant of an angle and its dual coincide. Note that Mp is itself a
tropical plane with the origin isomorphic to Ng (though we do not have any preferred
isomorphism). Thus all tropical trigonometric notions apply equally well in Mpg.

Definition 2.3. The canonical angle > C Nk of determinant d is the tropical angle dual
to an Ag_i-angle in Mg.

Note that the width of a canonical angle of determinant d is 1 if d is odd and 2 if d is
even. Therefore, its height is 1 if and only if d < 2. We get the following statement (that
has implicitly already appeared in the proof of Proposition 2.1).

Proposition 2.2. A canonical angle of determinant d is isomorphic to an Ag_1-angle if
and only if d < 2.

Any tropical angle ¥ C Ng is the convex hull of its two boundary rays Ry and R,.
We may define the complementary tropical angle ¥’ C Ng as the angle spanned by Ry
and —R.

Proposition 2.3. The complementary angle ' C Ny is isomorphic to the dual tropical
angle ¥* C Mg.
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In particular, the isomorphism class of the complementary angle does not depend on
the chosen order of the boundary rays.

Proof. Let us choose a Euclidean metric on Ng by declaring a basis of N to be orthonor-
mal. This choice gives an identification between Mpr and Nr where the dual angle is
mapped to the angle formed by the orthogonal rays to Ry and R in the direction of the
half-planes containing the angle 3. Rotating the result by 90 degrees identifies the dual
angle and the complementary angle. (I

Suppose now that one boundary ray Ry C 0X is of rational slope, and the other
boundary ray R, C 0¥ is arbitrary. Then we may choose a tropical isomorphism Ni ~ R?
so that Ry is mapped to the upper vertical half-axis while Ry is contained in the right
half-plane. Then the ordinate sy of the intersection of R, with the line {z = 1} C R?
can be used to reconstruct . The real number s is called the dual slope, or the tropical
cotangent® of ¥.. Tt is easy to see that the tropical cotangent is well defined up to addition
of an integer (which makes it easier to deal with than the tropical tangent).

3. Double tropical angle

Suppose that R_ C Ng is a ray in the left half-plane intersecting the line {x = —1} C
R? at a point whose ordinate is s_.

Definition 3.1. The double tropical angle is
tr(R—’ROaR-‘r) = 7(5-"- + S—) €R.

The double angle is well-defined: clearly it does not depend on the identification of
N with R? as long as the ray Ry maps to the upper vertical half-line. Indeed, different
identifications vary by the map (z,y) — (z,y + nz). This change decreases s; by n, but
increases s_ by the same amount. Note that R_ and R, are antiparallel if and only if
tr(R_, Ro, Ry) = 0. In case if the convex hull of R, and R_ is a strictly convex cone X,
the ray Ry is contained in X if and only if s; +s_ > 0. At the same time, unlike its sign,
the numerical value of tr(R_, Rg, R+ ) depends not only on X, but also on the position of
the ray Ry there.

Remark 3.1. The double tropical angle is useful in toric geometry. Let the toric variety
X7 be defined by a fan F C Mg (composed of rays of rational slope), and R_, Ry, R, are
three rays in F that are consequent with respect to the cyclic order, then tr(R_, Ry, Ry) €
Q 2 is the self-intersection of the divisor corresponding to Ry in X .

Suppose now that the angle X(Ry, R4) generated by Ry, R4, and the angle X(R_, Rp)
generated by R_, Ry are both right angles. Then there exists a unique automorphism

2The tropical tangent is inverse of this quantity.

3The toric surface X # might be singular, but all of its singular points are quotient singularities by a
finite group. Therefore, we have the Poincaré duality over Q, and the intersection numbers of divisors
are well-defined as rational numbers.
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® : Ng — Ng such that ®(R_) = Ry and ®(Ry) = R;. This automorphism is orientation-
preserving, and thus defines a conjugacy class in SLy(Z).
Consider the universal covering

SLa(R) — SLa(R). (1)

Its base SLy(R) contains SLy(Z) as a subgroup. The inverse image of SLy(Z) under the

covering (1) is the group SLy(Z) which is a central extension of SLa(Z). Recall that the
abelianization

SLa(Z)/[SL2(Z), SL2(Z)] ~ Z12 (2)
is a cyclic group of order 12, while the abelianization
SLy(2)/[SL2(Z), SLa(2)] ~ Z (3)

is an infinite cyclic group.

Since the union (R, Ry) UX(R_, Ry) is disjoint from the relative interior of the ray
—Ry, there is a preferred way for lifting the automorphism ® € SLy(Z) to an automor-
phism ¢ € éig(Z) C éig(R). Taking the abelianization (3) we get an integer k(®) € Z.

Proposition 3.1. We have

k(®) = 3+ tr(R_, Ry, Ry).

In particular, in this case the double tropical angle is an integer.

Proof. Suppose that R, = —R_. Then ® is the rotation by 90 degrees, and thus k(®) = 3,

since we have
0 1\ (1 1 1 0 1 1
-1 0/ \0 1 -1 1 0o 1)’

and all three matrices from the right-hand side represent the same conjugacy class mapped
to 1 after the abelianization of SLo(Z). In the general case we multiply the right-hand

1 O) on the right. O

side by the matrix (_ tr(R_, Ro, Ry) 1

Corollary 3.2. Suppose that F is a complete fan in Nr given by the union of rays
Ry,...,R, (enumerated clockwise) such that all consecutive angles X(R;_1,R;),
j=1,...,n, and X(R,, R1) are tropical right angles. Then

3In + Z tl"(ijl, Rj7 Rj+1) =12. (4)
j=1

Here we identify Ry = R, and R, 1 = R; for convenience in notation.

Proof. Taking the product of the elements ® for all double tropical angles in F taken in

the cyclic order we get the central element of §I:2(Z) corresponding to a complete turn
in Ng, and thus to 12 by (2). d
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4. A Noether-type formula in the tropical plane

Formula (4) can be considered as the tropical trigonometric formula for the complete
double angle in F. There are many other guises how the same formula enters combina-
torics and toric surfaces as an instance of the Noether formula, cf. e.g. [8]. Below we
consider another version of this appearance.

Let R_, Ry C Ngr be two non-parallel rays from the origin generated by the primitive
vectors vy € N, and the tropical angle 3 be their convex hull.

Proposition 4.1. There are at most two lines L passing through the origin and tropically
perpendicular both to R_ and Ry. If L passes through the interior of ¥ then ¥ is a
canonical angle. If L is disjoint from the interior of ¥ then % is an Agq_1-angle for some
deN.

Conversely, for a canonical angle ¥ the common perpendicular line L is parallel to
v+ +v_ while for an Ayz_i-angle 3 the common perpendicular line L is parallel to vy —v_.

Proof. A primitive vector A € N forms a tropical right angle with vy if and only if the
signed area AAv4 is 1 or —1. This gives us four non-degenerate linear systems of equations
on A which may produce up to two distinct common perpendicular lines (as A and —\
generate the same line).

Suppose that L passes through the interior of 3. Choose a basis in N so that L is a
vertical line. Then the first coordinate of v+ must be £1 and thus ¥ is canonical. Taking
the complement angle if L does not pass through the interior of X, we get that X is an
Ag_1-angle . O

With the help of Proposition 2.2 we get the following corollary.

Corollary 4.2. If we have d > 2 for the determinant d of the angle ¥ then the common
perpendicular line L through the apexr of ¥ is unique. If d = 1,2 then there are two
common perpendiculars.

Definition 4.1. If the common perpendicular L passes through the interior of ¥ then
we call L the bissectrice of the tropical angle X.

By Proposition 4.1, a tropical angle ¥ admitting the bissectrice must be canonical.
Later, we see that the tropical caustic multisects any tropical angle into right angles, cf.
Corollaries 11.2 and 11.3.

Let B = P be the boundary of a (not necessarily convex) polygon P C Ng with
rational slope sides and canonical angles. For a non-convex vertex v € P this means that
the tropical cone that locally coincides with the complement of P near v is canonical.
By construction, every edge E of P is a common perpendicular to the bissectrices L1 at
the adjacent vertices. By Proposition 4.1, these bissectrices form an A,,_;-angle for some
n € N or are parallel. If L and L_ are parallel, we set dg = 0. Otherwise, we consider
the half-plane H whose boundary contains the edge E and whose interior contains a small
neighbourhood of F in P. We set dg =n if Ly N L_ C H, and we set dg = —n if not.
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For a vertex v of determinant n we set d, = n if v is convex, and d, = —n if v is not
convex.

Theorem 4.3. For a (not necessarily convex) polygon P C Ng with canonical angles we

have
> dy+ > dp =12,
v E

where the first sum is taken over all vertices v of P and the second sum is taken over all
of its edges E.

Proof. To a vertex v we assign the primitive vector o, € N parallel to the bissectrice
of v in the outward direction. To an edge E we assign the primitive vector g € N
parallel to this edge in the counterclockwise direction (in P). If v is adjacent to E then
(ow, BE) is a basis of N (since v is canonical). In the abelianization of §f42(Z), the passage
between (o, B_) and (o, g, ) amounts to d, if E4 are two different edges adjacent to
v. Similarly, if v4 are two vertices adjacent to the same edge F then the passage between
(ay_,BE) and (ay, , BEr) amounts to dg. As in the proof of Corollary 3.2, after one full
turn, these numbers add up to 12. O

This proof generalises in a straightforward way to the case of an immersed canonical
closed broken line B C Nr. This means that B is composed from the edges parallel to
the vectors in IV, and all the vertices of B argvcanonicjal. We choose a co-orientation of
B and then an orientation of N (used in the SLy(Z)/[SL2(Z), SLa(Z)]-calculus) gives us
the orientation of B. The co-orientation of B allows one to define the sign of the integers
d, and dg for the vertices v and edges E of B. In this set-up the previous proof gives us
the following statement.

Theorem 4.4. For an immersed canonical broken line curve B C Ng we have
> dy+ Y dp =12rot(B),
v E

where the first sum is taken over all vertices v of P, the second sum is taken over all of
its edges E, and rot(B) is the rotation number of the oriented immersed broken line B.

Part II. Tropical wave fronts.

5. Lattice polygons and half-planes
Let N =~ Z2? be a rank two lattice and
Ng = N @R~ R?

be the corresponding real plane. We denote by M = N* = Hom(N,Z) the dual lattice
and by Mr = M ® R = Ny the dual plane. Recall that a lattice polygonal domain is a
proper closed subset ® C Ny that can be represented as the convex hull of a collection of
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the lattice points (the points from N). If this collection is finite then we say that ® is a
(finite) lattice polygon.

Definition 5.1. The decreasing sequence

o = ®[0] D ®[1] D ®[2] D P[3]...,
such that ®[t] is the convex hull of the set of lattice points in the interior of ®[t — 1]
for every natural number ¢, is called the lattice evolution of a lattice polygon ®. The
corresponding sequence of polygonal boundaries

0P = 99[0], 0P[1], 0P[2], 0P[3] . ..
is called the polygonal tropical wave front evolution OP[t] in discrete time t € {0,1,2,...}.

Note that the lattice evolution of ® is a discrete time evolution, i.e. ®[¢] is only defined
fort € {0,1,2,...}.

It turns out that this definition can be generalized to other boundaries of convex
domains, and to evolution in continuous times. We do it with the help of half-plane
propagations.

A closed (rational slope) half-plane H C Ng is given by

H={peNr:Ap) =c} ()
ceRand 0# )\ € M. Here we furthermore assume that A € M is a primitive element of
the lattice, so that A € M and c € R are uniquely determined by the subset H C Ng. We
refer to A € M as the slope of H. The half-plane (5) is called a lattice half-plane if ¢ € Z.

We define the (continuous time) propagation of a rational slope half-plane (5) by

H(t) ={p € Nr : A(p) > c+t}. (6)
This is a continuous time evolution.

Lemma 5.1. If H is a lattice half-plane then H(t) = H[t] for any t € {0,1,2,...}.

Proof. As the evolution from Definition 5.1 is invariant under affine automorphisms of IV,
it suffices to verify the statement for the upper half-plane {(z,y) € R? | y > 0} where it
is obvious. (]

We use (6) as the basic definition of the wave front propagation in tropical geometry.
Note that the condition of being primitive for A is the analogue of asking the normal
vector to have length one in the classical setup of wave fronts.

6. Tropical wave front propagation

More generally, suppose that & C Ng is a convex domain. Recall that its support
half-plane H is a half-plane (5) such that H D ® and 0H N 0P # (. In other words,
we have H D @, but H(e) ¢ ® for any ¢ > 0. We denote by He the set of all support
half-planes of ® with rational slopes.

Definition 6.1. A domain ® C Ny is admissible if it is closed, convex and Hg # 0.
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Remark 6.1. A convex and closed domain is not admissible if and only if it contains a
line with irrational slope. Namely, it is either equal to the whole plane, a half-plane with
irrational slope or a strip with irrational slope. These are the only closed convex domains
that do not propagate tropical wave fronts.

We reiterate that we have considered only the propagation of half-planes with rational
slope.

Lemma 6.1. If ® C Ng is an admissible domain then ® = (| H.
HeHas

Proof. Clearly, we have ® C [\ H. For the opposite inclusion we note that if p ¢ &
HeHs
then p and ® can be separated by a line with rational slope. O

Now we are ready to define the tropical wave front propagation.

Definition 6.2. Suppose & C N is admissible and ¢ > 0 is a number. The tropical
propagation of ® in time t is
o) = (] H(. (7)
HeHs
The tropical wave front of 9® in time ¢ is defined as 0P (t).

By definition, ®(t) C Ng is also an admissible domain.

Remark 6.2. Note that in the definition of half-plane evolution (6) we may take positive
or negative values of ¢, and H(t1) # H(t2) whenever t; # t3. The formula (7) also makes
sense for any real value of ¢, however, its right-hand side simply coincides with ® whenever
t < 0. This is the reason why we restrict to ¢ > 0 in this definition. Later, in Proposition
15.1, we give a different definition for negative time evolution ®(t) (which is however not
defined for all negative t).

Let ® C Ny be an admissible domain and ¢ > 0 a number.
Lemma 6.2. The domain ®(t) is contained in the interior of ®.

Proof. Since ® C Ny is a convex closed domain, for every p € 9® there exists a support
half-plane H,, C N such that 0H, > p. Suppose that the slope of H,, is rational. Then
H,(t) # p and thus ®(t) # p.

Suppose that the slope of H), is irrational. Choose a basis in M and the corresponding
coordinates in Ng. The slope of the boundary line OH, is represented by an irrational
number p € R. By the Lagrange-Dirichlet theorem, we can approximate p by rational

an
numbers T where ay, b, € Z, b, — 400, and

-2 <
P S

Since ® is admissible, we may choose a point ¢ € 0H, \ ®. Then, for sufficiently large
n there are support half-planes H,, of slope 7™ not containing ¢. By the definition of
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tropical propagation, the half-plane H,(¢) is the half-plane H,, translated vertically by
bi. Since the “horizontal distance” between ¢ and p does not depend on n, we have

Hnn(t) Z p, and thus ®(t) Z p for large n. O

By a polygonal domain ¥ C Ng of rational slopes we mean a convex domain such
that for every bounded region R C Ny the intersection ¥ N R may be presented as the
intersection of a finite collection of half-planes with rational slope. The boundary OV is
a broken line consisting of sides of W.

Proposition 6.3. If ® C Ng is admissible and t > 0 then ®(t) is a polygonal domain.

Proof. Once again, we fix a basis of M, so that we have coordinates, and the induced
Euclidean metric in Ng C R2. In particular we can compute the norm |[A|| > 0 for the
slope A € M of a half-plane with rational slope.

In a bounded region, we may find ¢ > 0 such that the e-neighbourhood of ®(¢) is
disjoint from 9®. By the definition of H(t), the distance between the boundary line of
H and that of H(¢) is equal to Hiill Note that in the formula (7) we may exclude all

half-planes with ﬁ < € as their boundaries are disjoint from ®(¢). Since there are only

finitely many slopes with [[A|| < £, the domain ®(¢) is the intersection of finitely many
half-planes with rational slope in any bounded region. (I

Corollary 6.4. If ® is compact, then ®(t) is a finite polygon for any t > 0.
7. Dual fan Fan(®(t)), and its evolution

Once we know that ®(¢), t > 0, is a polygonal domain with rational slopes, we may
consider its dual fan Fan(®(t)). By definition, Fan(®(¢)) C Mg is the union of rays
generated by the slopes A € M of the support half-planes Hy = {A(p) > c)\ + t} at
the sides of ¥. Note that Fan(®(¢)) determines the slopes A of the sides of ®(¢) as the
primitive integer vectors in the directions of the rays. If we associate to each ray of
Fan(®(t)) of slope A € M a number ¢y € R then we get the extended fan of ®(t) which
completely determines ().

Theorem 7.1. Ift > 0 and ®(t) has non-empty interior then ®(t) is a canonical tropical
domain. Furthermore, we have Fan(®(t")) C Fan(®(¢)) if ¢ > t.

Proof. Suppose that A3 € MNC is a lattice point inside the cone C' of Fan(®(t)) generated
by A1, A2 € M. By duality, if A;, A2, A3 € M are collinear then for any ¢ € R the
lines OH.(t), 0H2(t), 0Hs(t) have a common intersection point, H;(t) = {\;(p) > t}
Furthermore, if A3 is contained in the interior of the triangle with vertices O, A1, A2, then

H,(t) 7 Hy, (t) N H, (t) (8)

if and only if ¢ > 0. Conversely, if A3 is in the exterior of the triangle with vertices
O, A1, A2, then (8) holds if and only if ¢ < 0.
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Suppose that a cone of Fan(®(t)), t > 0, is not an A,-cone. Then we can find A\3 € M
in the interior of the triangle with vertices O, A1, 2. Let Hy, & be the support half-plane
to ® with the slope );, j = 1,2,3. Note that

8HA37@ N HA17<1> N HA2,c1> 7é 0

by definition of the support hyperplane. But then, since A3 is in the interior of the triangle
with vertices O, A1, Ao, we have

8HA3,¢(t) N H)\hq)(t) N H)\z)@(t) #* 1]

for any ¢t > 0. We get a contradiction since C has to be subdivided by the ray generated
by Ag.

By the same argument, a ray in Fan(®(s + t)) \ Fan(®(¢)) cannot appear in the case
when every cone in Fan(®(t)) is an A,-cone. O

8. Huygens principle

Theorem 8.1 (Huygens’s principle). For an admissible domain ® C Ny and s,t > 0 we
have

(®(¢))(s) = @(t + s).

Proof. By definition, we have (Hy(t))(s) = Hx(s + t) for any half-plane Hy € Hq with
a rational slope A € M. By Definition 6.2, ®(¢t + s) is obtained as the intersection of
Hy (s + t) for all support half-planes H), where X is a primitive vector in M. Similarly,
(®(t))(s) is obtained as the intersection of time s propagation of the half-planes from
Hao(t) corresponding to the same primitive vectors A.

Since Hx(t) D ®(t) by (7), Hx(t + €x) € Ha) for some ey > 0. This implies that
(@(t))(s) C @(t+s). If ex = 0 then Hx(t) € Ha(t), and the corresponding half-planes in
the definitions of ®(¢ + s) and (®(t))(s) coincide.

If €y > 0 then A does not generate a ray in Fan(®(¢)) since by the proof of Proposi-
tion 6.3, only finitely many half-planes H,(t), Hyx € Hq, have boundaries intersecting a
sufficiently small §-neighbourhood of ® in any bounded domain, 6 > 0. By Theorem 7.1,
then A also does not generate a ray in Fan((®(t))(s)). But (®(¢))(s) is obtained as the
intersection of all its support half-planes corresponding to the rays of Fan((®(¢))(s)), and
thus taking the intersection with H)(t+¢€y + s) in the definition of (®(¢))(s) is redundant,
and (®(t))(s) = D(t + s). O

Proposition 8.2. If ® C Ny is a lattice polygonal domain and t € N then ®[t] = O(¢).

Proof. By induction, using the Huygens principle, it suffices to prove the proposition for
t = 1. Note that for any lattice half-plane H, the complement H \ H(1) does not have
any lattice points in its interior. Thus ®[1] C ®(1).

For the opposite inclusion, note that whenever ®[1] # ), any point p € ® \ ®[1] is a
point of a (closed) lattice triangle T' contained in the closure of ® \ ®[1]. The triangle T'
may be chosen so that one of its vertices v belongs to 9®[1], while the side E opposite to
v belongs to 0®. By subdividing this triangle further, if needed, we may assume that E
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does not contain lattice points other than its endpoints. Note that 7"\ {v} is contained
in @\ ®[1], and thus cannot have lattice points in its interior. Thus T is an elementary
lattice triangle (of area 1). Therefore, we have TN H(1) = {v} for the support half-plane
H whose boundary contams E. Thus p ¢ ®(1).

Finally, suppose that ®[1] is empty. Then, similarly, any point p € ® is contained in
an elementary lattice triangle T with vertices in ®, and with a side E contained in 0®.
By the same reason, p ¢ ®(1). O

Definition 8.1. The final time ts € [0,00] of an admissible domain ® is the minimal
value ¢ such that ®(¢) has an empty interior. The critical time t € (0,tg) is a value ¢ such
that for any small € > 0, the dual fans of ®(t — ¢) and ®(t + ¢) are different.

9. Evolution of corresponding toric surfaces

Polygonal domains with rational slopes can be interpreted as moment domains of
symplectic toric surfaces. Namely, a polygonal domain ®(t), ¢ > 0, determines a pair
(S(t),w(t)), consisting of a toric surface S(¢) with a closed non-degenerate 2-form w(t)
(called the symplectic form), cf. [9] and [10]. The toric surface S(t) is a complex surface
determined by Fan(®(t)), and might be singular. However, by Theorem 7.1, the only
possible singular points of S(¢) are A, -singularities, n € N. The 2-form w is defined in
the complement of the singular point, making S(¢) a singular symplectic space, see [11].

In the evolution of the symplectic toric surface (S(¢),w(t)) both S(¢) and w(t) evolve,
but S(t) only changes at the critical times ¢ (in the sense of Definition 8.1).

Proposition 9.1. For any admissible ® and t € (0,te) the toric surface S(t) may have
only A,-type singularities. For a critical time t and small € > 0, the transformation
from S(t —€) to S(t) is a collection of contractions (blowing down) of isolated boundary
divisors D; C S(t —¢€). Each exceptional divisor D; contains at most one singular point
of S(t —€). The point resulting in contraction of D; is a non-singular point of S(t).

The first statement in this proposition is a corollary of Theorem 7.1. The rest will be
proved in Theorem 12.2.

If 0 < t < tg is a non-critical time, and € > 0 is small then we have a natural
identification between the complex surfaces S(t & ¢) and S(¢). Thus we may identify the
cohomology groups H2(S(t & ¢)) and H?(S(t)). Recall that the canonical class Kg €
H?(S;7Z) is well-defined whenever S is a surface with A,-singularities (or also D,, and
Eg, E7 and FEjy singularities which do not appear for S(t)). It might happen that ®(t) is
unbounded, or even a polygonal domain with an infinite number of sides, so that S(t) is
non-compact. The cohomology classes Kg(;) and [w(t)] belong to the same vector space
H?(S(t); R) that might be finite or infinite-dimensional, according to the number of sides
of ®(t).

Theorem 9.2 ([3]). Let 0 < t < te be a non-critical time. The evolution of the coho-
mology class [w(t)] € H?(S(t);R) of the symplectic form w is described by the differential
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equation
d
dt
Proof. Recall that the second homology group with real coefficients Hy(S(t);R) of the
toric surface S(t) can be expressed in terms of the dual fan Fan(S(¢)). Namely, H2(S(¢); R)
is the subspace of the vector space generated by the elements ey, corresponding to the
primitive vectors A\; € M in the directions of the rays of Fan(S(t)) as finite linear combi-

nations ) ajey,, subject to the condition
J

w(t)] =27 K- 9)

Zaj)\j =0¢e M.

j
Furthermore, the w(t)-area of the class ) ajex, € Ha(S(t);R) is
J

k
QWZ ajc;(t),
j=1

if the polygon ®(t) is the intersection of half-planes {\;(p) > ¢;(¢)} in Ng. Thus

k
d
%w(t)(zj: ajex;) = —QW; ;.

At the same time, the canonical class Kg(; is represented by the boundary divisors of
®(t) taken with negative sign. Therefore,

k
K(ZajeAj) = —Zaj,
j j=1

which implies (9). O

Part III. Tropical caustics.

10. The caustic of an admissible domain

A tropical caustic of an admissible domain ® C Ny is the locus of special points p of its
tropical wave fronts ®(t) at all times ¢ > 0. A point p € 9®(t), t > 0, is said to be special
if there are two distinct support half-planes Hy, H,, of ® such that p € 0H(t) NOH,(t).
There are two cases. If p is special and p € 9®(t) then p is necessarily a vertex of the
polygonal domain ®(¢). On the other hand, all points of 0®(t3) = ®(t3) are special.

Definition 10.1. Let ® be an admissible domain. Its tropical caustic K¢ C P° is the
locus of all vertices of polygons ®(t) for all t € (0,tp) together with the degenerate
polygon @ if ts < co.
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We introduce the weights to the points of K4 as follows. By Theorem 7.1, a vertex
of the polygon ®(t), t € (0,ts), is of A,-type. We prescribe to such a vertex the weight
equal to n + 1. Then we prescribe the weight 2 to all points of ®,,.

By a tropical analytic curve I' in an open set 2 C Ng we mean a graph in 2, i.e. a
possibly infinite, but locally finite union of edges E. Each edge E is a straight interval
with a rational slope, that might include or not its endpoints (or be infinite) but must
be relatively closed in §2. All points inside the same edge must have the same weight.
Furthermore, this graph has to be balanced at its every vertex, in the sense that the sum
of the outward primitive vectors parallel to all adjacent vertices multiplied by their weight
is zero, see [12].

Theorem 10.1 ([3]). The caustic Ko is a tropical analytic curve in the interior ®° of ®.

A particular way to see this fact is to realize K¢ as a corner locus of a tropical series
Fg: ® — [0,00) that we now define. Recall that a tropical series is the (possibly infinite)
expression

Fla,y)=“> ajxa’y® = sup (ajx + jz + ky), (10)

jkez JkEL
where the quotation marks mean that the summation operation refers to taking the
supremal value while the multiplication refers to taking the sum. If locally only finitely
many of (j, k) € Z* correspond to maximizing terms in (10) then the corner locus T'r of
the resulting function is a locally finite balanced graph, and thus a tropical curve. The
weight of a point inside an edge of I'r comes from the integer length of the interval spun
by the indices (7, k) of the maximizing monomial terms, see [12].
For a primitive (non-divisible) element A € M we define

ag = sup{A(p) | p € ®}.

Note that the half-plane H = {\ < a%} is the support half-plane to ®. For a point p € ¢
the time (a3 —A(p)) evolution of the half-plane H is the half-plane Hoy _apy ={A <A},

and we have 8Ha$7)\(p) > p. In other words, a3 — A(p) can be considered as the tropical
distance to OH that can also be interpreted as the time when the evolution of H reaches p.

Definition 10.2. Define Fg: ® — [0,00) as
Fa(p) = inf(ag — A(p)) = - sup(A(p) — ag), (11)

where the infimum (and supremum) is taken over all primitive elements A € M.

Note that the right-hand side of (11) is the tropical series of the form (10). The value
Fa(p) can be interpreted as the time when the tropical front of 9P reaches the point p.

Remark 10.1. Admissibility of ® is equivalent to the existence of primitive elements
A € M such that a3 < +o0.

The following lemma is straightforward from the definition.
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Lemma 10.2. F'(t) = 09(t).
The following proposition implies Theorem 10.1.

Proposition 10.3. The caustic Kg is the tropical curve defined by Fg, i.e. the locus of
points p € ®° where Fgp is not smooth.

Proof. Consider the time ¢ wave front 0®(¢). By Proposition 6.3, locally near p € 0%y,
the wave front O®(t) is polygonal, while only finitely many terms in (11) reach the value
t. Such a term is unique if and only if p is not a vertex of d®(¢). Thus the function Fg
is locally linear at p if p is not a vertex and not smooth otherwise. O

Note that, as a tropical series, Fg defines the weight on the edges of its tropical locus
Ka, and this weight agrees with the weight of points on Kg that we have defined via the
type of vertices of ®(t).

11. Tropical caustic of a cone

If ® is a half-plane with rational slope, then K¢ = 0. If @ is a strip with rational
slope then K4 is the line going through the middle of the strip taken with weight two.
Let us consider the case when ® = X C Ny is the (strictly) convex cone bounded by two
non-parallel rays emanating from the same point.

FIGURE 1. A cone ¥ C Ng (on the left) with its caustic, and its dual
cone ¥* C Mg with the intervals of Pys, (on the right).
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Without loss of generality, we may assume that the apex of the cone is the origin in
Mg, and that all the coefficients a¥ of the series Fx from (11) vanish. In this case the
series Fy; is homogeneous, i.e. Fx(cp) = c¢Fx(p), for all p € ¥ and ¢ > 0, and the tropical
caustic of ¥ is the (possibly infinite) union of open rays with rational slopes emanating
from the origin.

There is the following recipe for determining these rays, as well as their weights. Take
¥* C Mg the dual cone? to ¥. Denote by Px a lattice polygonal domain in Mg defined
as the convex hull of the set ¥* N M\{0}.

Proposition 11.1. There is a one-to-one correspondence between rays in Kx, and finite
length sides of Pyx, : for every ray there is a unique side orthogonal to it, and vice versa.
Moreover, the lattice length of a side in Pyx, is the weight of a corresponding ray in Kg.

Proof. Consider a lattice point v € Py N M. If v is not a vertex of Py then there exist
adjacent vertices A1, Ay of Py and ¢1,¢c0 > 0, ¢1 + co > 1 such that v = ¢y A\ + c2As. For
a point p € ¥ C Nr we have
(4) (B) (&)
v(p) = (e1+ c2)min(Ai(p), A2(p)) = min(Ai(p), A2(p)) = Fx(p).

Note that the inequality (C) holds since Fy is defined as the infimal tropical distance
to the boundaries of the support half-planes to X, see Definition 10.2.

If v belongs to the interior of Py, then ¢; + ¢ > 1 and the inequality (B) is strict for
all p € X° since min(A1(p), A2(p)) > 0. In other words, monomials from the interior of Ps
do not contribute to the series Fx: on X°.

If v belongs to the boundary of Py, then ¢; + ¢o = 1. In such a case, v(p) can be equal
to Fx(p) only if (A) is an equality, that is A1(p) = A2(p). The locus A of the points p € ¥°
with this property is a ray orthogonal to A1 — Ao, a side L of the polygon Ps.

Note that the support half-planes of ¥ are defined by the indivisible non-zero vectors
of M NX¥* (also contained in Px), while the vectors from Ps \ L correspond to support
half-planes with boundaries at a distance larger than A\ (p) = A2(p). By definition, the
weight of A is the lattice length of L. a

The following corollaries are immediate.

Corollary 11.2. If both sides of ¥ are parallel to integer vectors then the caustic Ky
consists of a finite number of rays. Otherwise, it consists of an infinite number of rays.
FEach cone in the subdivision of ¥ by these rays is generated by an integer basis of N (i.e.
is a tropical right angle).

Corollary 11.3. The caustic Ks of a cone ¥ C Ny consists of a single ray if and only
if X2 is canonical. The weight of Ky is n+ 1 if ¥ is dual to an A,-cone.

Remark 11.1. The only ray of the caustic of ¥ in the case when X is a canonical tropical
angle can be interpreted as its tropical bissectrice, see [13]. For a general tropical angle,
Ky is its tropical multisectrice (consisting of several rays).

4As usual, ©* = {v € My : v(Z) > 0}.
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Let ®(t), t > 0, be a polygonal domain obtained as the result of time ¢ evolution of
an admissible domain ® C Ng, and E(t) C 0®(t) be its side. If E(t) is bounded then
it has two endpoints at two canonical angles of ®(t). Let B,, B_ be the corresponding
tropical bissectrices of these angles, v, ,v_ € M be the primitive vectors conormal to B,
and oriented in the outward direction with respect to E(t). Let v € M be the primitive
vectors conormal to E(t), and oriented in the outward direction with respect to ®(¢).
Denote by Ri, R C Mg the rays generated by vy, v.

The double tropical angle tr(R_, R, R+) € Z is an integer since v, vy is a basis of M
by Corollary 11.2. Denote by I(E(t)) the tropical length of the bounded edge E(t), and
by I'(E(t)) its derivative with respect to t. We call it the length gradient of E(t).

Proposition 11.4. We have
U(E(t) = —te(R_, R, R,) € Z,
In particular, the length gradients of all edges of ®(¢) are integers.

Proof. Choose a basis of N so that E(t) is horizontal, and the bissectrice By is a vertical
ray going down. Then the slope of the line extending the bissectrice B_ is tr(R_, R, R4).
On the other hand, minus this slope is the derivative of the length of the horizontal
interval between B_ and B4 when we move this interval down with the unit velocity. O

The length gradient I(E(t)) coincides with the value of the canonical class Kg(; of the
toric surface S(t) associated to the polytope ®(¢) on the homology class [E(t)] € Hz(S(t))
of the toric divisor corresponding to the side E(t).

Proposition 11.5. We have
V(E(t) = Ksu([E®)).

Proof. Recall that the Poincaré dual ° to the canonical class K s(t) is represented by
the union Dyg ;) of the boundary divisors of the toric surface. Thus we may compute
Kgu ([E(t)]) as the (Q-valued) intersection number of Dyg () and the toric divisor Dg
corresponding to E(t), i.e. the self-intersection [Dg|.[Dg] plus the intersection numbers
of D with the two adjacent toric divisors. Denote the rays in Mg dual to these adjacent
divisors by My and the primitive integer vectors in these directions by pi4.

By Remark 3.1, we have

[Dgl.[DE] = —tr(M—, R, My.).

5The toric surface S(t) has quotient singularities (by local action of a finite group), and thus we
have the Poincaré duality over Q. For general toric surfaces, the canonical class is defined only as
a cohomological class with Q-coefficients while its Poincaré dual is always a homology class with Z-
coefficients (represented by the union of boundary divisors). However, in our case we also have Kg) €
H?(S(t); Z) since by Theorem 9.2, S(t) only has A, -type singularities.
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Suppose that the two endpoints of E(t) correspond to canonical singularities of ®(¢) of
determinant ny and n_. Then we have nyvy = v — pg, and thus

1 1
tr(M_,R,My) =tr(R_,R,Ry) — (— + —). (12)

n4 n_
At the same time, the intersection number of Dg with the adjacent toric divisors is
ﬁ + -1, and thus the right-hand side of (12) is equal to —Kg(;)([E(t)]). The left-hand

side is —I'(E(t)) by Proposition 11.4. O
12. Particle trajectory interpretation

Suppose that ® is a polygonal domain with rational slopes. Locally, near its every
vertex, @ is a cone, and thus its caustic is locally a finite union of rays emanating from
the vertex. Let us imagine that each caustic ray of weight w is the trajectory of a particle
of weight w, emitted from this vertex, and moving with the velocity given by the primitive
integer vector parallel to this ray. Then some of these particles may start to collide. If
the sum of all the momenta (velocities times the weight) of the colliding particle is zero
then they annihilate each other, and disappear. Otherwise, they collide into a single
new particle whose momentum is the sum of the momenta of the colliding particles, all
according to the balancing condition which is seen as the conservation of momentum law.
It moves with the velocity given by the primitive integer vector parallel to the combined
momentum.

This particle model describes the evolution of vertices of polygonal domains ®(¢) under
the tropical wave front propagation. Namely, we have the following statement. Recall
that the final time ¢¢ is the supremal time ¢ > 0 such that ®(¢) is a domain with non-zero
interior. At time tg the wave front evolution stops and ®(t) = 0 if ¢ > to.

Proposition 12.1. At a time t < te a particle in the process described above corresponds
to a vertex of the polygonal domain ®(t). The weight of the particle is n+ 1 for a vertex

of type A,.
The proposition is a restatement of Corollary 11.3.

We call a particle collision at a time ¢ = tg final as at a time ¢ > te we have ®(t) = ().
We call collisions at time t < t non-final or interim.

Theorem 12.2. There is only one type of interim particle collisions, it involves exactly
two particles, one of weight 1, another of arbitrary weight n > 1, and results in a new
weight 1 particle. For each n there is a unique type of an interim collision (up to auto-
morphisms of the lattice N and translations in Ny ), it is depicted on Figure 2.

Proof. Consider a vertex v of the polygonal domain ®(¢), where 0 < t < tg is the time
of the collision. Suppose that some particles have collided at v. The collision results
in a single particle by Corollary 11.3 and Theorem 7.1. The particles colliding at v
correspond to the vertices of ®(¢ — €) near v for a small € > 0. The dual cones to these
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FIGURE 2. An interim collision of a particle of weight 1 and a particle
of weight n in Ng and the dual diagram in M.

vertices subdivide the cone X, dual to ®(¢) at v. All of the cones in this subdivision
are canonical. Namely, the cone ¥, C Mg is subdivided by the rays spanned by the
primitive vectors rq,...,7,_1 € M so that each small cone is canonical. The cone X,
is itself canonical, and is generated by the vectors rg,r; € M dual to the sides of ®(t)
adjacent to v. Furthermore, the subdivision must be of convex type, i.e. such that the

points O, g, ..., are the vertices of its convex hull, since the primitive vectors r; are
dual to the sides of the polygonal domain ®(¢t — €). The following lemma from tropical
trigonometry completes the proof of the theorem. (I

We call a convex cone ¥ € Mg rational if it is generated by two non-collinear vectors
from M.

Lemma 12.3. Suppose that a rational cone ¥ C My is subdivided into | > 2 Ay, -cones,
j=1,...1 so that the subdivision is of convez type. Then % is of Ag-type (i.e. generated
by two vectors from a basis of M ), l = 2 and either ny = 1 or ng = 1. Furthermore, such
a subdivision is equivalent to the subdivision of the positive quadrant into two cones by

the ray spanned by (1,n) for some n € N.

Proof. Let ro,7; € M be the primitive vectors generating X, while r1,...,r_1 € M N X
be the primitive vectors generating the subdivision. By the hypothesis, the convex hull P
of O,rg,...,r is a lattice (I 4+ 2)-gon, whose interior does not contain any lattice points.
In particular, the triangle with vertices O, rg, r; does not contain any lattice points except
for its vertices. Thus the vectors rg and r; form a basis, and therefore ¥ is of Ag-type.

By the same reasoning, any union of two or more adjacent cones in the subdivision is
also an Ag-cone. An Ag-cone is isomorphic to a positive quadrant in R?. Its decomposition
into two rational cones is given by a single vector (a,b) € Z2, a,b > 0. If b > a > 2 then
(1,1) is in the interior of the triangle with vertices O = (0,0), (1,0) and (a,b), and thus
the lower cone is not of A,-type. This implies the lemma if [ = 2.

Suppose that [ > 2. Identifying the cone ¥ with the positive quadrant in R?, consider
the cone ¥, of the subdivision adjacent to the xz-axis. By the first part of the proof, the
union of all other cones in the subdivision is an Ag-cone. Thus 3, is generated by (1,0)
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and (1,n) for some n. We get a contradiction since there are no lattice points in the
positive quadrants such that the convex hull of (0,0), (1,0), (1,n) and that point is a
quadrilateral, as the z-coordinate of such point would have to be strictly between 0 and 1.

O

13. Final singularities of tropical caustics

For an admissible domain ®, the final time t$ > 0 may be finite or infinite. A useful
criterion is provided by the residual cone of ®. Let us recall its definition. Given a point
p € ® we consider the cone ¥(®) obtained as the union of the rays R in Ng emanating
from the origin, and such that p+ R C ®. By the next lemma, this cone does not depend
on the choice of p, it is called the residual cone of ®. Clearly, if ® is bounded then
(@) = 0.

Lemma 13.1. Suppose that p,q € ® and R C Ny is a ray centered at the origin. We
have p+ R C ® if and only if ¢+ R C ®.

Proof. Suppose that we have p+ R C ®. By convexity of ®, the union of closed intervals
between ¢ and the points of p + R C ® is contained in ®. The closure of this union
contains g + R and is contained in ¢ since @ is closed. O

It might happen that the residual cone X(®) C Ny cousists of a finite number of rays.
Since (@) is convex, three cases are possible: 3(®) is empty (corresponding to the case
when @ is bounded), X(®) is a ray, and 3(®) is a line. All three cases are characterized
by the property that X(®) is contained in a line in Ng.

Proposition 13.2. If X(®) is not contained in a line then the residual cone is preserved
under the tropical wave front evolution, i.e. L(®(t)) = E(P), t > 0.

Proof. Clearly, we have X(®(t)) C 3(®). Let us turn the tropical plane Ny into the
Euclidean plane by introducing a metric where an integer basis of N becomes orthonormal.
Then for each rational slope half-plane H C Ny we can compare its tropical time ¢
evolution H (t) against its Euclidean evolution H¥(t) obtained by stepping out distance #
in the direction orthogonal to 0H. Since the length of any integer vector in N is at least
1, we have

H(t) c HE(t),
and thus X(®(¢)) D X(P). O
Corollary 13.3. If %(®) is not contained in a line then to = co.

If ® is bounded then the caustic of ®(¢) is a finite bounded graph, € > 0. Thus we get
the following proposition.

Proposition 13.4. If & C Ny is bounded then tg is finite.
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Remark 13.1. It is easy to see (cf. the proof of Lemma 13.1) that if ¥(®) is a line then
® is an infinite strip parallel to a line . C Ng with a rational slope. In this case tg is finite
and ®(tg) is a line parallel to L. In the case when X(¢) is a single ray then we may have
te < 0o (e.g. if ® =[0,1]xR>o C R?), but alsot = oo (e.g. if ® = {(z,y) € R? | y > 2?}).

If tg < oo then we consider the locus ®(ts) C Kg. We treat all points of ®(t3) as
singular points, and call them final singularities of K.

Proposition 13.5. If & C Ny is bounded then ®(tg) is either a point or an interval with
a rational slope. Otherwise, if to < 0o then ®(tg) is either a line or a ray with a rational
slope.

Proof. Since ®(tg) is convex and with empty interior, it has to be a straight interval in
Ng. Furthermore, it has to be contained in the caustic of a polygonal domain ®(tg — €)
for a small € > 0. Thus this interval should be of rational slope. The following lemma
completes the proof of the proposition. |

Lemma 13.6. The final locus ®(tg) is bounded if and only if ® is bounded.

Proof. Since ®(tg) C @, the final locus must be bounded if the domain ® is. Suppose
that @ is unbounded, so that 3(®) # (. By Proposition 13.2, if ¥(®) is not contained in
the line then te = co. If X(®) is a line then ® is a strip and ®(¢4) is a line by Remark
13.1. It remains to consider the case when X(®) consists of a single ray R. Suppose that
p € ®(tg). Then for any support half-plane H to ® we have H D p+ R and H (te) D p+R.
Thus ®(ts) D p+ R. O

Proposition 13.7. If ®(tg) consists of a single point then this point is a vertex of Ko
locally isomorphic to the caustics of one of the 16 lattice polygons with a single lattice point
in their interiors. These, so-called reflexive polygons, are depicted on Fig. 3, and their
caustics coincide with the unions of the intervals from the interior point to the vertices
(taken with the appropriate weights).

Proof. By Lemma 13.6, for a small € > 0, the domain ®(t¢ — €) is a finite polygon. It
is canonical by Theorem 7.1, and thus the polygon obtained as the convex hull of the
primitive vectors in the direction of the dual fan is reflexive. The proposition now follows
from the observation that the polygon dual to a reflexive polygon is also reflexive. O

Proposition 13.8. If I = ®(tg) consists of an interval or ray then Kg has no vertices
at the relative interior of I, it is an edge of K¢ of weight 2. Near each endpoint of I, the
caustic Ko s locally isomorphic to a curve depicted on Figure 4.

Proof. Note that no time te evolution H(te) of a support half-plane to ® can intersect
the relative interior of I, unless OH is parallel to I. Thus, K¢ only has vertices at the
endpoints of I. Consider the polygon in Mg dual to such a vertex v. Near v we have
a subdivision of the half-plane in Mg (dual to I) into dual canonical cones (dual to the
trajectories of colliding particles), cf. the proof of Theorem 12.2.
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FIGURE 3. Sixteen types of lattice polygons (up to automorphisms of
the lattice) with a single lattice point in the interior together with their
tropical caustics. Each caustic consists of segments connecting the central
point to the vertices. The polygons are paired by duality, the multiplicity
of an edge of the caustic is the length of the corresponding side of the
dual polygon. Note that some of these types are self-dual.

Suppose that only two particles collide at v. Then we have a subdivision of a half-plane
into an A,-angle and its complementary angle that has to be also of A,-type. But this
is possible only when n = 0 or n = 1 (the first two collisions of Figure 4).
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FIGURE 4. Caustics near an endpoint of of ®(¢¢) and their local dual polygons.

Suppose that more than two particles collide at v. Then the half-plane is subdivided
into at least three angles of A,-type, 31,...,%) (ordered clockwise). By Lemma 12.3
applied to the union of all but the first angle, we have k£ = 3 while the union ¥, U X3 is
an Ag angle. This implies that 3; is an Ag-angle itself since it complements an Ay angle
to the half-plane. By symmetry, the last angle X3 is also an Ag-angle. Therefore, the
resulting subdivision is isomorphic to the one depicted at the right of Figure 4. O

14. Total length of a tropical caustic

Let ® C Ng be a compact convex domain. If ® is polygonal (with rational slopes)
then its caustic g is a finite graph. In this case we define 1(Kg) as the sum of tropical
lengths of all edges of K¢ (multiplied by the corresponding weight). We define 1(0®) as
the tropical perimeter of the polygon ®, i.e. the sum of tropical lengths of all the edges
of 0®. If ® is not necessarily polygonal, we define 1(Ks) and 1(0®) as the limits of the
corresponding quantities for ®(¢) for ¢ > 0 when ¢t — 0.

The final locus ®(t3) of a compact convex domain is either a finite interval or a point.
Once again, we can measure its tropical length 1(®(¢g)). This time we do not multiply
by the weight. If ®(tg) is a point then we set 1(®(ts)) = 0.

The formula (13) was discovered in [4].

]
Theorem 14.1. The limit values 1(K4),1(0®) < oo exist for any compact convexr domain
® C Ng. Furthermore, we have

1(Kg) +1(00) = 125 + 41(D(ts)). (13)
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By Theorem 7.1, if ®(¢'), ¢’ > 0, has an edge of a given slope then ®(¢) also has an
edge of the same slope whenever 0 < ¢t < t/. Thus 1(0®) can be computed as the sum
of the tropical lengths of the edges of ® of rational slope. In particular, if 9® does not
contain intervals of rational slope then 1(0®) = 0.

Proof. Consider the quantity

(Ke ) +1(02(1)) (14)
as a function of t, 0 < t < 1¢. By Theorem 4.3, its derivative is —12. Indeed, during time
d the caustic Kg(;) gets shorter by dd, at every vertex v while the length of each edge F
of 0®(t) decreases by édg. When t — tg, both Kg(;) and 0®(t) converge to ®(ts), which
is either a point, or an interval of weight 2. Thus tl_ig}b I(t) =41(P(ts)), so that we get

(Kag) +100(t) = 12(te — t) + 41(D(ta))- (15)

The length 1(Kg(4)) is a decreasing function bounded by 12tg+41(®(ts)), since 1(0®(t)) >
0. Therefore the limit 1(Kg) < oo exists. By (15), the limit 1(0®) < oo exists as well. O

15. Age of a polygonal domain

If ® is compact then we may use its caustic K¢ to encode the shape of the domain ®.
For arbitrary small € > 0, Ko N ®(¢) is a finite tree, and thus has finitely many leaves
(1-valent vertices). Its edges can be given a metric by setting the primitive integer vector
to be of length 1 (independently of the edge weight). Note that this length agrees with
the time needed for the wave front to pass from one point on the edge to another, unless
the edge is the final locus.

Let us find two leaves of Ky N®(¢€) the most distant from each other in this metric, and
denote by p the midpoint of the broken line connecting these points. Then p € ®(tg). If
p is a vertex of K¢ then ®(tg) = {p}. Otherwise, ®(tg) is the edge of K¢ containing p
as its midpoint. Thus, we may reconstruct the final locus ®(¢). To reconstruct ®(¢) for
0 <t < te we look at the points of K4 at distance tg — t from ®(tg), and connect the
points adjacent to the same components of ® \ Kg by straight intervals.

Note that the caustic K¢ has a natural parameterisation: we choose the length of ®(¢s)
(if it is an interval), then by Propositions 13.7 and 13.8, we have a discrete set of choices
for the edges of K¢ adjacent to ®(ts), all of these choices are realisable as caustics of the
polygons ®(tg — ¢) for small € > 0. When we increase €, any edge of weight 1 may split
into two according to Theorem 12.2. Ounce any pair (or k-tuple for k& > 2) develop an
intersection point, we must stop, and cannot go further.

Let ® be an admissible domain, and K¢ be its caustic. If ® is a canonical tropical
domain then the closure Kg is a loc/zilly finite graph, while the vertices of ® are the
leaves (1-valent vertices) of Kg. Let Kg be the (balanced) graph obtained by extending
indefinitely (as infinite rays going to infinity) the edges adjacent to the leaves of K. Let
S be the set of intersection points of the rays.
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For each a > 0 and each ray of Ko \ K¢ we consider the interval of points of tropical
distance not greater than a from the endpoint of the ray °. Let Kg(—a) denote the union
of K¢ and the set of all such points (on all rays) while Let ®(—a) be the convex hull of
lC@(—a).

Proposition 15.1. Let ® be a canonical tropical domain. If ®(—a) NS = 0 then ®(—a)
is also a canonical tropical domain whose sides are parallel to the sides of ® and such
that K@(,a) =Ko (—a).

Proof. By Proposition 12.1, the vertices of ® move with the unit speed with respect to
the tropical distance. By Corollary 11.2, the trajectories of the vertices adjacent to the
same side both form the tropical right angle with that side. Therefore, the sides of ®(—a)
remain parallel to the sides of ® unless the length of the side vanishes. The latter event
corresponds to a point of S. O

Define apax € [0, +00] to be the infimal value of a such that ®(—a)NS # 0. Proposition
15.1 implies the following statement.

Corollary 15.2. For any 0 < t < amax, the domain ®(—t) is canonical. The result of
its time t evolution is @, i.e. (P(—t))(t) = P.

Definition 15.1. Let ® C Ng be an admissible domain. The age of ® is
age(®) =sup{a >0 |3 ® C Ng : & = d(a)}, (16)
here ® C Ng is an admissible domain.

Proposition 15.3. If & C Ny is a tropical canonical domain then age(®) = amax-

Proof. Consider a canonical tropical domain ® such that &J(t) = ®, ¢t > 0. Then, by the
Huygens principle, we have K5 D Ko. If K3\ Ko consists of disjoint rays then P = D(—1),
and thus t < amax. The value apmax can be computed as the minimum of the ratios of the
tropical lengths of sides to the rates of decrease over all sides of ®. Each interim collision
(described by Theorem 12.2 and viewed backwards in time) results in introducing a new
side with an increasing length, but makes the adjacent sides decrease faster. Thus it
cannot increase the age of the polygon. O

As ®(0) = @, we have age(®) > 0. By Theorem 7.1, age(®) = 0 unless ® is a canonical
tropical domain.

Conversely, if @ is canonical and bounded then age(®) > 0. Indeed, in this case the
caustic Kg is a finite graph while 9®NKg consists of 1-valent vertices. Thus ®(—e)NS = ()
for a small € > 0, and by Corollary 15.2 we have age(®) > e.

Remark 15.1. There exist unbounded canonical tropical domains ® of zero age, since
the length of the sides might go to zero.

61.e. of Euclidean distance a multiplied by the length of the primitive integer vector in the direction
of the ray
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FIGURE 5. A polygonal tropical wave front of a lattice triangle.

Remark 15.2. By Theorem 12.2, there are no interim collisions resulting in a particle of
higher weight (greater than 1). Therefore, if ® is a canonical tropical domain such that
none of its vertices correspond to the tropical right angle then it has a unique past, i.e.
for any ® and ¢ > 0 such that ®(t) = ® we have ® = ®&(—t). At the same time if ¢ is a
canonical domain with at least one right angle vertex then its time ¢ past is not unique
for any 0 < t < age(®).

16. Examples

Figures 5, 6, 7 represent the wave fronts at different times for a triangle, a pentagon and
an enneagon. The depicted polygons are not canonical tropical domains, their vertices
yield several vertices of the wave front after evolution in arbitrary small time.

Figures 8 and 9 depict the tropical caustic of an ellipse and the corresponding wave
fronts for its evolution after a small time. Note that when the starting contour is smooth
(e.g. an ellipse), the caustic has infinitely many branching points accumulating at the
starting contour.

Figure 10 depicts the tropical caustic for the convex bounded domain in the complement
of a nodal cubic curve. The large vertical edge in the right half of the domain intersects
the horizontal edge of weight 2. The horizontal edge to the right of this intersection point
is the trajectory of the Aj-vertex of the wave front. The horizontal edge to the left of
this intersection point is the final locus.

Finally, Figure 11 depicts the three unbounded caustics in the three components of the
complement of the amoeba of a (trinomial) line in the plane.
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FIGURE 6. A polygonal tropical wave front of a lattice pentagon.

_=

Part IV. Tropical geometry of continued fractions.

17. Continued fractions via tropical angles and their caustics

Let us recall the notion of tropical cotangent from the beginning of our paper. If
Ry C Ng is a ray of rational slope, and Ry C Ny is any ray (both emanating from the
origin O € Ng) then we can consider the primitive vector e; € N parallel to the ray R,
and any primitive vector es € N such that (e, es) is a basis of N and the intersection
(e2 + R1) N Ry = {ea + se1} is non-empty. The choice of ey is well defined up to adding
an integer multiple of e;, thus its residue module 1 us well-defined. We set

ta(R1R2) = —s € R/Z.

This quantity completely characterizes the oriented tropical angle (R1R2), i.e. the cone
3. C Ng generated by R; and Ry with a choice of a boundary ray R; if R; is of rational
slope. We may restate the reasoning above as the following statement.

Proposition 17.1. For every s € R/7Z there exists a unique oriented tropical angle
(R1R2) such that Ry is a ray of rational slope and ta(RiRs) = —s.

If R, is also of rational slope (i.e. ¥ is a rational tropical angle) then ta(R1R2) € Q/Z,
and we can exchange the roles of R; and Rs.
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FIGURE 7. A polygonal tropical wave front of a lattice enneagon.

Proposition 17.2. Suppose that ¥ C Ny is rational and
ta(R1Ry) = % (mod 1)

(for coprime m,n € Z, m # 0, n > 0). Then n is the determinant of the tropical angle
>, and

k
ta(RgRl) = ﬁ (HlOd 1),
where mk =1 (mod n).

Clearly we have ta(R1R2) = 0 € R/Z if and only if ¥ is a tropical right angle. In this
case we also have ta(RaR1) = 0.

Proof. Let v1,v5 € N be the primitive vectors parallel to the rays Ry, Re. The equality
ta(R1Ry) = ™ (mod 1) is equivalent to divisibility of vy —muvy by n. But then
k(v1 — mug) = kvy — e (mod n),

and thus ta(ReR1) = £ (mod 1). O
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FiGURE 8. Tropical caustic of an ellipse.

We say that a tropical angle 3 generated by rays Ry and R is symmetric if there exists
a tropical automorphism exchanging the rays R; and Rs.

Corollary 17.3. A rational tropical angle is symmetric if and only if m?> = 1 (mod n),
where n is the determinant of ¥ and ta(R1R2) = 2 (mod 1).

n

If m? =1 (mod n), we set ta(3) = ta(R1R2) = ta(RaRy).

The following statement is an immediate corollary of the definition of A,,_;-angles and
their complementary, canonical, angles.

Proposition 17.4. A rational tropical angle > C Ngr is an A,_1-angle if and only if
ta(X) = 2=L (mod 1). It is a canonical angle if and only if ta(X) = 2 (mod 1).

By Corollary 11.3, we can describe all tropical angles with the caustics consisting of
single rays by numbers {1}, cy C R/Z. It turns out that we can recover the caustics and
their weights from ta(R;Rz) with the help of continued fractions.
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l ]

FIGURE 9. Polygonal tropical wave front for a lattice approximation of
a rescaling of the same ellipse.

Theorem 17.5. Let ¥ be a cone with boundary rays Ry and R such that Ry has a
rational slope. Then,

1
ta(R1Ry) = I (mod 1),
w1 +
1 . 1
5
! 1
wao +
S9 + oo
where wy, wa,... is a sequence of weights of rays Wi, Wy, ... in the tropical caustic Ky

listed in the natural order starting from the one closest to Ry and s; is the length gradient
of the edge E;(t) in the tropical wave front 3(t) connecting W; and Wi1.

If the second ray R also has a rational slope, then this continued fraction is a finite
expression with an odd total number of denominators. Given a € (0,1) we develop
its continued fraction series by subtracting from a~! its floor function [a~!| (rounding
down), and continuing with a=! — [a~!]. If we start with a rational number then, at the

41



MIKHALKIN and SHKOLNIKOV

FI1GURE 10. Tropical caustic of the bounded connected component of
the complement to the real affine nodal cubic given by the equation
y? =23z +1).

last stage, o~ ! is an integer n. If needed, this number can also be expressed as (n— 1)+ %

to ensure that the number of denominators in the resulting continued fraction is odd.

Alternatively, instead of rounding down in such a process, we can use the rounding
up, i.e. the ceiling function [a~!] to extract a positive integer from «, and continue with
[a=1] —a~!. In the resulting continued fraction, all the pluses get replaced with minuses.
Such continued fractions are known as Hirzebruch-Jung continued fractions and appear
in the study of the resolutions of toric singularities. Indeed, a wave front can be seen as
a partial resolution of singularities of a corresponding toric surface, where we keep only
A,, singularities. An edge E(t) of the wave front X(t) of length gradient s corresponds
to a boundary divisor with the value of the canonical class equal to s > 0. The full
minimal resolution of singularities would further resolve every A,, singularity into a chain
of n divisors with the zero value of the canonical class (i.e. (—2)-spheres). The following
statement can be viewed as a restatement of Hirzebruch’s theorem [14].

Theorem 17.6. Let X be a tropical angle different from the right angle with boundary
rays Ry and Ry such that Ry has a rational slope. Then,

1
ta(RlRQ) = — mod 1,

i —

iy — ——

iy — -
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FIGURE 11. Tropical caustics of connected components to the comple-
ment of the amoeba of a generic complex line.

where —iy, —ig, —i3, -+ < —2 is the sequence of self-intersection numbers of the excep-
tional curves in the minimal resolution of singularities of the toric surface corresponding
to the cone X listed in the order starting from Ry".

The sequences of denominators of the two types of continued fractions are explic-
itly related in the following way. The sequence 41,13, ... is obtained from the sequence
w1, §1,Ws, S2, ... by replacing every wy with w, — 1 number of entries “2” and every sj
with a single entry “s; + 27.

"Recall that in this paper we use the symplectic toric correspondence (moment map) rather than the
spectrum of the semigroup correspondence (fan charts), so that the canonical tropical angle corresponds
to the toric Ap-singularity, and not its dual A,-angle.
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Example 17.1. Let X be the cone depicted on the left-hand side of Figure 1, and oriented
so that R; is its horizontal ray. Then we have

ta(R1Ry) = % mod 1.

The caustic Ky, consists of two rays, one of weight 1 and another of weight 3, while the
wave front Y(¢) has a single finite edge with the length gradient 1. Theorem 17.5 agrees
with the decomposition

4 1
T 1+ ! |
1+ !
3
while Theorem 17.6 agrees with the decomposition
3 1
s 1
3_ -
1
9_ _
2

We get wy =1, s1 = 1, wy = 3, accordingly, w; = 1 does not contribute to the sequence
ik, 11 = S1 + 2 = 3, while wy = 3 contributes to i2 = 13 = 2, see Figure 17. Reversing the
order of denominators in these fractions corresponds to reversing the orientation of the
angle ¥.. We get ta(RaR1) = % mod 1, which agrees with Proposition 17.2 since 2-4 =1
mod 7.

Figure 12 illustrates the first continued fraction in this example by the picture on the
left, and the second continued fraction by the one on the right. Note the link between
the two pictures. The broken line on the right is derived from the dotted broken line on
the left, i.e. from the wave front of the corresponding tropical angle by resolution of the
A, —1-singularities (in this case, the As-singularity from the caustic ray of weight 3, this
yields two (—2)-divisors), i5 = i3 = 2, The Ag-singularity from the caustic ray of weight
1 is a smooth point, and does not contribute anything to the Hirzebruch-Jung continued
fraction. Finally, the length gradient of the only finite edge of the dotted broken curve is
s1 = 1, this means that the value of the canonical class on the corresponding divisor is 1.
Accordingly, its self-intersection is —2 — s; = —3, so that i; = 3.

The dashed lines on the right picture depict the caustic of the broken line. They are
parallel to the caustic rays on the left. The weight 3 caustic ray yields three parallel
(vertical) dashed lines on the right. These three lines bound two edges of the broken line
of zero length gradient (thus of self-intersection —2). The weight 1 caustic ray corresponds
to a single dashed line on the right. Together with the rightmost vertical dashed line it
bounds the edge of the length gradient equal to 1 (and thus of self-intersection —3).

Proof of Theorem 17.5. If ¥ is a canonical angle, the theorem holds, since ta(X) = =
and Ky consists of a single ray of weight n.
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F1GURE 12. A schematic depiction of denominators for continued frac-
tions of two types in Example 17.1. On the left: the numbers are caustic
ray weights and wave front length gradients; the denominators 1,1, 3 of
the continued fraction of the first type are combined by alternation of
these two sequences. On the right: the numbers denote self-intersections
of the exceptional divisors in the complete resolution of the singularity;
the denominators 3, 2,2 of the continued fraction of the second type are
negatives of this sequence. In both cases, the numbers should be read
counterclockwise.

Otherwise, choose coordinates on Ng, such that the boundary ray R; is the negative
part of the ordinate and that the second ray Rs belongs to the positive quadrant and
has a slope a € (0,1). Expand « in a regular continued fraction with a sequence of
denominators wy, 1, Ws, So, ... which is infinite if « is irrational, or has an odd length if
« is rational.

Even tail truncations of this continued fraction correspond to the slopes of vertices of
the tropical wave front of ¥ at time 1. We start this sequence of slopes with 0, which
corresponds to the leftmost vertex (1,0) of X(1). The next slope is

1
1
wy, + —
S1
corresponding to the vertex (wisy + 1,s1). The edge connecting these two vertices is
(w181, $1) and has the tropical length s; is a bounded edge of ¥(1) of length gradient s;.

The odd truncations of the continued fraction of a correspond to the slopes of vertices
of a polygonal domain P defined as the convex hull of all non-zero lattice points in the
cone spanned by the negative ray of the abscissa axis and Rs. The leftmost vertex (0, 1)
of P is followed by (ws,1) of slope w% The edge connecting these vertices is parallel to
the first ray of the caustic of X, while its tropical length is the weight of this ray.

Denote by pg,p1,... the sequence of all vertices of P where their slopes decrease.
Clearly, po = (0,1), the sequence is infinite if « is irrational and finite if « is rational.
The slope of the last one is «, otherwise the sequence is finite with the last vertex having
the slope «. Similarly, denote by ¢, q1, . .. the sequence of all vertices of (1) where their

slopes increase. The first vertex go is (1,0) and the sequence is infinite if and only if «
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is irrational. Denote by U, the matrix with the first column equal to the transpose of
qrn and the second column equal to the transpose of p,. In particular, Uy is the identity
matrix.

Lemma 17.7. There is the following recursion

w, 1 Sy 1
U”:U"—1<1 0)(1 0)'
In particular, U, is a unimodular matriz.

This is a version of the key recursive relation in Arnold’s seminal exposition [15] of
continued fractions for high-school students (see also references therein). It is true by
direct computation for n = 1, while its verification for n + 1 gets reduced to the same
computation after changing the basis to the vectors given by ¢, and p, (which form a
basis by induction).

Thus the tropical lengths of a side of P adjacent to vertices p,_; and p,, is the same
as the tropical length of the difference between the second columns in the identity matrix

and in the product
wy 1 s 1\ (wpsp+1 w,
1 0 1 0/ Sn 1)’

which gives w,. Similarly, the side of 3(1) adajcent to ¢,—1 and ¢, has tropical length
Sn, computed from the difference between the first columns of the identity matrix and
the matrix above. ([l

Remark 17.2. The proof of Theorem 17.5 exhibits the duality between the weights of the
vertices of the wave front (1), and the length gradients of the bounded edges of ¥*(1),
where ¥* is the dual (or complementary) angle, and vice versa. This duality breaks for
the first and the last number in the sequence (due to the odd length of the resulting
continuous fraction expansion). It can be remedied with the help of the identity

1 _ 1
w1+5_1+ 1
wy— 1+

Namely, if w; is greater than one, then we put 1 for the first weight of the dual cone.
Then the first length gradient of the wave front of the dual cone is w; — 1. If w; = 1
then one performs a reversed operation, seeing the first weight of the dual cone to be
s1 4+ 1. The only two exceptions are the tropical angle of determinant 1 and 2 (the right
angle and the Aj-angle) that are self-dual. If ¥ is rational then we should do a similar
procedure for the last weight in the sequence. See Figure 13 for an example.

1

Example 17.3. If d > 2 then we have wy = 1, s;1 =d — 2, ws = 1 for the A4_;-angle,
and simply w; = d for its dual, canonical angle.
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FIGURE 13. A schematic example of the duality between a corner and
its complementary at the level of weights of caustic rays and wave front
gradients. The wave fronts at time one are depicted with dotted broken
lines, the numbers beside finite segments are their tropical lengths.

Proof of Theorem 17.6. Choose coordinates in such a way that the ray R; is the negative
part of the ordinate and Ry belongs to the right half-plane having slope a € (—1,0).
Let 41,149,... be the denominators of the Hirzebruch-Jung continued fraction expansion
of a. Consider the complementary cone spanned by rays —R; and Rs, and let P be the
convex hull of non-zero lattice points in this cone. Consider the sequence z_1, 2g, 21, - . -
of boundary lattice points of P adjacent to finite edges in the order of decreasing slopes.
It starts with z_1 = (0,1) and 2z = (1,0).

As in the proof of Theorem 17.5, we show inductively that zx_1, zx form a basis of N,
and that zp_o + 2 = ix2zp—1. Indeed, it is straightforward to verify that z; = (—1,41)
is a lattice point on the boundary of P, and thus zg, z; form a basis of N. After the

coordinate change
ip 1
Ik = kal (kl O) 3

where Ij is the identity matrix we reduce finding the next lattice point zx41 at 9P to
finding the point z; at the first step. In the new coordinates, the ceiling function of the
inverse to minus the slope of 241 gives ix41 > 1.

The rays generated by zg, 21, ..., give a subdivision of the tropical angle (—R;Rs)
complementary to ¥ (and thus isomorphic to ¥*) into tropical right angles. In the fan
chart toric geometry correspondence, it yields a resolution of the toric surface given by
¥* via fans, i.e. by ¥ in the moment map language. This resolution is minimal, as the
self-intersection of the kth toric divisor in the resolution is —ip < —2.

|
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